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Preface

The aim of this monograph is to make a body of tools for establishing concen-
tration of measure accessible to researchers working in thedesign and analysis of
randomized algorithms.

Concentration of measure refers to the phenomenon that a function of a large
number of random variables tends to concentrate its values in a relatively narrow
range (under certain conditions of smoothness of the function and under certain
conditions on the dependence amongst the set of random variables). Such a result
is of obvious importance to the analysis of randomized algorithms: for instance,
the running time of such an algorithm can then be guaranteed to be concentrated
around a pre-computed value. More generally, various otherparameters measur-
ing the performance of randomized algorithms can be provided tight guarantees
via such an analysis.

In a sense, the subject of concentration of measure lies at the core of modern
probability theory as embodied in the laws of large numbers,the Central Limit
Theorem and, in particular, the theory of Large Deviations

denH00
[15]. However, these

results are asymptotic { they refer to the limit as the numberof variablesn, goes
to in�nity, for example. In the analysis of algorithms, we typically require quan-
titative estimates that are valid for �nite (though large) values ofn. The earliest
such results can be traced back to the work of Azuma, Cherno� and Hoe�ding
in the 1950s. Subsequently there have been steady advances,particularly in the
classical setting of martingales. In the last couple of decades, these methods have
taken on renewed interest driven by applications in algorithms and optimization.
Also several new techniques have been developed.

Unfortunately, much of this material is scattered in the literature, and also rather
forbidding for someone entering the �eld from a Computer Science/Algorithms
background. Often this is because the methods are couched inthe technical
language of analysis and/or measure theory. While this may be strictly necessary
to develop results in their full generality, it is not neededwhen the method is
used in computer science applications (where the probability spaces are often

11
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�nite and discrete), and indeed may only serve as a distraction or barrier.

Our main goal here is to give an exposition of the basic methods for measure con-
centration in a manner which makes it accessible to the researcher in randomized
algorithms and enables him/her to quickly start putting them to work in his/her
application. Our approach is as follows:

1. Motivate the need for a concentration tool by picking an application in the
form of the analysis of a randomized algorithm or probabilistic combina-
torics.

2. Give only the main outline of the application, suppressing details and iso-
lating the abstraction that relates to the concentration ofmeasure analysis.
The reader can go back to the details of the speci�c application following
the references or the complementary book used (see below forsuggestions).

3. State and prove the results not necessarily in the most general or sharpest
form possible, but rather in the form that is clearest to understand and
convenient as well as su�cient to use for the application at hand.

4. Return to the same example or abstraction several times using di�erent
tools to illustrate their relative strengths and weaknesses and ease of use
{ a particular tool works better than another in some situations, worse in
others.

Other signi�cant bene�ts of our exposition are: we collect and systematize the
results previously scattered in the literature, explain them in a manner accessible
to someone familiar with the type of discrete probability used in the analysis of
algorithms and we relate di�erent approaches to one another

Here is an outline of the book. It falls naturally into two parts. The �rst part
contains the core \bread-and-butter" methods that we believe belong as an abso-
lutely essential ingredient in the toolkit of a researcher in randomized algorithms
today. Chapter

ch:CH-bound
1 starts with the basic Cherno�{Hoe�ding (CH) bound on the

sum of bounded independent random variables. Many simple randomized al-
gorithms can be analysed using this bound and we give some typical examples
in Chapter

ch:CH-appls
3. Since this topic is now covered in other recent books, we give

only a few examples here and refer the reader to these books which can be read
pro�tably together with this one (see suggestions below). Chapter

ch:karp
2 is a small

interlude on probabilistic recurrences which can often give very quick estimates of
tail probabilities based only on expectations. In Chapter

ch:dep-ch
4, we give four versions

of the CH bound in situations where the random variables are not independent
{ this often is the case in the analysis of algorithms and we show examples from
the recent literature where such extensions simplify the analysis considerably.
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The next series of chapters is devoted to a powerful extension of the CH bound
to arbitrary functions of random variables (rather than just the sum) and where
the assumption of independence can be relaxed somewhat. This is achieved
via the concept of amartingale. These methods are by now rightly perceived
as being fundamental in algorithmic applications and have begun to appear in
introductory books such as

MR95
[55], albeit very scantily, and, more thoroughly, in

the more recent
MU05
[?]. Our treatment here is far more comprehensive and nuanced,

while at the same time also very accessible to the beginner. We also o�er a host
of relevant examples where the various methods are seen in action. As discussed
below, ours can serve as a companion book for a course based on

MP95
[?] and

MU05
[?] and

the tools developed here can be applied to give a more complete analysis of many
of the examples in these books.

Chapter
ch:mobd
5 gives an introduction to the basic de�nition and theory of martin-

gales leading to the Azuma inequality. The concept of martingales, as found
in probability textbooks, poses quite a barrier to the Computer Scientist who
is unfamiliar with the language of �lters, partitions and measurable sets from
measure theory. The survey by McDiarmid

McD98
[50] is the authoritative reference for

martingale methods, but though directed towards discrete mathematicians inter-
ested in algorithms, is still, we feel, quite a formidable prospect for the entrant
to navigate. Here we give a self-contained introduction to aspecial case which
is su�cient for all the applications we treat and to those found in all analyses of
algorithms we know of. So we are able to dispense with the measure-theoretic
baggage entirely and keep to very elementary discrete probability. Chapter

ch:mobd-appl
6 is

devoted to an inequality that is especially packaged nicelyfor applications, the
so called Method of Bounded Di�erences (MOBD). This form is very easy to ap-
ply and yields surprisingly powerful results in many di�erent settings where the
function to be analyzed is "smooth" in the sense of satisfying a Lipschitz condi-
tion. Chapter

ch:mobd-appl-2
7 progresses to a stronger version of the inequality, which we have

dubbed the Method of Average Bounded Di�erences (MOABD) andapplies in
situations where the function to be analysed, while not smooth in the worst case
Lipschitz sense, nevertheless satis�es some kind of "average" smoothness prop-
erty under the given distribution. This version of the method is somewhat more
complicated to apply, but is essential to obtain meaningfulresults in many algo-
rithms. One of the special features of our exposition is to introduce a very useful
concept in probability called coupling and to show how it can be used to great
advantage in working with the MOABD. In Chapter

ch:mobv
8 , we give another version

of the martingale method we call the Method of Bounded Variances (MOBV)
which can often be used with great e�cacy in certain situations.

Chapter
ch:kim-vu-jan-ruc
9 is a short interlude containing an introduction to aome recent spe-

cialized methods that were very successful in analyzing certain key problems in
random graphs.
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We end Part I with Chapter
ch:isoperimetric-1
10, which is an introduction to isoperimetric in-

equalities that are a common setting for results on the concentration of measure.
We show how the MOBD is essentially equivalent to an isoperimetric inequality
and this forms a natural bridge to a more powerful isoperimetric inequality in
the following chapter. It is also an introduction to a methodthat is to come in
Part II.

Part II of the book contains some more advanced techniques and recent devel-
opments. Here we systematize and make accessible some very useful tools that
appear scattered in the literature and are couched in terms quite unfamiliar to
computer scientists. From this (for a computer scientist) arcane body of work we
distill out what is relevant and useful for algorithmic applications, using many
non-trivial examples showing how these methods can be put togood use.

Chapter
ch:talagrand
11 is an introduction to Talagrand's isoperimetric theory,a theory de-

veloped in his 1995 epic that proved a major landmark in the subject and led to
the resolution of some outstanding open problems. We give a statement of the
inequality that is simpler, at least conceptually, than theones usually found in
the literature. Once again, the simpler statement is su�cient for all the known
applications. We defer the proof of the inequality to after the methods in Part
II have been developed. Instead, we focus once again on applications. We high-
light two nicely packaged forms of the inequality that can beput to immediate
use. Two problems whose concentration status was resolved by the Talagrand
inequality are the Traveling Salesman Problem (TSP) and theIncreasing subse-
quences problem. We give an exposition of both. We also go back to some of the
algorithms analysed earlier with martingale techniques and reanalyse them with
the new techniques, comparing the results for ease of applicability and strength
of the conclusion.

In Chapter
ch:isoperimetric-2
12, we give an introduction to an approach from information the-

ory via the so-calledTransportation Cost inequalities. This approach yields very
elegant proofs of isoperimetric inequalities in Chapter

ch:isoperimetric-1
10. This approach is par-

ticularly useful since it can handle certain controlled dependence between the
variables. Also Kati Marton has shown how it can be adapted toprove inequal-
ities that imply the Talagrand isoperimetric inequality, and we give an account
of this in Chapter

ch:quad-transportation-cost
13. In Chapter

ch:log-sobolev
14, we give an introduction to another ap-

proach from information theory that leads to concentrationinequalities { the
so-calledEntropy method or Log-Sobolevinequalities. This approach also yields
short proofs of Talagrand's inequality, and we also revisitthe method of bounded
di�erences in a di�erent light.
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How to use the book

The book is, we hope, a self-contained, comprehensive and quite accessible re-
source for any person with a typical computer science or mathematics background
who is interested in applying concentration of measure methods in the design and
analysis of randomized algorithms.

This book can also be used as a textbook in an advanced course in randomized
algorithms (or related courses) as a supplement and complement with some well
established textbooks. For instance, we recommend using itfor a course in

Randomized Algorithms together with the books

� R. Motwani and P. Raghavan, Randomized Algorithms, Cambridge
University Press 1995.

� M. Mitzenmacher and E. Upfal, Probability and Computing, Cam-
bridge University Press, 2005.

Probabilistic Combinatorics together with the classic

� N. Alon and J. Spencer,The Probabilistic Method, Second edition,
John Wiley 2000.

Graph Coloring together with the book

� M. Molloy and B. Reed,Graph Coloring and the Probabilistic Method,
Springer 2002.

Random Graphs together with the book:

� S. Janson, T. Luczak and A. Rucinski,Random Graphs, Wiley 2000.

Large Deviation Theory together with the book

� F. den Hollander,Large Deviations, Fields Institute Monograph, Amer-
ican Mathematical Society 2000.

Acknowledgements
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Chapter 1

Cherno�{Hoe�ding Bounds

[Cherno�{Hoe�ding Bounds]ch:CH-bound

1.1 What is \Concentration of Measure"?

The basic idea of concentration of measure is well illustrated by the simplest of
random experiments, and one lying at the fountain{head of probability theory:
coin tossing. If we toss a fair coin once, the result is completely unpredictable
{ it can be \heads" or \tails" with equal probability. Now sup pose we toss the
same coin a large number of times, say, a thousand times. The outcome is now
sharply predictable! Namely, the number of heads will be \very likely to be around
500". This apparent paradox, which is nevertheless familiar to everybody, is an
instance of the phenomenon of the concentration of measure {although there are
potentially a large number of possibilities, the ones that are likely to be observed
are concentrated in a very narrow range, hence sharply predictable.

In more sophisticated forms, the phenomenon of the concentration of measure
underlies much of our pysical world. As we know now, the worldis made up of
microscopic particles that are governed by probabilistic laws { those of quantum
and statistical physics. The reason that the macroscopic properties determined by
these large ensembles of particles nevertheless appear determinstic when viewed
on our larger scales is precisely the concentration of measure: the observed pos-
sibilities are concentrated into a very narrow range.

Given the obvious importance of the phenomenon, it is no surprise that large
parts of treatises on probability theory are devoted to its study. The various
\Laws of Large Numbers" and the \Central Limit Theorem" are some of the

17
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most central results of modern probability theory.

We would like to use the phenomenon of concentration of measure in the analy-
sis of probabilistic algorithms. In analogy with the physical situation described
above, we would like to use it to argue that the observable behaviour of ran-
domised algorithms is \almost deterministic". In this way, we can obtain the
satisfaction of deterministic results, while at the same time retaining the bene�ts
of randomised algorithms, namely their simplicity and e�ciency.

In slightly more technical terms, the basic problem we want to study in this
monograph is this: given a random variableX with mean E[X ], what is the
probability that X deviates far from its expectation? Furthermore, we would
like to understand under what conditions the random variable X stays almost
constant or, put in a di�erent way, large deviation from the the mean are highly
unlikely. This is the case for the familiar example of repeated coin tosses, but, as
we shall see, it is a more general phenomenon.

There are several reasons that the results from probabilitytheory are somewhat
inadequate or inappropriate for studying these questions.

� First and foremost, the results in probability theory areasymptotic limit
laws applying in the in�nite limit. We are interested in laws that apply in
�nitary cases.

� The probability theory results are oftenqualitative: they ensure conver-
gence in the limit, but do not consider therate of convergence. We are
interested in quantitative laws that determine the rate of convergence, or
at least good bounds on it.

� The laws of probability theory are classically stated underthe assumption
of independence. This is a very natural and reasonable assumption in prob-
ability theory, and it greatly simpli�es the statement and proofs of the
results. However, in the analysis of randomised algorithms, whose outcome
is the result of a complicated interaction of various processes, independence
is the exception rather than the rule. Hence, we are interested in laws
that are valid even without independence, or when certain known types of
dependence obtain.

We shall now embark on a development of various tools and techniques that meet
these criteria.
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1.2 The Binomial Distribution

Let us start with an analysis of the simple motivating example of coin tossing. The
number of \heads" or successes in repeated tosses of a fair coin is a very important
distribution because it models a very basic paradigm of the probabilistic method,
namely to repeat experiments to boost the con�dence.

Let us analyse the slightly more general case of the number of\heads" in n trials
with a coin of bias p, with 0 � p � 1 i.e. Pr[Heads] = p and Pr[Tails ] =
1� p. This is a random variableB(n; p) whose distribution is called theBinomial
distribution with parametersn and p:

Pr[B(n; p) = i ] =
�

n
i

�
pi qn� i ; 0 � i � n: (1.1) eq:binomial

The general problem de�ned in the previous section here becomes the following:
In the binomial case the expectation isE[B(n; p)] = np, we would like to get a
bound on the probability that the variable does not deviate too far from this
expected value. Are such large deviations unlikely forB(n; p)? A direct compu-
tation of the probabilites Pr[B(n; p) � k] =

P
i � k

� n
i

�
pi qn� i is far too unwieldy.

However, see Problem
prob:chvatalbin
1.8 for a neat trick that yields a good bound. We shall now

introduce a general method that successfully solves our problem and is versatile
enough to apply to many other problems that we shall encounter.

1.3 The Cherno� Bound
sec:chernoff

The random variableB(n; p) can be written as a sumX :=
P

i 2 [n] X i , by intro-
ducing the indicator random variablesX i ; i 2 [n] de�ne by

X i :=

(
1 if the i th trial is a success,

0 otherwise:

The basic Cherno� technique we are going to develop now applies in many situ-
ations where such a decomposition as a sum is possible.

The trick is to consider the so{calledmoment{generating functionof X , de�ned
as E[e�X ] where � > 0 is a parameter. By formal expansion of the Taylor series,
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we see that

E[e�X ] = E[
X

i � 0

� i

i !
X i ]

=
X

i � 0

� i

i !
E[X i ]:

This explains the name as the functionE[e�X ] is the exponential generating func-
tion of all the moments ofX { it \packs" all the information about the moments
of X into one function.

Now, for any � > 0, we have

Pr[X > m ] = Pr[e�X > e �m ]

�
E[e�X ]
e�m

: (1.2) eq:chernofftechnique

The last step follows byMarkov's inequality: for any non{negative random vari-
able X , Pr[X > a ] � E[X ]=a.

Let us compute the moment generating function for our example:

E[e�X ] = E[e�
P

i X i ]

= E[
Y

i

e�X i ]

=
Y

i

E[e�X i ]; by independence

= ( pe� + q)n (1.3) eq:mgf

Substituting this back into (
eq:chernofftechnique
1.2), and using the parametrisationm := ( p + t)n

which will lead to a convenient statement of the bound, we get:

Pr[X > m ] �
�

pe� + q
e� (p+ t)

� n

:

We can now pick� > 0 to minimise the value between the paranthesis and by a
simple application of Calculus, we arrive at the basic Cherno� bound:

Pr[X > (p + t)n] �

 �
p

p + t

� p+ t �
q

q � t

� q� t
! n

= exp
�

� (p + t) ln
p + t

p
� (q � t) ln

q � t
q

� n

: (1.4) eq:chernoffent
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What shall we make of this mess? Certainly, this is not the most convenient form
of the bound for use in applications! Inx

sec:usefulforms
1.6 we shall derive much simpler and

more intellegible formulae that can be used in applications. For now we shall
pause a while and take a short detour to make some remarks on (

eq:chernoffent
1.4). This is

for several reasons: First, it is the strongest form of the bound. Second, and
more importantly, this same bound appears in many other situations. This is no
accident for it is a very natural and insightful bound { when properly viewed!
For this, we need a certain concept from Information Theory.

Given two (discrete) probability distributions p := ( p1; : : : ; pn) and q := ( q1; : : : ; qn )
on a space of cardinalityn, the relative entropy distancebetween them,H (p; q)
is de�ned by 1:

H (p; q) :=
X

i

� pi log
pi

qi
:

The expression multiplying n in the exponent in (
eq:chernoffent
1.4) is exactly the relative

entropy distance of the distributionp+ t; q� t from the distribution p; qon the two
point spacef 1; 0g. So (

eq:chernoffent
1.4) seen from the statistician's eye says: the probability

of getting the \observed" distribution f p+ t; q� tg when thea priori or hypothesis
distribution is f p; qg falls exponentially in n times the relative entropy distance
between the two distributions.

By considering� X , we get the same bound symmetrically forPr[X < (p � t)n].

1.4 Heterogeneous Variables

As a �rst example of the versatility of the Cherno� technique, let us consider the
situation where the trials are heterogeneous: probabilities of success at di�erent
trials need not be the same. In this case, Chvatal's proof in Problem

prob:chvatalbin
1.8 is

inapplicable, but the Cherno� method works with a simple modi�cation. Let pi

be the probability of success at thei th trial. Then we can repeat the calculation
of the moment{generating functionE[e�X ] exactly as in (

eq:mgf
1.3) except for the last

line to get:
E[e�X ] =

Y

i

(pi e� + qi ): (1.5) eq:heter

Recall that the arithmetic{geometric mean inequality states that

1
n

nX

i =1

ai �

 
nY

i =1

ai

! 1=n

1Note that when q is the uniform distribution, this is just the usual entropy of the distri-
bution p up to an additive term of log n.
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for all ai � 0. Now employing the arithmetic{geometric mean inequality, we get:

E[e�X ] =
Y

i

(pi e� + qi )

�
� P

i (pi e� + qi )
n

� n

= ( pe� + q)n ;

where p :=
P

i pi

n , and q := 1 � p. This is the same as (
eq:mgf
1.3) with p taken as the

arithmetic mean of the pi s. The rest of the proof is as before and we conclude
that the basic Cherno� bound (

eq:chernoffent
1.4) holds.

1.5 The Hoe�ding Extension

A further extension by the same basic technique is possible to heterogeneous
variables that need not even be discrete. LetX :=

P
i X i where eachX i ; i 2 [n]

takes values in [0; 1] and has meanpi . To calculate the moment generating
function e�X , we need, as before, to compute each individuale�X i . This is no
longer as simple as it was with the case whereX i took only two values.

However, the following convexity argument gives a simple upper bound. The
graph of the function e�x is convex and hence, in the interval [0; 1], lies always
below the straight line joining the endpoints (0; 1) and (1; e� ). This line has the
equation y = �x + � where � = 1 and � = e� � 1. Thus

E[e�X i ] � E[�X i + � ]

= pi e� + qi :

Thus we have
E[e�X ] �

Y

i

E[e�X i ] = �
Y

i

(pi e� + qi );

which is the same bound as in (
eq:heter
1.5) and the rest of the proof is concluded asIt would be

useful to write
the �nal bound before.

1.6 Useful Forms of the Bound
sec:usefulforms

The following forms of the Cherno�{Hoe�ding bound are most useful in applica-
tions (see also Problem

prob:mrch
1.12).
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th:useful-forms Theorem 1.1 Let X :=
P

i 2 [n] X i whereX i ; i 2 [n] are independently distributed
in [0; 1]. Then

� For all t > 0,

Pr[X > E[X ] + t]; Pr[X < E[X ] � t] � e� 2t2=n: (1.6) eq:absbound

� For 0 < � < 1,

Pr[X > (1+ � )E[X ]] � exp
�

�
� 2

3
E[X ]

�
; Pr[X < (1� � )E[X ]] � exp

�
�

� 2

2
E[X ]

�
:

(1.7) eq:relbound

� If t > 2eE[X ], then
Pr[X > t ] � 2� t : (1.8) eq:2ebound

Proof. We shall manipulate the bound in (
eq:chernoffent
1.4). Set

f (t) := ( p + t) ln
p + t

p
+ ( q � t) ln

q � t
q

:

We successively compute

f 0(t) = ln
p + t

p
� ln

q � t
q

;

and
f 00(t) =

1
(p + t)(q � t)

:

Now, f (0) = 0 = f 0(0) and furthermoref 00(t) � 4 for all 0 � t � qbecausexy � 1
4

for any two non{negative reals summing to 1. Hence by Taylor's Theorem with
remainder,

f (t) = f (0) + f 0(0)t + f 00(� )
t2

2!
; 0 < � < t

� 2t2:

This gives, after simple manipulations, the bound (
eq:absbound
1.6).

Now considerg(x) := f (px). Then g0(x) = pf 0(px) and g00(x) = p2f 00(px). Thus,
g(0) = 0 = g0(0) and g00(x) = p2

(p+ px)( q� px) � p
1+ x � 2p

3x . Now by Taylor's theorem,
g(x) � px2=3. This gives the upper tail in (

eq:relbound
1.7).

For the lower tail in (
eq:relbound
1.7), set h(x) := g(� x). Then h0(x) = � g0(� x) and

h00(x) = g00(� x). Thus h(0) = 0 = h0(0) and h00(x) = p2

(p� px)( q+ px) � p. Thus by
Taylor's theorem, h(x) � px2=2 and this gives the result.
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For the (
eq:2ebound
1.8), see Problem

prob:mrch
1.12

Often we would like to apply the bopunds above to a sum
P

i X i where we do not
know the exact values of the expectationsE[X i ] but only upper or lower bounds
on it. In such situations, one can neverthelesss apply the CHbounds with the
known bounds instead as you should verify in the following exercise.

ex:ch-withBounds Exercise 1.2 SupposeX :=
P n

i =1 X i as in Theorem
th:useful-forms
1.1 above, and suppose

� L � � � � H . Show that

(a) For any t > 0,

Pr[X > � H + t]; Pr[X < � L � t] � e� 2t2 =n:

(b) For 0 < � < 1,

Pr[X > (1+ � )� H ] � exp
�

�
� 2

3
� H

�
; Pr[X < (1� � )� L ] � exp

�
�

� 2

2
� L

�
:

You may need to use the following useful and intuitively obvious fact that wesay which
chapter will prove in a later chapter. LetX 1; � � � ; X n be independent random variables

distributed in [0; 1] with E[X i ] = pi for eachi 2 [n]. Let Y1; � � � ; Yn and Z1; � � � ; Zn

be independent random variables withE[Yi ] = qi and E[Z i ] = r i for each i 2 [n].
Now supposeqi � pi � r i for each i 2 [n]. Then, if X :=

P
i X i ; Y :=

P
i Yi and

Z :=
P

i Z i , for any t,

Pr[X > t ] � Pr[Z > t ]; and Pr[X < t ] � Pr[Y < t ]:

1.7 A Variance Bound
sec:chVariance

Finally, we shall give an application of the basic Cherno� technique to develop a
form of the bound in terms of the varainces of the individual summands, a form
that can be considerably sharper than those derived above, and one which will
be especially useful for applications we will encounter in later chapters.

Let us return to the basic Cherno� technique with X := X 1 + � � � + X n and
X i 2 [0; 1] for eachi 2 [n]. Set � i := E[X i ] and � := E[X ] =

P
i � i . Then

Pr[X > � + t] = Pr[
X

i

(X i � � i ) > t ]

= Pr[e�
P

i (X i � � i ) > e �t ]

� E[e�
P

i (X i � � i ) ]=e�t ;
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for each� > 0. The last line follows again from Markov's inequality.

We shall now use the simple inequalities thatex � 1 + x + x2 for 0 < jxj < 1,
and ex � 1 + x. Now, if � max(� i ; 1 � � i ) < 1 for eachi 2 [n], we have,

E[e�
P

i (X i � � i ) ] =
Y

i

E[e� (X i � � i ) ]

�
Y

i

E[1 + � (X i � � i ) + � 2(X i � � i )2]

=
Y

i

(1 + � 2� 2
i )

�
Y

i

e� 2 � 2
i

= e� 2 � 2
;

where� 2
i is the variance ofX i for eachi 2 [n] and � 2 is the variance ofX . Thus,

Pr[X > � + t] � e� 2 � 2
=e�t ;

for � satisfying � max(� i ; 1 � � i ) < 1 for eachi 2 [n]. By calculus, take� := t
2� 2

and we get the bound:

Pr[X > � + t] � exp
�

� t2

4� 2

�
;

for t < 2� 2=maxi max(� i ; 1 � � i ).

Exercise 1.3 Check that for random variables distributed in[0; 1], this is of the
same form as the CH bound derived in the previous section uptoconstant fac-
tors in the exponent. You may need to use the fact that for a random variable
distributed in the interval [a; b], the variance is bounded by(b� a)2=4.

The following bound is often referred to as Bernstein's inequality:

bernstein Theorem 1.4 (Bernstein's inequality) Let the random variablesX 1; � � � ; X n

be independent withX i � E[X i ] � b for ach i 2 [n]. Let X :=
P

i X i and let
� 2 :=

P
i � 2

i be the variance ofX . Then, for any t > 0,

Pr[X > E[X ] + t] � exp
�

�
t2

2� 2(1 + bt=3� 2)

�
:

Exercise 1.5 Check that for random variables in[0; 1] and t < 2� 2=b, this is
roughly the same order bound as we derived above.
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In typical applications, the "error" term bt=3� 2 will be negligible. Suppose the
random variablesX 1; � � � ; X n have the same bounded distribution with positive
variancec2, so � 2 = nc2. Then for t = o(n), this bound is exp

�
� (1 + o(1)) t2

2� 2

�

which is consistent with the Central Limit Theorem assertion that in the asymp-
totic limit, X � E[X ] is normal with mean 0 and variance� 2.

Exercise 1.6 Let X :=
P

i X i where theX i ; i 2 [n] are i.i.d with Pr[X i = 1] = p
for each i 2 [n] for somep 2 [0; 1]. Compute the variance ofX and apply and
compare the two bounds above as well as the basic CH bound. Check that when
p = 1=2, all these bounds are roughly the same.
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1.9 Problems

prob:sr Problem 1.7 A set of n balls is drawn by sampling with replacement from an
urn containing N balls, M of which are red. Give a sharp concentration result
for the number of red balls in the sample drawn. 5

prob:chvatalbin Problem 1.8 In this problem, we outline a simple proof of the Cherno� bound
due to V. Chv�atal.
(a) Argue that for all x � 1, we have

Pr[B(n; p) � k] �
X

i � 0

�
n
i

�
pi qn� i x i � k :

(b) Now use the Binomial Theorem and thereafter Calculus to optimise the value
of x. 5

Problem 1.9 [Hypergeometric Distribution] A set of n balls is drawn by sam-prob:swr
pling without replacement from an urn containingN balls, M of which are red.
The random variableH (N; M; n ) of the number of red balls drawn is said to have
the hypergeometric distribution .
(a) What is E[H (N; M; n )]?
(b) Can you apply CH bounds to give a sharp concentration result for H (N; M; n )?
Now we outline a direct proof due to V. Chv�atal for the tail of the hypergeometric
distribution along the lines of the previous problem.
(c) Show that

Pr[H (N; M; n ) = k] =
�

M
k

��
N � M
n � k

��
N
n

� � 1

:

(d) Show that
�

N
n

� � 1 X

i � j

�
M
i

��
N � M
n � i

��
i
j

�
�

�
n
j

� �
M
N

� j

:

(e) Use the previous part to show that for everyx � 1,

X

i � 0

�
M
i

��
N � M
n � i

��
N
n

� � 1

x i � (1 + ( x � 1)M=N )n :

(f) Combine parts (c) through (e) and optimise the value ofx to derive the same
relative entropy bound (

eq:chernoffent
1.4):

Pr[H (N; M; n ) � (p + t)n] �

 �
p

p + t

� p+ t �
q

q � t

� q� t
! n

;

wherep := M=N and q := 1 � p. 5



DRAFT

28 CHAPTER 1. CHERNOFF{HOEFFDING BOUNDS

Problem 1.10 Show that for 0< � � 1=2,

X

0� k� �n

�
n
k

�
� 2H (� )n ;

whereH (� ) := � � log� � (1 � � ) log(1 � � ) is the binary entropy function. 5

Problem 1.11 [Weierstrass Approximation Theorem] Prove: For every con-
tinuous function f : [0; 1] ! R and every � > 0, there is a polynomial p
such that jf (x) � p(x)j < � for every x 2 [0; 1]. (Hint : Consider pn (x) :=P

0� i � n

� n
i

�
x i (1 � x)n� i f (i=n).) 5

prob:mrch Problem 1.12 Repeat the basic proof structure of the CH bounds to derive the
following bound: if X 1; : : : ; X n are independent 0=1 variables (not necessarily
identical), and X :=

P
i X i , then for any � > 0,

Pr [X � (1 + � )E[X ]] �
�

e�

(1 + � )(1+ � )

� E[X ]

:

(a) Compare this bound to the one obtained by settingt := � E[X ]=n in the
relative entropy bound derived in (

eq:chernoffent
1.4).

(b) Argue further that the right side is bounded by ( e
1+ � )

(1+ � )E[X ] and hence infer
that if � > 2e � 1, then

Pr [X � (1 + � )E[X ]] � 2� (1+ � )E[X ]:

5

prob:ch-cond Problem 1.13 Let X 1; � � � ; X n be random variables bounded in [0; 1] such that
for eachi 2 [n],

E[X i j X 1; � � � ; X i � 1] � pi :

Show that in this case, the upper tail for
P

i X i can be upper bounded by
the upper-tail CH-estiamte for an independent set of variables X 0

1; � � � ; X 0
n with

E[X 0
i ] = pi . Formulate and prove a symmetric condition for the lower tail. 5

begin new

ch:lc Problem 1.14 Let X 1; : : : ; X n be a set of binary random variables satisfying
the condition

Pr

"
^

i 2 S

X i = 1

#

�
Y

i 2 S

Pr [X i = 1]

for all subsetsS. Prove that under this condition the Cherno� bound holds for
X =

P
i X i . 5
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prob:genrange Problem 1.15 In this problem, we explore a further extension of the CH bounds,
namely to variables that are bounded in some arbitrary intervals, not necessarily
[0; 1]. Let X 1; : : : ; X n be independent variables such that for eachi 2 [n], X i 2
[ai ; bi ] for some realsai ; bi .
(a) Supposeai = a and bi = b for eachi 2 [n]. Derive a bound by rescaling the
Hoe�ding bound for [0; 1].
(b) Does the rescaling work for non{identical intervals?
(c) Derive the following general bound for non{identical intervals by repeating
the basic proof technique:

Pr[jX � E[X ]j � t] � 2 exp
�

� 2t2

P
i (bi � ai )2

�
:

5

Problem 1.16 [Sums of Exponential Variables] LetZ := Z1 + � � � + Zn where
Z i ; i 2 [n] are independent and identically distributed with the exponential
distribution with parameter � 2 (0; 1). The probability density function for
this distribution is

f (x) = �e � �x ;

and the corresponding cumulative distribution function is

F (x) =
Z x

0
f (t)dt = 1 � e� �x :

Give a sharp concentration result for the upper tail ofZ . 5

Solution. Note that for each i 2 [n],

E[Z i ] =
Z 1

0
xf (x)dx = �

Z 1

0
xe� �x dx =

1
�

:

Hence
E[Z ] =

X

i

E[Z i ] =
n
�

:

We cannot apply the Cherno�{Hoe�ding bounds directly to Z since the sum-
mands are not bounded. One solution is to use the method oftruncation. Let
Z 0

i ; i 2 [n] be de�ned by

Z 0
i := min( Z i ; n� ); i 2 [n];

for some 0< � < 1 to be chosen later. LetZ 0 :=
P

i Z 0
i . Observe �rst that

E[Z 0] � E[Z ]. Second, that since for eachi 2 [n], Pr[Z i > n � ] � 1� F (n� ) = e� n �
,

Pr[
^

i

Z i = Z 0
i ] � 1 � ne� n �

:
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Finally, since the summandsZ 0
i are bounded (0� Z 0

i � n� , for eachi 2 [n]), one
can apply the Cherno�{Hoe�ding bounds from Problem

prob:genrange
1.15. Hence,

Pr[Z > E[Z ] + t] � Pr[Z 0 > E[Z ] + t] + ne� n �

� Pr[Z 0 > E[Z 0] + t] + ne� n �

� exp
�

� t2

n1+2 �

�
+ ne� n �

:

For t := � E[Z ] = � n
� , this gives

Pr[Z > (1 + � )E[Z ]] � exp
�

� � 2n1� 2�

� 2

�
+ ne� n �

:

To (approximately) optimise this, choose� = 1
3. Then,

Pr[Z > (1 + � )E[Z ]] � exp
�

� � 2n1=3

� 2

�
+ ne� n1=3

:

Another approach is to apply the Cherno� technique directly. Compute the
moment generating function

E[e�Z i ] = �
Z 1

0
e�x e� �x dx =

�
� � �

;

for ) < � < � . Thus

E[e�Z ] =
�

�
� � �

� n

=

 
1

1 � �
�

! n

Hence,

Pr[Z > t ] �
E[e�Z ]

e�t

=
1

e�t
�
1 � �

�

� n :

Using Calculus,we �nd the optimal value of� to be � � := � � n
t and substituting

this gives the bound:

Pr[Z > t ] �
�

�t
n

� n

e� �t + n :

With t := (1 + � )E[Z ], this gives

Pr[Z > (1 + � )E[Z ]] �
�

e�

1 + �

� � n

:

This is a much better bound than that achieved by truncation. 4
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prob:sumofZsq Problem 1.17 Give a sharp concentration bound on the upper tail ofZ 2
1 + : : :+

Z 2
n where Z i ; i 2 [n] are i.i.d. variables with the exponential distribution asin

the previous problem. 5

Solution. For eachi 2 [n], note that

E[Z 2
i ] = �

Z 1

0
x2e� �x dx =

2
� 2

;

and hence

E[Z 2
1 + � � � + Z 2

n ] =
2n
� 2

:

Denote this by � .

Apply the method of truncation as in the previous problem. With the same
notation as in the previous problem,

Pr[Z 2
1 + � � � + Z 2

n > � + t] � Pr[Z 2
1 + � � � + Z 2

n > � + t] � exp
�

� t2

n1+2 �

�
+ ne� n �

:

With t := �� , this gives,

Pr[Z 2
1 + � � � + Z 2

n > (1 + � )� ] � exp
�

� 4(
�
�

)2n1� 2�
�

+ ne� n �
:

Pick � := 1
3 to approximately optimise this. 4

prob:dice Problem 1.18 Suppose a fair die is tossedn times and let X be the total sum
of all the throws.
(a) Compute E[X ].
(b) Give a sharp concentration estimate onX by applying the result of the
previous problem.
(c) Can you improve this by deriving the bound from scratch using the basic
technique? 5

prob:maj Problem 1.19 In this problem, we shall explore the following question: How
does the concentration bound on non{identically distributed variables depend on
the individual probabilities p1; : : : ; pn? Abbreviate (p1; : : : ; pn ) by p. Let B(n; p)
denote the sumber of successes inn independent trials where the probability of
success at thei th trial is pi . Let

L(c;p) := Pr[B(n; p) � c]; U(c;p) := Pr[B(n; p) � c]:
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Fix some� > 0. We shall explore howL and U are related for di�erent p in the
region

D(� ) := f p j 0 � p � 1;
X

i

pi = � g:

Let
p� (� ) := n� 1(�; : : : ; � ); p̂(� ) := (1 ; : : : ; 1; � � [� ]; 0; : : : ; 0):

The �rst corresponds to the identical uniform case and the second (with [� ] ones
and n � [� ] � 1 zeroes) to the other extreme. Note that bothp� (� ); p̂(� ) 2 D(� ).
(a) Show that for any p 2 D(� ),

L(c;p̂) � L(c;p) � L(c;p� ) if 0 � c � b � � 2c;

and
U(c;p) � U(c;p� ) � U(c;p̂) if b� + 2c � c � n:

(b) More generally, letp; p0 2 D � be such that there is a doubly stochastic matrix
� with p0 = p�. Equivalently, if

p� (1) � p� (2) � : : : � p� (n) ; p0
� 0(1) � p0

� 0(2) � : : : � p0
� 0(n) ;

then for each 1� k � n, X

i � k

p� (i ) �
X

i � k

p0
� 0(i ) :

The vector p is said to majorise the vector p0. Show that

L(c;p) � L(c;p0) if 0 � c � b � � 2c;

and
U(c;p) � U(c;p0) if b� + 2c � c � n:

Verify that this generalises part (a). 5
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Chapter 2

Interlude: Probabilistic
Recurrences

ch:karp

Karp
Karp94
[33] developed an attractive framework for the analysis of randomized al-

gorithms. Suppose we have a randomized algorithm that on input x, performs
\work" a(x) and then produces a subproblem of sizeH (x) which is then solved
by recursion. One can analyze the performance of the algorithm by writing down
a \recurrence":

T(x) = a(x) + T(H (x)): (2.1) eq:rec1

Super�cially this looks just the same as the usual analysis of algorithms via
recurrence relations. However, the crucial di�erence is that in contrast with
deterministic algorithms, the size of the subproblem produced here,H (x) is a
random variable, and so (

eq:rec1
2.1) is aprobabilistic recurrenceequation.

What does one mean by the solution of such a probabilistic recurrence? The
solution T(x) is itself a random variable and we would like as much information
about its distribution as possible. While a complete description of the exact
distribution is usually neither possible nor really necessary, the \correct" useful
analogue to the deterministic solution is a concentration of measure result for
T(x). Of course, to do this, one needs some information on the distribution of the
subproblemH (x) generated by the algorithm. Karp gives a very easy{to{apply
framework that requires only the bare minimum of information on the distribution
of H (x), namely (a bound on) the expectation, and yields a concentration result
for T(x). Suppose that in (

eq:rec1
2.1), we haveE[H (x)] � m(x) for some function 0�

m(x) � x. Consider the \deterministic" version of (
eq:rec1
2.1) obtained by replacing

the random variableH (x) by the deterministic bound m(x):

u(x) = a(x) + u(m(x)): (2.2)

33
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The solution to this equation isu(x) =
P

i � 0 a(mi (x)), where m0(x) := 0 and
mi +1 (x) = m(mi (x)). Karp gives a concentration result around this valueu(x):

Theorem 2.1 (Karp's First Theorem) Suppose that in (
eq:rec1
2.1), we haveE[H (x)] �

m(x) for some function0 � m(x) � x and such thata(x); m(x); m(x)
x are all non{

decreasing. Then

Pr[T(x) > u (x) + ta(x)] �
�

m(x)
x

� t

:

Krpthm1

We have stated the result in the simplest memorable form thatcaptures the
essence and is essentially correct. However, technically the statement of the
theorem above is actually not quite accurate and we have omitted some continuity
conditions on the functions involved. These conditions usually hold in all cases
where we'd like to apply the theorem. Moreover, as shown in

DuSh97
[10], some of these

conditions can be discarded at the cost of only slightly weakening the bound. For
instance, we can discard the condition thatm(x)

x is non{decreasing; in that case,

the bound on the right hand side can be essentially replaced by
�

max0� y� x
m(y)

y

� t

Also, in the formulation above, we assumed that the distribution of H (x), the
size of the derived subproblem depends only on the input sizex. Karp

Karp94
[33] gives

a more general formulation where the subproblem is allowed to depend on the
actual input instance. Suppose we have a \size" functions on inputs, and on
processing an inputz, we expend worka(s(z)) and get a subproblemH (z) such
that E[s(H (z))] � m(s(z)). The probabilistic recurrence is now

T(z) = a(s(z)) + T(H (z)):

By consideringT0(x) := max s(z)= x T(z), one can bound this by a recurrence of
the earlier form and apply the Theorem to give exactly the same solution. Thus
we can apply the Theoremper seeven in this more general situation.

We illustrate the ease of applicability of this cook{book style recipe by some
examples (taken from Karp's paper).

Example 2.2 [Selection] Hoare's classic algorithm for �nding thekth smallest
element in an{element setS, proceeds as follows: pick a random elementr 2 S
and by comparing each element inS n r with r , partition S n r into two subsets
L := f y 2 S j y < r g and U := f y 2 S j y > r g. Then,
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� If jL j � k, recursively �nd the kth smallest element inL.

� If jL j = k � 1, then return r .

� If jL j < k � 1, then recursively �nd the k � 1� j L jth smallest element inU.

The partitioning step requires n � 1 comparisons. It can be shown that the
expected size of the subproblem, namely the size ofL or U is at most 3n=4, for
all k. Thus Karp's Theorem can be applied withm(x) = 3 x=4. We compute
u(x) � 4x. Thus, if T(n; k) denotes the number of comparisons performed by the
algorithm, we have the following concentration result: forall t � 0,

Pr[T(n; k) > 4n + t(n � 1)] �
�

3
4

� t

:

This bound is nearly tight as showed by the following simple argument. De�ne a
badsplitter to be one where n

jUj � log logn or n
jL j � log logn. The probability of

this is greater than 2
log log n . The probability of picking log logn consecutive bad

splitters is 
( 1
(log n) log log log n ). The work done for log logn consecutive bad splitters

is

n + n
�

1 �
1

log logn

�
+ n

�
1 �

1
log logn

� 2

+ : : : n
�

1 �
1

log logn

� log log n

which is 
( n log logn). Compare this with the previous bound usingt = log log n.
5

Example 2.3 [Luby's Maximal Independent Set Algorithm] Luby
Luby86
[41] gives a

randomized parallel algorithm for constructing a maximal independent set in a
graph. The algorithm works in stages: at each stage, the current independent
set is augmented and some edges are deleted form the graph. The algorithm
terminates when we arrive at the empty graph. The work performed at each
iteration is equal to the number of edges in the current graph. Luby showed
that at each stage, the expected number of edges deleted is atleast one{eighth
of the number of edges in the complete graph. IfT(G) is the number of stages
the algorithm runs and T0(G) is the total amount of work done, then we get the
concentration results:

Pr[T(G) > log8=7 n + t] �
�

7
8

� t

;

Pr[T0(G) > (8 + t)n] �
�

7
8

� t

:

5
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Example 2.4 [Tree Contraction] Miller and Reif
MR85
[52] give a randomizedtree con-

traction algorithm that starts with a n node tree representing an arithmetic ex-
pression and repeatedly applies a randomized contraction operation that provides
a new tree representing a modi�ed arithmetic expression.The process eventually
reaches a one node tree and terminates. The work performed inthe contraction
step can be taken to be proportional to the number of nodes in the tree. Miller
and Reif show that when applied to a tree withn nodes, the contraction step
results in a tree of size at most 4n=5. However the distribution of the size may
depend on the original tree, not just the original size. De�ne the size function
here to be the number of nodes in the tree in order to apply the more general
framework. Let T(z); T0(z) denote the number of iterations and the total work
respectively when the contraction algorithm is applied to tree z. Then, Karp's
Theorem gives the measure concentration results:

Pr[T(z) > log5=4 n + t] � (4=5)t ;

and
Pr[T0(z) > (5 + t)n] � (4=5)t :

5

Under the weak assumptions on the distribution of the input,Karp's First The-
orem is essentially tight. However, if one has additional information on the dis-
tribution of the subproblem, say some higher moments, then one can get sharper
results which will be explored below inx

sec:martingales
??.

Karp also gives an extension of the framework for the very useful case when
the algorithm might generate more than one subproblem. Suppose we have an
algorithm that on input x performs worka(x) and then generates a �xed number
k � 1 sub{problemsH1(x); : : : ; Hk(x) each a random variable. This corresponds
to the probabilistic recurrence:

T(x) = a(x) + T(H1(x)) + � � � + T(Hk(x)) : (2.3) eq:rec2

To obtain a concentration result in this case, Karp uses a di�erent method which
requires a certain condition:

Theorem 2.5 (Karp's Second Theorem) Suppose that in (
eq:rec2
2.3), we have that

for all possible values(x1; : : : ; xk) of the tuple(H1(x); : : : ; Hk(x)) , we have

E[T(x)] �
X

i

E[T(x i )]: (2.4) eq:karpcondition

Then, we have the concentration result: for allx and all t > 0,

Pr[T(x) > (t + 1) E[T(x)]] < e � t :
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The condition (
eq:karpcondition
2.4) says that the expected work in processingany sub{problems

that can result from the original one can never exceed the expected cost of the
processing the original instance. This is a very strong assumption and unfor-
tunately, in many cases of interest, for example in computational geometry, it
does not hold. Consequently the theorem is somewhat severely limited in its
applicability. A rare case in which the condition is satis�ed is for

Example 2.6 [Quicksort] Hoare's Quicksort algorithm is a true classic in Com-
puter Science: to sort a setS of n items, we proceed as in the selection algorithm
from above: select a random elementr 2 S and by comparing it to every other
element, partition S as into the setsL of elements less thanx and U, the set of
elements at least as big asr . Then, recursively, sortL and U. Let Q(n) denote
the number of comparisons performed by Quicksort on a set ofn elements. Then
Q(n) satis�es the probabilistic recurrence:

T(n) = n � 1 + Q(H1(n)) + Q(H2(n)) ;

where H1(n) = jL j and H2(n) = jUj. For Quicksort we have \closed-form"
solutions for qn := E[Q(n)]which imply that qn � qi + qn� i � 1 + n � 1 for any
0 � i < n , which is just the condition needed to apply Karp's Second Theorem.
Thus we get the concentration result:

Pr[Q(n) > (t + 1) qn ] � e� t :

Actually one can get a much stronger bound by applying Karp'sFirst Theorem
suitably! Charge each comparison made in Quicksort to the non{pivot element,
and let T(`) denote the number of comparisons charged to a �xed element when
Quicksort is applied to a list `. Use the natural size functions(`) := j`j, which
gives the number of elements in the list. Then we have the recurrence, T(`) =
1 + T(H (`)), where s(H (`) = j`j=2 since the sublist containing the �xed element
(when it's not the pivot) has size uniformly distributed in [0; j`j]. So applying
Karp's First Theorem, we have that fort � 1,

Pr[T(`) > (t + 1) log j`j] � (1=2)t log j` j = j`j � t :

Thus any �xed element in a list of n elements is charged at most (t + 1) log n
comparisons with probability at least 1� n� t . The total number of comparisons
is therefore at most (t + 1) n logn with probability at least 1 � nt � 1.

This is an inverse polynomial concentration bound. In a later section we shall
get a somewhat stronger and provably optimal bound on the concentration. 5

It would naturally be of great interest to extend the range ofKarp's Second
Theorem by eliminating the restrictive hypothesis. For instance, it would be of
interest to extend the Theorem under the kind of assumptionsin Karp's First
Theorem.
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Chapter 3

Applications of the
Cherno�-Hoe�ding Bounds

ch:CH-appls

In this chapter we present some non-trivial applications ofthe Cherno�-Hoe�ding
bounds arising in the design and analysis of randomised algorithms. The exam-
ples are quite di�erent, a fact that illustrates the usefulness of these bounds.

3.1 Probabilistic Ampli�cation

The following situation is quite common. We have a probabilistic algorithm that,
on input x, computes the correct answerf (x) with probability strictly greater
than 1

2. For concreteness, let us assume that the success probability is p � 3
4 and

that the algorithm has two possible outcomes, 0 and 1. To boost our con�dence
we run the algorithm n times and select the majority answer. What is the
probability that this procedure is correct?

Let X be the number of occurrences of the majority value. Then,E[X ] = pn > 3
4n.

The majority answer is wrong if and only ifX < n
2 . Note that here we do not

know the exact value ofE[X ], but only an upper bound. In our case we haven
independent trialsX i , each of which succeeds with probabilityp � 3

4 . Using the
fact noted in Exercise

ex:ch-withBounds
1.2, one can apply the CH bound directly. Recalling (

eq:absbound
1.6),

if we set t := n
4 , we have that

Pr
h
X <

n
2

i
� e� n=8:

The reader can check that (
eq:relbound
1.7) yields worse estimates. Problem

p1
3.4 asks to

generalize this to the case when the algorithm takes values in an in�nite set.

39
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3.2 Load Balancing

Suppose we have a system in whichm jobs arrive in a stream and need to be
processed immediately on one of a collection ofn identical processors. We would
like to assign the jobs to the processors in a manner thatbalancesthe workload
evenly. Furthermore, we are in a typicaldistributed setting where centralized
coordination and control is impossible. A natural \light-weight" solution in such
a situation is to assign each incoming job to a processor chosen uniformly at
random, indepndently of other jobs. We analyse how well thisscheme performs.

Focus on a particular processor. letX i ; i 2 [m] be th eindicator variable for
whether job numberi is assigned to this processor. The total load of the processor
is then X :=

P
i X i . Note that Pr[X i = 1] = 1 =n bacuse each job is assigned to

a processor chosen uniformly at random. Also,X 1; � � � X m are independent.

First let us consider the case when them = 6n ln n. Then E[X ] =
P

i E[X i ] =
m=n = 6 ln n. Applying (

eq:relbound
1.7), we see that the probability of the processor's load

exceeding 12 lnn is at most

Pr[X > 12 lnn] � e� 2 ln n � 1=n2:

Applying the union bound, we see that the load of no processorexceeds 6 lnn
with probability at least 1 � 1=n.

Next, let us consider the case whenm = n. In this case,E[X ] = 1. Applying
(
eq:2ebound
1.8), we see that

Pr[X > 2 logn] � 2� 2 log n � 1=n2:

Applying the union bound, we see that the load of no processorexceeds 2 logn
with probability at least 1 � 1=n.

However, in this case, we can tighten the analysis using the bound in (
prob:mrch
1.12):

Pr [X � (1 + � )E[X ]] �
�

e�

(1 + � )(1+ � )

� E[X ]

:

Set (1 + � ) := c, then

Pr[X > c ] <
ec� 1

cc
(3.1) eq:c-inter

To pick the appropriate c to use here, we focus on the functionxx . What is
the solution to xx = n? Let 
 (n) denote this number. There is no closed form
expression for
 (n) but one can approximate it well. If xx = n, taking logs gives
x logx = log n, and taking logs once more gives logx+log log x = log log n. Thus,

2 logx > logx + log log x = log log n >> 766 logx:
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Using this to divide throughout the equationxlogx = log n gives

1
2

x �
logn

log logn
� x = 
 (n):

Thus 
 (n) = �( log n
log log n ).

Setting c := e
 (n) in (
eq:c-inter
3.1), we have:

Pr[X > c ] <
ec� 1

cc
<

� e
c

� c
=

�
1


 (n)

� e
 (n)

<
�

1

 (n)

� 2
 (n)

= 1=n2:

Thus the load of any one processor does not exceede
 (n) = �(log n=log logn)
with probability at least 1 � 1=n2. Applying the Union bound, we conclude that
with probability at least 1 � 1=n, the load of no processor exceeds this value. It
can be shown that this analysis is tight { with high probability some processor
does receive �(logn=log logn) jobs.

3.3 Data Structures: Skip Lists

The second example concerns the design and analysis of data structures. We
shall discuss a useful data structure known as Skip List.

3.3.1 Skip Lists: The Data Structure

We want to devise a data structure that e�ciently supports the operations of
inserting, deleting and searching for an element. Elementsare drawn from a
totally ordered universeX of sizen, which can be assumed to be a �nite set of
natural numbers. The basic idea is as follows. Order the elements and arrange
them in a linked list. We call this the 0th level and denote it by L0. It is convenient
to assume that the list starts with the element�1 . With this convention

L0 = �1 ! x1 ! x2 ! : : : ! xn :

We now form a new linked listL1 by selecting every second element fromL0 and
putting �1 in front.

L1 = �1 ! x2 ! x4 ! : : : ! xm :

Identical elements in the two lists are joined by double pointers, including �1 's.
Continuing in this fashion we obtain a structure with O(logn) levels like the
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Figure 0.1: A skip list for 16 elements. Boxes store�1 's, circles store the data. fig:example

one in Figure
fig:example
0.1. This structure resembles a binary tree and likewise allows for

e�cient searches. To search for an elementy we start from the top list L t and
determine the largest element ofL t which is smaller than or equal toy. Denote
such element byet . Then we go down one level, position ourselves on the copy
of et and look for the largest element ofL t � 1 smaller than or equal toy. To do
so we only need to scanL t � 1 to the right of et . Continuing in this fashion we
generate a sequenceet ; et � 1; : : : ; e0 where e0 is the largest element inX smaller
than or equal toy. Clearly, y is present in the data structure if and only ife0 = y.
Although an element could be encountered before reachingL0, we assume that
the search continues all the way down. This makes sense in applications for
which the elements are keys pointing to records. In such cases one might not
want to copy a whole record at higher levels. This conventionalso simpli�es the
probabilistic analysis to follow.

When performing a search we traverse the data structure in a zig-zag fashion,
making only downturns and left turns (see Figure

fig:zigZag
0.2). The cost of the traversal

is proportional to the sum of the height and the width of this path, both of which
are O(logn). The width is O(logn) because each time we go down one level
we roughly halve the search space. Searches are inexpensiveas long as the data
structure stays balanced. The problem is that insertions and removals can destroy
the symmetry, making maintenance both cumbersome and expensive. By using
randomization we can retain the advantages of the data structure while keeping
the cost of reorganizations low.

3.3.2 Skip Lists: Randomization makes it easy

As before,L0 is an ordered list of all the elements. Subsequent levels arebuilt
according to the following probabilistic rule: Given that an elementx appears in
level i , it is chosen to appear in leveli + 1 with probability p, independently of
the other elements. Thus, the highest level that an element appears in obeys a
geometric distribution with parameter p. If we denote byH i the highest level to
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Figure 0.2: A zig-zag path through the data structure generated by a search. fig:zigZag

which x i belongs, then
Pr[H i = k] = pk(1 � p): (3.2) eq:geom

H i is called theheightof x i . The data structure is organized as before, with each
level being an ordered list of elements starting with�1 , and with copies of the
same element at di�erent levels arranged in a doubly linked list. Such a data
structure is called askip list.

A search is implemented as before. To insert an elementx we do as follows. First,
we search forx. This generates the sequenceet ; et � 1; : : : ; e0. Second, we insertx
in L0 betweene0 and its successor. Then we 
ip a coin; if the outcome isTail we
stop, otherwise we insertx in L1 betweenet � 1 and its successor. And so on, until
the �rst Tail occurs. Although we could stop when the last level is reached, we
do not do so because this would slightly complicated the probabilistic analysis.

To remove an elementx, we �rst locate it by means of a search and then remove
all occurrences ofx from all levels, modifying the pointers of the various listsin
the obvious way.

How expensive are these operations? When inserting or deleting an elementx i

the cost is proportional to that of a search forx i plus H i . As we shall see, the
cost of each search is upper-bounded by theheightof the data structure, de�ned
as

H := max
i

H i : (3.3) def:height

The cost of a search forx i is proportional to the length of a zig-zag path of
height H i � H and width Wi . We will prove that with high probability the
orders of magnitude ofWi and H are the same. Intuitively, this is because the
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data structure stays roughly balanced. For we expect one in every 1=p elements
of L k to belong to L k+1 When L k is sizable large deviations are unlikely.

We now study the random variableH . First, we prove that H = O(logn) with
high probability.

prop:shallowHeight Proposition 3.1 Pr[H > a logn] � n� a+1 , for any a > 0.

Proof. The height H i of any element i 2 [n] in the list is a geometrically
distributed random variable with the parameterp:

Pr[H i = k] = pkq; k � 0: (3.4) eq:hi

Hence for` � 1,

Pr[H i > ` ] =
X

k>`

Pr[H i = k]

=
X

k>`

pkq

= p`+1 : (3.5) eq:higeq

The height of the skip list, H is given by

H = max
i

H i : (3.6) eq:H

Hence,

Pr[H > ` ] = Pr[
_

i

H i > ` ]

�
X

i

Pr[H i > ` ]

= np`+1 : (3.7) eq:Hgeq

In particular, for ` := a logp n � 1; (a > 0),

Pr[H > a logp n] � n� a+1 : (3.8) eq:Hgeqclogn

Refer now to Figure
fig:zigZag
0.2. The cost of a traversal is equal to the number of#'s plus

the number of ! 's. If an #-edge is traversed then the elementx must be stored
in the two consecutive levelsL k and L k+1 of the data structure. This means that
whenx 
ipped its coin to determine whether to percolate up fromL k to L k+1 the
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outcome wasHead . Similarly, if an element x is entered from the left with a!
it means that whenx 
ipped its coin at level L k the outcome wasTail . We label
each# with p{ denoting success{ and each ! with q| denoting failure. Then,
the number of arrows in the path is equal to the number of timesneeded to toss a
coin with biasp in order to obtain H successes.The distribution of the random
variable de�ned as the number of tosses of a coin with biasp needed to obtain
k successes, is callednegative binomial and the random variable is denoted by
W(k; p). W(k; p) is closely related to the binomial distributionB(n; p).

In order to show that W(k; p) = O(logn) with high probability we can proceed
in several di�erent ways, some of which are is explored in theproblem section.
Perhaps the simplest approach is to start by establishing a connection with the
binomial distribution.

prop:equivalence Proposition 3.2 Pr(W(k; p) � m) = Pr( B(m; p) � k):

Proof. See Exercise
prob:equivalence
3.6.

Let a and b be two parameters to be �xed later. De�ne

k := a logn

m := blogn:

The �rst of these two values will upperboundH while the second will upperbound
the time of a search, i.e. the total number of#'s and ! 's of a traversal. By
Proposition

prop:equivalence
3.2

Pr(W(k; p) > m ) = Pr( B(m; p) < k )

which translates the problem into that of estimating deviations of the binomial
distribution below the mean. Recalling Theorem

th:useful-forms
1.1, i.e. the CH-bounds in

usable forms,

Pr(B(m; p) < E [B(m; p)] � t) = Pr( B(m; p) < pm � t) � e� 2t2=m:

By setting
k = pm � t

and solving fort, we get
t = ( pb� a) log n;

which gives

Pr(B(m; p) < k ) �
1

n(pb� a)2 =b
:



DRAFT

46 CHAPTER 3. APPLYING THE CH-BOUNDS

Recalling Proposition
prop:shallowHeight
3.1, and settinga = 2, b= 8, and p = 1=2

Pr(cost of search> m ) =

Pr(cost of search> m j H � k) Pr( H � k) +

Pr(cost of search> m j H > k ) Pr( H > k )

� Pr(cost of search> m j H � k) + Pr( H > k )

� Pr(W(k; p) > m ) + Pr( H > k )

�
1

n(pb� a)2 =b
+

1
na� 1

=
2
n

:

Therefore with probability at least
�
1 � 2

n

�
no search ever takes more than 8 logn

steps. Furthermore, with at least the same probability, no insert or delete ever
takes more thanW(H; p) + H � (a + b) log n = 10 logn steps.

3.3.3 Quicksort
ch-appl:qsort

The randomized version of well-known algorithm quicksort is one of, if not \the"
most e�ective sorting algorithm. The input of the algorithm is an array

X := [ x1; : : : ; xn ]

of n numbers. The algorithm selects an element at random, the so-called pivot,
denoted here asp, and partitions the array as follows,

[y1; : : : ; yi ; p; z1; : : : ; zj ]

where theys are less than or equal top and the zs are strictly greater (one of
these two regions could be empty). The algorithm continues with two recursive
calls, one on they-region and the other on thez-region. The end of the recursion
is when the input array has less than two elements.

We want to show that the running time of the algorithm isO(n logn) with prob-
ability at least 1 � 1

n . The overall running time is given by the tree of recursive
calls. The tree is binary, with each node having at most two children corre-
sponding to they- and the z-region obtained by partitioning. Since partitioning
requires linear time, if we start with an array ofn elements, the total work done
at every level of the tree isO(n). Therefore to bound the running time it su�ces
to compute the height of the tree. We will show that, for any leaf, the length of
the path from the root to the leaf is at most 4 log2 n, with probability at least
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1 � 1
n2 . The claim will then follow from the union bound, since in thetree there

are at mostn nodes. Denoting withP a generic path from the root to a leaf,

Pr[9P; jPj > 4 log2 n] � n P r [jP j > 4 log2 n] �
1
n

:

We now bound the probability that a path has more than 4 log2 n nodes. Call a
node goodif the corresponding pivot partitions the array into two regions, each
of size at least1

3 of the array. The node isbad otherwise. If a path containst
good nodes the size of the array decreases as

st �
2
3

st � 1 �
�

2
3

� t

n:

It follows that there can be at most

t =
log2 n
log2

3
2

< 2 log2 n

good nodes in any path. We now use the Cherno�-Hoe�ding bounds to show
that

Pr[jP j > 2 log2 n] <
1
n2

:

Let ` := jPj and let X i be a binary random variable taking the value 1 if nodei is
bad, and 0 if it is good. TheX i s are independent and such that Pr[X i = 1] = 1

3.
Thus X :=

P
i 2 P X i is the number of bad nodes in the pathP and E[X ] = `=3.

Recalling (
eq:2ebound
1.8), for t > 2e`=3,

Pr[X > t ] � 2� t �
1
n2

provided that

` �
3
e

log2 n:

Therefore the total number of good and bad nodes along any path does not
exceed 4 log2 n with probability at least 1 � 1

n . By �ddling with the constant it
is possible to show that the running time of randomized quicksort is O(n logn)
with probability at least 1 � 1

nk , for any �xed k. In Chapter
ch:mobd-appl-2
7 we will derive a

stronger bound by using martingale methods.

3.4 Packet Routing

Packet routing is a fundamental problem in the context of parallel and distributed
computation. The following set up, following

KT
[36], captures many of its combina-

torial intricacies. The underlying communication networkis modelled as a simple
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graph G = ( V; E) with jV j = n and jE j = m. In the network there areN packets
p1; : : : ; pN . Each packetp is to follow its route rp from its source to its destina-
tion. The goal is that of �nding a routing algorithm, or schedule, that minimizes
the time to deliver all packets. The key constraint is that iftwo or more packets
are to traverse an edgee at time t, only one packet can traverse it (packets queue
up at edge endpoints if necessary, and the algorithm must decide which goes on
next).

It is instructive to look for a lower bound for completion time. Since for every
time unit each packet can traverse at most one edge, the following quantity, called
the dilation, is a lower bound:

d := max
p

jrpj:

A second trivial lower bound is the so-calledcongestion. Given an edgee, let Pe

denote the set of packets that must traversee to reach their destination. Then,

c := max
e

jPej

is a lower bound for completion time in the worst case. A trivial upper bound
is then then c � d time units. Unless care is exercised in the routing policy the
schedulecan be as bad. A remarkable result states that, for every input, there is
always a schedule that takes onlyO(c+ d) steps

LMR
??. In what follows we exhibitschedule is

computable? a very simple schedule and show, using the Cherno� bounds, that it delivers all
packets in O(c + d log(mN )) steps with high probability. The basic idea is for
each packet to pick a random delay� 2 [r ] and then start moving. The maximum
congestion possible at an edgee is bounded byjPej � c. If r were large enough,
a random delay would ensure that, with high probability, forevery edgee and
any given time t, the queue fore at time t would consist of at most one packet.
The resulting schedule would then deliver all packets within O(r + d) steps. For
this to work however, r must be too large.

Exercise 3.3 How large mustr be so that all packets are delivered withinr + d
steps with probability at least1 � 1

n ?

A way out is to accept to have more than one packet per edge at any given time,
but to keep this number always below a certain maximumb. If congestion for
any edge at any time is at mostb, we can route all packets withinb(r + d) steps
using the following simple algorithm,

� Pick a random delay� 2 [r ] uniformly at random, independently of other
packets.
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� Traverse each edge of the path from source to destination using b time units
for every edge.

Note that time is grouped in macro-steps ofb time units each, and that every
packet uses a full macro-step to traverse an edge. I.e. a packet p traverses tehkth
edge of its routerp at a time t in the interval [(k � 1)b+1; kb]. Since queues never
have more thanb packets every packet will have a chance to traverse an edge
within a macro-step. The time bound follows. We will show that the parameters
r and b can be chosen so thatb(r + d) = O(c+ d log(mN )).

For the analysis, �x an edgee and a macro-steps, and let X es denote the number
of packets that queue up ate at macro steps when following the above algorithm.
We can decomposeX es as the sum of indicator random variablesX pes for every
packet p 2 Pe, where X pes indicates if p queues up ate at macro steps or not.
Thus,

X es =
X

p2 Pe

X pes

and
E[X es] =

X

p2 Pe

E[X pes] �
c
r

:

The bound on the expectation follows, since each packet picks a random delay
� 2 [r ] uniformly at random and jPej � c. Note that, for the samee and s, the
X pes's are independent and we can therefore apply the Cherno� bounds. Since
we do not know the expectation, but only an upper bound, we make use of the
bound developed in Exercise (

ex:ch-withBounds
1.2) with � H = c

r and get,

Pr(X > (1 + � )c=r) � exp
�

� � 2c=3r
	

:

For de�niteness, let � = 1
2. We de�ne

b :=
3
4

c
r

and
r :=

c
12� log(mN )

so that
Pr(X es > b) �

1
(mN )�

:

Let E be the event that some edge has more thanb queuing packets at some
macro-step. Since there arem edges andr � c � N macro-steps, we can bound
Pr[E] using the union bound,

Pr[E] �
X

e;s

Pr(X es > b) � mN
1

(mN )�
�

1
(mN )� � 1

:
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By choosing� = 2 the probability that no edge ever has more thanb queuing
packets is at least 1� 1

mN . Assuming this, the total time needed to deliver all
packets is at most

b(r + d) = O(c+ d log(mN ))

as claimed.

3.5 Randomized Rounding

Work in progress...

3.6 Bibliographic Notes

Skiplists are an invention of W. Pugh
Pugh90
[59]

3.7 Problems

p1 Problem 3.4 A randomized algorithmA, on input x, gives an answerA(x) that
is correct with probability p > 3

4. A(x) takes values in the set of natural numbers.
Compute the probability that the majority outcome is correct when the algorithm
is run n times. How largen must be to have a 0:99 con�dence that the answer is
correct? 5

p2 Problem 3.5 The following type of set systems is a crucial ingredient in the
construction of pseudo-random generators

NW94
[56]. Given a universeU of sizejUj =

cn a family F of subsets ofU is a good familyif (a) all sets in F haven elements;
(b) given any two setsA and B in F their intersection has size at mostn2 ; and,
(c) jF j = 2 �( n) .

Show that there is a value ofc for which good families exists for everyn (Hint:
partition the universe into n blocks of sizec and generate sets ofn elements
independently at random by choosing elements randomly in each block. Then
compute the probability that the family generated in this fashion has the desired
properties.) 5

In the next three problems, we shall derive bounds on the sumsof independent
geometrically distributedvariables. Let W(1; p) denote the number of tossesI'd like to

insert a two
lines comment
here
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required to obtain a \heads" with a coin of biasp (i.e. Pr(heads) = p;Pr(tails) =
1 � p =: q). Note that Pr[W(1; p) = `] = q̀ � 1p, for ` � 1. Let W(n; p) denote
the number of tosses needed to getn heads. Note thatW(n; p) =

P
i 2 [n] Wi (1; p),

where the Wi ; i 2 [n] are independent geometrically distributed variables with
parameterp. The variableW(n; p) is said to have anegative binomial distribution.

prob:equivalence Problem 3.6 Prove that Pr(W(k; p) � m) = Pr( B(m; p) � k): 5 This is actually
an exercise...

prob:negbin2 Problem 3.7 A second approach to derive concentration results onW(n; p) is
to apply the basic Cherno� technique. Consider for simplicity the casep = 1

2 = q.
(a) Show that for any integerr � 1, and for any 0< � < ln 2, Does this work

if we replace 2
with 1 =p?

Pr[W(n; p) � (2 + r )n] �
�

e� � (r +1)

2 � e�

� n

:

(b) Use Calculus to �nd the optimal � and simplify to derive the bound that for
r � 3,

Pr[W(n; p) � (2 + r )n] � e� rn= 4:

You may �nd it useful to note that 1 � x � e� x and that 1 + r=2 � er=4 for r � 3.
Compare this bound with the one from the previous problem. 5

Solution. Work in progress... 4

prob:negbin3 Problem 3.8 Here is a third approach to the negative binomial distribution.
(a) By explicit computation, show that

Pr[W(n; p) � `] =
�

p
q

� n X

t � `

qt

�
t � 1

n

�
:

(b) Let Sn :=
P

t � ` qt
� t � 1

n

�
. Show that

Sn =
q
p

�
q` � 1

�
` � 1

n

�
+ Sn� 1

�
:

Hence deduce that

Pr[W(n; p) � `] = q` � 1
X

0� i � n

�
q
p

� n+1 � i �
` � 1

i

�
:

(c) Consider the casep = 1=2 = q and �nd a bound for Pr[W(n; p) � (2 + r )n]
and compare with the previous problem. 5
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Solution. Work in progress... 4

prob:space Problem 3.9 Prove a sharp concentration result for the space used by a skip
list. 5

Solution. The space used by the data structure is

Sn =
X

i 2 [n]

H i (3.9) eq:space

In view of (
eq:geom
3.2), this is therefore a sum of geometric random variables i.e. Sn =

W(n; p). Thus E[Sn ] = n=p. Recalling Proposition
prop:equivalence
3.2 (or, equivalently, Prob-

lem
prob:equivalence
3.6), for r > 0,

Pr[Sn � (r + 1=p)n] = Pr[B((r + 1=p)n; p) � n]

= Pr[B((r + 1=p)n; p) � (rpn + n) � rpn]

= Pr[B((r + 1=p)n; p) � E[B((r + 1=p)n; p)] � rpn]

� exp
�
� 2r 2p2n

�

where the last line follows by the Cherno� bound on the binomial distribution.
4

Problem 3.10 What is the best value ofp in order to minimize the expected
time of a search operation in a skip list? 5

begin new

ch-appl:treaps Problem 3.11 In this exercise we deal with a very elegant data structure called
treaps (see for instance

DK,MR95
[38, 55]). A treap is a binary tree whose nodes contain

two values, akeyx and a priority px . The keys are drawn from a totally ordered
set and the priorities are given by a random permutation of the keys. The tree
is a heap according to the priorities and it is a search tree according to the keys
(i.e. keys are ordered in in-order).

(a) Show that given a totally ordered setX of elements and a functionp assign-
ing unique priorities to elements inX , there always exists a unique treap
with keys X and priorities p.

Treaps allow for fast insertion, deletion and search of an element. The cost
of these operations is proportional to height of the treap. In what follows we
will show that this quantity is O(logn) with high probability. Analyzing treaps
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boils down to the following problems on random permutations
DK
[38]. Given a

permutation p : [n] ! [n] of the n elements, an element ischeckedif it is larger
than all elements appearing to its left inp. For instance, if

p = 3 1 5 4 8 6 2 7

the elements that are checked are in bold. It is convenient togenerate the per-
mutation by ranking n reals r i 2 [0; 1] chosen independently and uniformly at
random for each element (the elementi with the smallest r i is the �rst element
of the permutation, and so on. Ties occur with probability zero).

(b) Denoting with X n the elements that are checked whenp is random, prove
that

E[X n ] = 1 +
1
2

+ : : : +
1
n

:

(It is known that the quantity Hn :=
P n

i =1
1
i , the nth harmonic number, is

�(log n).

(c) Let Yi be a binary random variable denoting whether elementi is checked.
Prove that

Pr[Yi = 1 j Yn = yk ; : : : ; Yi +1 = yi +1 ] =
1

k � i + 1

for any choice of theys.

(d) Is the following true?

Pr[Yi = 1 j Y1 = yk ; : : : ; Yi +1 = yi � 1] =
1
i

(e) Using the generalization of Problem
ch:lc
1.14 prove that X n is O(logn) with

high probability.

(f) Show that the number of nodes (x; px ) such that x < k that lie along the
path from the root to (k; pk) is given by X k .

(g) Prove an analogous statement for the elementsx > k and conclude that
the height of a treap isO(logn) with high probability.

5

ch:p-kNN Problem 3.12 The following type of geometric random graphs arises in the
study of power control for wireless networks. We are givenn points distributed add refs?

uniformly at random within the unit square. Each point connects to the k closest
points. Let us denote the resulting (random) graph asGn

k .
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� Show that there exists a constant� such that, if k � � logn, then Gn
k is

connected with probability at least 1� 1
n .

� Show that there exists a constant� such that, if k � � logn, then Gn
k is

not connected with positive probability.

5
end new
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Chapter 4

Cherno�-Hoe�ding Bounds in
Dependent Settings

[CH-bounds with Dependencies]ch:dep-ch

In this chapter, we consider the sum

X :=
X

� 2A

X � ; (4.1) eq:dep-sum

whereA is a index set and the variablesX � ; �; 2 A may not be independent. In
some dependent situations, the Cherno�-Hoe�ng bound can besalvaged to be
applicable (as is, or with slight modi�cations) to X .

4.1 Negative Dependence

The results in this section are from D. Dubhashi and D. Ranjan, \Balls and
Bins: A Study in Negative Dependence",Random Structures and Algorithms, 13
(1998), no. 2, 99{124.

We consider the sum (
eq:dep-sum
4.1) whereA := [ n]. Random variablesX 1; � � � ; X n are

said to benegatively dependentif, intuitively, the conditioned on a subsetX i ; i 2
I � [n] taking \high" values, a disjoint subset X j ; j 2 I � [n] with I \ J = ;
take \low" values. One way to formalize this intuitive notion is

De�nition 4.1 (Negative Association) The random variableX i ; i 2 [n] are
negatively associated if for all disjoint subsetsI; J � [n] and all non-decreasing

55
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functions f and g,

E[f (X i ; i 2 I )g(X j ; j 2 J )] � E[f (X i ; i 2 I ]E[g(X j ; j 2 J ): (4.2) eq:negass

Exercise 4.2 Show that ifX 1; � � � X n are negatively associated, then

E[X i X j ] � E[X i ]E[X j ]; i 6= j:

More generally, show that iff i ; i 2 [n] are non-decreasing functions, then

E[
Y

i

f i (X i )] �
Y

i

E[f i (X i )]:

In particular,
E[et (X 1 + ���+ X n ) ] �

Y

i 2 [n]

etX i : (4.3) eq:exp-prod

Theorem 4.3 (CH Bounds with Negative Dependence) The Cherno�-Hoe�ding
bounds can be applied as is toX :=

P
i 2 [n] X i if the random variablesX i ; � � � ; X n

are negatively associated.

Proof. Use (
eq:exp-prod
4.3) at the relevant step in the proof of the CH bound.

Thus one needs techniques to establish the negative association condition. Al-
though the de�ntion looks formidable, it is often easy to establish the condition
without any calculations using only montonicity, symmetry and independence.
The following two properties of negative association are very useful in these ar-
guments.

Closure under Products If X 1; � � � ; X n and Y1: � � � ; Ym are two independent
families of random variables that are separetely negatively associated then,
the family X 1; � � � ; X n ; Y1; � � � ; Ym is also negatively associated.

Disjoint Monotone Aggregation If X i ; i 2 [n] are genatively associated, and
A is a family of disjoint subsets of [n], then the random variables

f A (X i ; i 2 A); A 2 A ;

is also negatively associated, wheref A ; A 2 A are arbitrary non-decreasing
(or non-increasing) functions.

Exercise 4.4 Show that these two properties follow directly from the de�nition
of negative association.
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Example 4.5 [Balls and Bins] Consider the paradigm example of negative de-
pendence: m balls are thrown independently inton bins. We do not assume
the balls or bins are identical: ballk has probbaility pi;k of landing in bin i , for
i 2 [n]; k 2 m (with

P
i pi;k = 1 for each k 2 [m]). The occupancy numbersare

B i :=
P

k B i;k . Intuitively it is clear that B1; � � � ; Bn are negatively dependent.
To prove this, we �rst show that a simpler set of variables satis�es negative asso-
ciation, and then use the properties of disjoint monotone aggregation and closure
under product.

Consider the indicator random variables:

B i;k :=

(
1; ball k falls in bin i

0; otherwise
(4.4) eq:bik-indicators

We have

Proposition 4.6 For each k, the random variablesB i;k ; i 2 [n] are negatively
associated.

Proof. Let I; J be disjoint subsest of [n] and let f; g be non-decreasing func-
tions. Translating by a constant, we may assumef and g are non-negative and
f (0; � � � ; 0) = 0 = g(0; � � � ; 0). Then,

E[f (X i ; i 2 I )g(X j ; j 2 J )] = 0 � E[f (X i ; i 2 I )]E[g(X j ; j 2 J )]:

Now by closure under products, the full setB i;k ; i 2 [n]; k 2 [m] is negatively asso-
ciated. Finally, by disjoint monotone aggregation, the variablesB i =

P
k B i;k i 2

[n] are negatively associated. 5

Example 4.7 [Distributed Edge Colouring of Graphs] The application in this
example is from A. Panconesi and A. Srinivasan, \RandomizedDistributed Edge
Colouring via an Extension of the Cherno�-Hoe�ding Bounds", SIAM J. Com-
puting, 26:2, pp. 350{368, 1997.

Consider the following simple distributed algorithm for edge colouring a bipartite
graph G = ( B; T; E ). (The bipartition is made up of the \bottom" vertices B
and the \top" vertices T). For simplicity, assumejB j = n = jTj and that the
graph is � regular. At any stage of the algorithm,

1. In the �rst step, each \bottom" vertex makes a proposal by atentative
assigment of a random permutation of [�] to its incident edges.
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2. In the second step, a \top" vertex chooses from among all incident edges
that have the same tentative colour, a winner by using an arbitrary rule
(lexicographically �rst or random for instance). The winner gets success-
fully coloured and the losers are decoloured and go to the next stage of the
algorithm.

The basic question to analyse is: how many edges are successfully coloured in one
stage of the colouring algorithm. The situation at a \top" vertex is exactly a balls
and bins experiment: the incident edges are the balls falling into the bins which
are the colours. Call a edge that receives a �nal colour successfully a \winner",
and otherwise a \loser". Recalling that there are � edges and� colours, the
number of losing edges is bounded as follows:

# losers = # balls � # winners

� # bins � # non-empty bins

= # empty bins :

Thus we need to analyseZ :=
P

i Z i where Z i is the indicator random variable
for whether bin i is empty i 2 [�]. These random variables are manifestly not
independent. However, they are negatively associated because

Z i = [ B i � 0]; i 2 [n]:

are non-increasing functions of disjoint sets of the occupancy variablesB1; � � � B �

whcih are negatively associated by the previous example.

The analysis of the \bottom" vertices is signi�cantly more complicated and will
require the use of more sophisticated techniques. 5

Example 4.8 [Glauber Dynamics and Graph Colouring] The application in this
example is from Thomas P. Hayes

Hay03
[26]

Glauber dynamicsis a stochastic process generating a sequencef 0; f 1; � � � ; f t ; � � �
of random [k]-colourings of the vertices of a graphG := ( V; E). The colouring
f 0 is arbitrary. Given f t � 1, the colouring f t is determined as follows: select a
vertex v = � (t) uniformly at random and a colourc 2 [k] n f t � 1(�( v)) unifromly
at random. The colouringf t is identcal to f t � 1 except that f t (v) = c.

In the analysis of the convergence of the process to stationarity, one needs con-
centration of the following random variableX . Fix a time t0, and a vertexv 2 V.
Then, X :=

P
w2 �( v) X w where the indicator random variableX w is 1 if w was

selected by the colouring schedule� in the time window [t0 � Cn; t0 + Cn] for
some constantC > 0. The random variablesX w ; w 2 �( v) are not independent.
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However, they are negatively associated. To see this, consider the indicator ran-
dom variables [� (t) = v]; v 2 V; t � 1. These are exactly like the Balls and
Bins indicator variables: the \balls" are the time instantsand the \bins" are the
vertices. Hence ([� (t) = v]; v 2 V; t � 1) are negatively associated. Now note
that X w :=

P
t0 � Cn � t � t0+ Cn [� (t) = w] are non-decreasing functions of disjoint in-

dex sets, and hence by the disjoint monotone aggregation property, the variables
X w ; w 2 �( v) are also negatively associated. 5

Example 4.9 [Geometric Load Balancing] This application in this example isex:geom-power-2
from

BCM04
[31].

Let n points be thrown uniformly at random on the unit circle. Thissplits the unit
circle into n arcs which we can number 1� � � n in counterclockwise order starting
from an arbitrary point.. Let Z i = 1 if the i arc has length at leastc=n and 0
otherwise. The variablesZ i ; i 2 [n] are manifestly not independent. However
they are negatively associated. To see this, letL i ; i 2 [n] denote the lengths
of the arcs. Intuitively it is clear that ( L i ; i 2 [n]) are negatively dependent
and indeed by Problem

prob:const-sum-ex
4.26, (L i ; i 2 [n]) are negatively associated. ThenZ i =

[L i � c=n]; i 2 [n] are non-decreasing functions of disjoint sets of negatively
associated variables, and hence, by the disjoint monotone aggregation property,
are themselves negatively associated. 5

4.2 Local Dependence

The following results are from S. Janson
Jan04
[28].

Consider the sum (
eq:dep-sum
4.1) where there may be onlylocal dependencein the following

well known sense. Call a graph � on vertex setA a dependency graphfor (X � ; � 2
A ) if when there is no edge between� 2 A and A

0
� A , then X � is independent

of (X � 0; �
0
2 A

0
). Let � � (�) denote the fractional chromatic number of �.

The chromatic and fractional chromatic number� � (G) of a graphG = ( V; E) are
de�ned as follows. LetB be the jV j � m matrix whose columns are characteristic
vectors of independent sets inG. The chromatic number ofG is the minimum
number of colours needed in a proper colouring ofG. Equivalently,

� (G) := min
�
1T x j Bx � 1; x 2 f 0; 1gm

�
:

The fractional chromatic number� � (G) is the relaxation of this to non-negative
vectorsx:

� � (G) := min
�
1T x j Bx � 1; x � 0

�
:

Clearly � � (G) � � (G).
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Exercise 4.10 Compute� (Cn ) and � � (Cn ) whereCn is the circle with n points.

th:loc-dep Theorem 4.11 SupposeX is as in (
eq:dep-sum
4.1) with a� � X � � b� for real numbers

a� � b� ; � 2 A . Then, for t > 0,

P[X � E[X ] + t] P[X � E[X ] � t] � exp
�

� 2t2

� � (�)
P

� 2A (b� � a� )2

�
:

Exercise 4.12 Check that � � (�) = 1 i� the variables X � are independent, so
Theorem

th:loc-dep
4.11 is a proper generalization of the Hoe�ding inequality.

Example 4.13 [U-Statistics] Let � 1; � � � ; � n be independent random variables,
and let

X :=
X

1� i 1< ���<i d

f i 1 ;��� ;i d (� i 1 ; � � � ; � i d ):

This is a special case of (
eq:dep-sum
4.1) with A := [ n]d< and includes the so-calledU-

Statistics. The dependency graph � has vertex set [n]d< and (�; � ) 2 E(�) i� � \ � 6
; , when the tuples�; � are regarded as sets. One can check (see Problem

prob:kneser
4.32

that

� � (�) �

� n
d

�

bn=dc
:

Hence, ifa � f i 1 ;��� ;i d (� i 1 ; � � � ; � i d ) � b for every i1; � � � ; id for some realsa � b, we
have the estimate of Hoe�ding:

P
�
X � E[X ] + t

�
n
d

��
� exp

�
� 2bn=dct2

(b� a)2

�

Sincedbn=dc � n � d+1, we have� � (�) �
� n

d� 1

�
and we have a bound that looks

somewhat simpler:

P
�
X � E[X ] + tnd� 1=2

�
� exp

�
� 2d!(d � 1)!t2

(b� a)2

�

5

Example 4.14 [Subgraph Counts] LetG(n; p) be the random graph on vertex
set [n] with each possible edge (i; j ) present independently with probability p.
Let X denote the number of triangles inG(n; p). This can be written in the
form (

eq:dep-sum
4.1) with A :=

� [n]
3

�
and X � is the indicator that the edges between the

three vertices in� are all present. Note thatX � and X � are independent even
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if � \ � = 1 (but not 2). The dependency graph � has vertex set
� [n]

3

�
and

(�; � ) 2 E(�) i� � \ � = 2. Note that �(�) = 3( n � 3) and hence

� � (�) � � (�) � �(�) + 1 � 3n:

We computeE[X ] =
� n

3

�
p3 and hence

P[X � (1 + � )E[X ]] � exp

 
� 2� 2

� n
3

� 2
p6

3n
� n

2

�

!

= exp
�
� �( � 2n3p6)

�
:

This estimate can be improved taking into account the variance of the summands.
5

4.3 Janson's Inequality

Let R = Rp1 ;��� ;pn be a random subset of [n] formed by including eachi 2 [n] in
R with probability pi , independently. Let S be a family of subset of [n], and for
eachA 2 S, introduce the indicators

X A := [ A � R] =
^

i 2 A

[i 2 R]:

Let X :=
P

A2s X A . Clearly the summands are not independent. In the terminil-
ogy of the last section, a natural dependency graphG for (X A ; A 2 S) has vertex
set S and an edge (A; B ) 2 G i� A \ B 6= ; : in this case, we writeA � B .

Theorem 4.15 Let X :=
P

A X A as above, and let� := E[X ] =
P

A Pr[X A = 1].
De�ne

� :=
X

A� B

E[X A X B ] =
X

A� B

Pr[X A = 1 = X B ]; (4.5) eq:janson-delta

where the sum is overordered pairs. Then, for any 0 � t � E[X ],

Pr[X � E[X ] � t] � exp
�

�
t2

2� + �

�
:

Exercise 4.16 Check that when the setsA 2 S are disjoint, then this reduces to
the CH-bound.

In particular, taking t := E[X ] gives a avrey useful estimate on the probability
that no set in S occurs which is important enough to deserve a separate statement
of its own:
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th:janson-ineq Theorem 4.17 (Janson's Inequality)

Pr[X = 0] � e� � 2

� +� :

As veri�ed in the exercise above, when the sets are disjoint,we are in the inde-
pendent case, More importantly, when the dependence is \small" i.e. � = o(� ),
then, we get neraly the same bound as well.

Example 4.18 [Subgraph Counts] Consider again the random graphG(n; p)
with vertex set [n] and each (undirected) edge (i; j ) present with probability p
independently and focus again on the number of triangles in the random graph.
An interesting regime of the parameterp is p := c=n. The base set � here is

� [n]
2

�
,

the set of all possible edges and the random set of edges inG picked as above
is object of study. Let S be a set of three edges forming a traingle, and letX S

be the indicator that this triangle is present inG(n; p). Then Pr[X S = 1] = p3.
The property that G is triangle-free is expressed asX :=

P
S X S = 0 where the

sum is over all such
� n

3

�
subsets of edgesS. If the X S were independent then, we

would have

Pr[X = 0] = Pr

"
^

S

X S = 0

#

=
Y

S

Pr[X S = 0] = (1 � p3)(
n
3) � e� (n

3)p3
! e� c3=6:

Of course theX S are not independent. But ifA and B are collectiosn of subsets
such that eachS 2 A is disjoint from eachT 2 B, then (X S; S 2 A ) is mutually
independent of (X T ; T 2 B).

We can thus apply Janson's inequality, Theorem
th:janson-ineq
4.17. here� = E[X ] =

� n
3

�
p3 �

c3=6. To estimate �, we note that there are nchoose3(n � 3) = O(n4) ordered
pairs (S; T) with S \ T 6= ; , and for each such pair,Pr[X S = 1 = X T ] = p5.
Thus, � = O(n4)p5 = n� 1+ o(1) = o(1). Thus, we get the bound

Pr[X = 0] � exp
�

�
c6

36c3 + o(1)

�
� ec3=36;

which is (asymptotically) almost the same (upto constants)as the estimate above
assuming the variables were independent. In problem

prob:subgraph-counts
4.30, you are asked to

generalize this from traingles to arbitrary �xed graphs. 5

Example 4.19 [Randomized Rounding] The following example is taken from an
analysis of approximation algorithms for the so-calledgroup and covering Steiner
problems

KRS02,GKR98
[37, 19]. We are given a full binary treeT rooted at a special vertexr .

In the group Steiner problem, we are also given groupsA1; � � � ; An of subsets of
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the leaves ofT. The objective is to select a subtree of minimum size rooted at r
whoses leaves intersect each of then groups.

The �rst step in the problem is to formulate a linear program which provides a
lower bound on the size of any such tree. Solving this linear program gives a set
of valuesxe 2 [0; 1]; e 2 T. These values have the property that

P
e2 E xe � 1 for

any set of edges that forma cut betweenr and a groupgi . Thus these valuesxe

can be used as a guide to constructing the required subtree.

This is done via the following variant of therandomized roundingmethodology:
for each edgee 2 T, include e independently with probability xe=xf where f is
the unique parent edge connectinge to the next vertex up the tree. If e is incident
on the root, we include it with probability xe (alternatively imagine a �ctitious
parent edgee� 1 with xe� 1 = 1). Then pick the unique connected component
rooted at r .

The rounding procedure has the property that any edgee 2 T is included with
probability xe. To see this, note that an edge is included i� all the edgese =
e1; e2; � � � ; ep on the path up to the root from e are included, and this happens
with probability

xe1

xe2

xe2

xe3

� � �
xep� 1

xep

xep

1
= xe:

Let us focus attention on a particular groupA and estimate the probability that
this group is not \hit". We can identify the gropu A with the corresponding
pendant edges. LetX e; e 2 A be the indicator for whether the elemente 2 A is
selecetd, and letX :=

P
e2 A X e. Then

E[X ] =
X

e2 A

E[X e] =
X

e2 A

xe � 1;

where the last inequality is because of the cut-property of the xe values.

Note however that theX e; e 2 A are not independent : the dependencies arise
because of shared edges on the path up the tree. Let us estimate � in this
situation. To this end, �rst we note that the event X e = 1 = X f for distinct
e; f 2 A occurs i� (a) all edges up to and inclusing the common ancestor g of e
aand f are picked, and (b) the remaining edges fromg to e and f are all picked.
Thus, Pr[X e = 1 = X f ] = xexf =xg.

Exercise 4.20 Check this!

Thus,
� =

X

e

X

f

xexf =xg:
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To continue with the estimation, we make some simplifying assumptions (which
are justi�ed in the paper

GKR98
[19]: we assume that the groupA is contained in a

single subtree of heightd := djAje, that
P

e2 A xe = 1 �nally, that for any vertex
v in the tree whose parent edge ise, we have

X

f 2 T 0

xf � xe; (4.6) eq:sub-tree-flow

whereT0 is either the left or the right subtree rooted atv.

Now, to return to �, consider an edge e is the �rst summation. Number the path
up from e to the root r = v0; v1; � � � vi � 1; vi where e = vi � 1vi . Let Tj ; 0 � j � i
denote the subtree rooted atvj which does not includeei . Then,

� =
X

e

X

f

xexf =xg

=
X

e

X

0� j � i

X

f 2 Tj

fx exf =xg

=
X

e

xe

X

0� j � i

� P
f 2 Tj

xf

�

xej � 1

�
X

e

xe

X

0� j � i

1; by (
eq:sub-tree-flow
4.6)

=
X

e

(i + 1) xe

� (d + 2)
X

e

xe

= ( d + 2) :

Thus applying Janson's inequality, we get that the probability that the group A
fails to be \hit" is at most e� 1=(3+log jA j) � 1 � 1

3 log jA j . 5

4.4 Limited Independence

One key objective in modern complexity theory has been to seek ways to re-
duce the amount of randomness used by probabilistic algorithms. The ultimate
objective of course would be to remove the randomenss altogether leading to a
deterministic algorithm via a completederandomization of a randomized algo-
rithm. In this quest, a reduction in randomization leads to some progress in the
form of a partial derandomization.
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One approach to reducing randomness comes from the observation that some
algorithms do not need full independence of their source of random bits. We
say that a set of random variablesX 1; � � � X n is k-wise independentif for every
I � [n] with jI j � k,

Pr

"
Y

i 2 I

X i = x i

#

=
Y

i 2 I

Pr[X i = x i ]:

Fully independent varaiables correspond ton-wise independence.

In this section, we outline the approach of
SSS95
[64] to obtaining CH-like bounds for

the case of random variables with limited dependence i.e. when they are only
k-wise independent for somek < n .

Consider theelementary symmetric functions:

Sk(x1; � � � ; xn ) :=
X

I � [n];jI j= k

Y

i 2 I

x i :

Observe that for 0=1 variablesx1; � � � ; xn , and an integerm � 0,

X

i

x i = m $ Sk(x1; � � � ; xn ) =
�

m
k

�
:

Also, if X 1; � � � ; X n are k-wise independent, then:

E[Sk(X 1; � � � ; X n)] = E

2

4
X

j I j= k

Y

i 2 I

X i

3

5

=
X

j I j= k

E

"
Y

i 2 I

X i

#

=
X

j I j= k

Y

i 2 I

E[X i ]

In the last line, we use thek-wise independence of the variables.

Hence, ifX := X 1 + � � � + X n for binary random variablesX 1; � � � ; X n which are
k-wise independent andE[X i ] = Pr[X i = 1] = p for eachi 2 [n], then

Pr[X > t ] = Pr
�
Sk(X 1; � � � ; X n ) >

�
t
k

��

� E[Sk(X 1; � � � ; X n)] =
�

t
k

�

=

� n
k

�
pk

� t
k

�
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In Problem
prob:ch-lim
4.29, you are asked to check that this bound holds also when the

variable are not identically distributed and when they takevalues in the interval
[0; 1]. This yields the following version of the CH-bound for variables with limited
independence:

th:ch-lim Theorem 4.21 Let X 1; � � � ; X n be random variables with0 � X i � 1 and
E[X i ] = pi for each i 2 [n]. Let X :=

P
i X i and set � := E[X ] and p := �=n .

Then, for any � > 0, if X 1; � � � ; X n are k-wise independent fork � k� :=
d��= (1 � p)e,

Pr [X � � (1 + � )] �
�

n
k�

�
pk � =

�
� (1 + � )

k�

�

Exercise 4.22 Check that this bound is better than the CH-bounde� � 2

3 � derived
in the previous chapter.

Another approach due to Bellare and Rompel
BR94
[4] goes via thek{th moment

inequality:

Pr[jX � � j > t ] = Pr[(X � � )k > t k ]; sincek is even

<
E[(X � � )k ]

tk
; by Markov's inequality: (4.7) eq:limmarkov

To estimate E[(X � � )k ], we observe that by expanding and using linearity of
expectation, we only need to computeE[

Q
i 2 S(X i � � i )] for multi{sets S of sizek.

By the k{wise independence property, this is the same asE[
Q

i 2 S(X̂ i � � i )], where
X̂ i ; i 2 [n] are fully independent random variables with the same marginals as
X i ; i 2 [n]. Turning the manipulation on its head, we now use Cherno�{Hoe�ding
bounds onX̂ :=

P
i X̂ i :

E[(X̂ � � )k ] =
Z 1

0
Pr[(X̂ � � )k > t ]dt

=
Z 1

0
Pr[jX̂ � � j > t 1=k]dt

<
Z 1

0
e� 2t2=k =ndt; using CH bounds

= ( n=2)k=2 k
2

Z 1

0
e� yyk=2� 1dy

= ( n=2)k=2 k
2

�( k=2 � 1)

= ( n=2)k=2(k=2)!



DRAFT

4.5. MARKOV DEPENDENCE 67

Now using Stirling's approximation forn! gives the estimate:

E[(X̂ � � )k ] � 2e1=6k
p

�t
�

nk
e

� k=2

;

which in turn, plugged into (
eq:limmarkov
4.7) gives the following version of a tail estimate

valid under limited i.e. k{wise dependence:

Pr[jX � � j > t ] � Ck

�
nk
t2

� k=2

;

whereCk := 2
p

�ke 1=6k � 1:0004.

4.5 Markov Dependence

4.5.1 De�nitions

A Markov chain M is de�ned by a state spaceU and a stochastic transition
matrix P (i.e.

P
x P(x; y) = 1). Starting with an initial distribution q on U, it

determines a sequence of random variablesX i ; i � 1 as follows: forn � 1 and
any x1; � � � ; xn ; xn+1 2 U,

Pr[X 1 = x1] = q(x1);

. and,

Pr[X n+1 = xn+1 j X 1 = x1; � � � ; X n = xn ] = Pr[X n+1 = xn+1 j X n = xn ] = P(xn+1 ; xn ):

A distribution � on S is called stationary for M if �P = P. Under a technical
condition called aperiodicity, a Markov chain whose state space is connected
has a unique stationary distribution. The aperiodicity condition can usually be
made to hold in all the applications we consider here. For more details on these
conditions and a careful but friendly introduction to Markov chains, see

Hagg02
[25].

The general theory of Markov chains
Hagg02
[25] shows that under these conditions, the

Markov chain, started at any point in the state space, eventually converges to
the stationary distribution in the limit. The rate of convergence is determined
by the so-calledeigenvaluegap of the transition matrix P of the Markov chain.
Since the matrix is stochastic, the largest eigenvalue is� 1 = 1 and the general
theory of non-negative matrices implies that the second eigenvalue� 2 is strictly
less than 1. The eigenvalue gap is� := � 1 � � 2 = 1 � � 2.
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4.5.2 Statement of the Bound

Let X 1; X 2; � � � ; X n be a sequence generated by a Markov chain with eigenvalue
gap � starting from an initial distribution q. Let f be a non-negative function
on the state space ofM , and let Fn :=

P
i 2 [n] f (X n). By the convergence to

stationarity of the Markov chain, we know that limn!1 Fn=n = E[f ] . The
following Theorem due independently to Gillman

Gil98
[20] and Kahale

Kah97
[32] gives a

quantitative bound on this convergence.

th:markov-ch Theorem 4.23 Let X 1; X 2; � � � ; X n be a sequence generated by a Markov chain
with eigenvalue gap� starting from an initial distribution q. For a For a non-
negative functionf , on the state space ofM let Fn :=

P
i 2 [n] f (X n ). Then,

Pr[jFn � nE[f ]j > t ] � C
;�;n;q exp
�

� �
t2

cn

�
:

wherec is an absolute constant andC
;�;n;q is a rational function. In particular,
taking f := � S, the characteristic function of a subsetS of the state space, and
letting Tn :=

P
i 2 [n] � S(X i ) denote the number of times the chain is in stateS,

Pr[jTn � n� (S)j > t ] � C
;�;n;q exp
�

� �
t2

cn

�
:

Note that this is very similar to the usual Cherno� bound, except for the ra-
tional term and, more importantly, the appearence of the eigenvalue gap in the
exponent.

4.5.3 Application: Probability Ampli�cation

Let f : f 0; 1gn ! f 0; 1g be a function that is computed by a randomized al-
gorithm A that takes as input the argument x 2 f 0; 1g at which f has to be
evaluated and also a sequencer of n random bits. Suppose the algorithmA is
guaranteed to computef correctly with a constant probability bounded away
from 1=2, say,

Prr [A(x; r ) = f (x)] � 3=4:

We would like to amplify the success probability i.e. provide an algorithm̂A that
computesf correctly with probability arbitrarily close to 1.

The standard way to do this is by repetition: makek runs k of algorithm A
and take the majority outcome. Each run of the algorithm is independent of
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the previous one and usesn fresh independent random bits. What is the success
probability of the resulting algorithm? Recall the standard application of the
Cherno� bound in the previous chapter: let X 1; � � � ; X n be indicator random
variables with X i = 1 i� algorithm A computesf correctly on the i th invocation,
and setX :=

P
i X i . The Cherno� bound yields

Pr[X < 1=2k] � e� k=8:

Thus to achive an error probability of at most� , we can takek = O(log 1
� ).

We shall now describe an algorithm that achieves similar ampli�cation of proba-
bility, but with the advantage that the algorithm will be signi�cantly more e�cient
in its use of randomness as a resource. The algorithm above uses a total of nk
random bits. The algorithm we describe next will use onlyO(n + k) random bits
to achieve very similar error probability.

To do this we start with an expander graph G on the vertex set f 0; 1g, the
underlying probability space of the original algorithmA. Expander graphs are
very useful in many di�erent areas of algorithms and complexity. This example is
tyoical and can be viewed as an introduction to their uses. Here, we will only state
the properties we need. The expander graphG is regular of constant degreed.
The expansion property is that any subsetA of the vertices has a neighbourhood
of size at least
 jAj for some positive constant
 .

There is an equivalent algebraic characterization which ismore directly of use to
us here. Consider the simple random walk on the graphG: start at any vertex
and choose the next vertex uniformly at random from all the neighbours. This
de�nes a Markov chain M (G) with state space the vertices ofG whose unique
stationary distribution is the uniform distribution. The expansion property ofG
translates equivalently into the property that the the Markov chain M (G) has
an eigenvalue gap� > 0 i.e. the �rst eigenvalue is 1 and the second is bounded
from above by 1� � .

We are now in a position to state our algorithm and analyse it using the CH
bound for Markov chains. The algorithm ~A is as follows:

1. Pick a point r1 := 2 f 0; 1g at random. Then starting at r1, execute a
random walk onG: r1; r2; � � � ; r k .

2. Run the algorithm k times, using these bits as the random source:

A(x; r 1); A(x; r 2) � � � ; A(x; r k);

and take the majority outcome.
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To analyse the success probability of the algorithm~A, we introduce as before,
the indicators X 0

i ; i 2 [k] with X 0
i = 1 if the algorithm is correct on trial i and 0

otherwise. Now, sincer1 is picked according to the stationary distribution, the
merginal distribution of eachr i ; i 2 k separately is also the stationary distribution
which is uniform. HencePr[X 0

i = 1] � 3=4 for eachi 2 [k] and so, if X 0 :=P
i 2 [k] X 0

i , then E[X 0] � 3=4k. So far the analysis is identical to what we saw
before.

The hitch is in the fact that whereas the indicatorsX 1; � � � ; X k were independent
before due to the fresh choice of random bits every time the algorithm A is
rerun, this time, the indicators X 0

1; � � � ; X 0
k are not independent because the

sequencer1; � � � ; r k is chosen by a random walk - thus eachr i depends heavily
on its predecessorr i � 1. This is the place where Theorem

th:markov-ch
4.23 kicks in. Let

S := f r 2 f 0; 1gn j A(x; r ) = f (x)g. Note that since the stationary distribution
� is uniform, � (S) � 3=4. Applying Theoremth:markov-ch, we get:

Pr[X 0 < 1=2k] � e� c�k ;

for some constantc > 0. This is essentially the same error probability as we
had for algorithm Â with the independent repetitions except for constant factors
in the exponent. However, in this case, the number of random bits used by
algorithm ~A is O(n + k) compared tonk bits needed by algorithmÂ.

Exercise 4.24 Work out the number of bits used by algorithm~A. Note the fact
that G is a constant degree graph is needed here.

Exercise 4.25 Work out the constant in the exponent of the error bound in terms
of the constants in Theorem

th:markov-ch
4.23.
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4.7 Problems

prob:const-sum-ex Problem 4.26 Let X i ; i 2 [n] be random variables such that for any subset
I � [n], and any t > 0, the distribution of X i ; i 2 I conditioned on

P
i 2 I X i = t

is

� conditionally independent of any other variables.

� stochastically increasing int.

Further suppose the distribution of X i ; i 2 [n] is concentrated on the eventP
i 2 [n] X i = c for some constantc. Then X i ; i 2 [n] are negatively associated.

Deduce that the arc variablesL i ; i 2 [n] in Example
ex:geom-power-2
4.9 are negatively asociated.

5

Problem 4.27 [Negative Regression] A set of random variablesX 1; � � � ; X n sat-
isfy the negative regression condition (� R), if, for any two disjoint index ests
I; J � [n], and any non-decresing functionf ,

E[f (X i ; i 2 I ) j X j = aj ; j 2 J ] (4.8) eq:neg-reg

is non-incresing in eachaj ; j 2 J .

1. Show that if (� R) holds, then E[
Q

i f i (X i )] �
Q

i E[f i (X i )] for any non-
decresing functionsf i ; i 2 [n].

2. Deduce that the CH bound applies to variables satisfying (� R).

5

Problem 4.28 [Permutations] Recall the following problem on permutations en-
countered int he analysis of Treaps: a positioni in a permutation � of [n] is
\checked" if � (j ) < � (i ) for all j < i . Let � be a permutation chosen uniformly
at random, and let X i ; i 2 [n] be indicator variables for whether a position is
checked. Shwo that these variables satisfy (� R). 5

prob:ch-lim Problem 4.29 Prove Theorem
th:ch-lim
4.21. Also derive a bound on the lower tail. 5
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Problem 4.30 [Subgraph Counts] Consider the random graphG(n; p) and letprob:subgraph-counts
us consider the number of occurencesX (H ) of the number of occurences ofH in
G. De�ne

� H = � H (n; p) := min f E[X H 0] j H 0 � H; eH 0 > 0g:

Note that � H � minH 0� H;eH 0> 0 nv0
H pe0

H . where vH is the number of vertices and
eH the number of edges of a graphH . Show that for any �xed graph H (with at
least one edge),Pr[X H = 0] � exp (� �( � H )). 5

Problem 4.31 [Sampling with reduced randomness
SSS95
[64]] Recall the problem of

estimating the fraction f � := jWj=jUj of elements of a special subsetW of a large
universal setU. The approach is to take a random sampleS from U and estimate
f � by f̂ := jW \ Sj=jS. Investigate the possibility of reducing the randomness
requirements of this algorithm using Theorem

th:ch-lim
4.21 or Theorem

th:markov-ch
4.23. 5

Problem 4.32 [Fractional Chromatic Number of Kneser Graphs] Consider theprob:kneser
Kneser graphs K (n; d) whose vertex set is

� [n]
d

�
and whose edge set isf (A; B ) j

A \ B = ;g . Compute bounds on �( K (n; d)), � (K (n; d)) and � � (K (n; d)). 5
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Chapter 5

Martingales and Azuma's
Inequality

[Martingales and Azuma's Inequality]ch:mobd

The Cherno�-Hoe�ding bounds provide very sharp concentration estimates when
the random variable X under consideration can be expressed as the sumX =
X 1 + : : : + X n of independent (and bounded) random variables. However in
many applications, to do this might be very di�cult or impossible. It would
therefore be useful to obtain sharp concentration results for the case whenX
is some complicated function of not necessarily independent variables. Such a
generalization would be useful in many diverse contexts butespecially in the
analysis of randomized algorithms where the parameters that characterize the
behaviour of the algorithm are the result of a complicated interaction among a
base set of (often non{independent) random variables. Our goal then is to study
the case when

X := f (X 1; X 2; : : : ; X n );

wheref is a function that may not even be explicitly speci�ed in a \closed form".
We seek a set of conditions onf so that one can assert that the probability
of a large deviation off from its expected value is exceedingly small{ ideally,
exponentially small in the amount of the deviation. In general, we would like to
be able to do this even without assuming that theX i 's are independent.

We will present a number of such inequalities, all of which rest upon a well-studied
concept of Probability Theory known asmartingales. We shall see that once the
appropriate concept to replace independence is properly formulated, the proofs
of these inequalities are quite similar to the basic structure of the proofs of the
Cherno�{Hoe�ding bounds we have already seen.

73
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5.1 Review of Conditional Probabilities and Ex-
pectations

The concept of a martingale requires a good understanding ofthe notions of
conditional probability and expectation, so we �rst provide a quick review from
an elementary standpoint.

Given two eventsE and F in a probability space with measurePr, the conditional
probability of E with respect to F is de�ned by

Pr[E j F ] :=
Pr[E ^ F ]

Pr[F ]
;

provided that Pr[F ] 6= 0. If Pr[F ] = 0, then, by convention we shall setPr[E j
F ] = 0.

Often we will be interested in events of the formX = a, that a random variable
X takes the valuea, or that a sequenceX 1; : : : ; X n takes the valuesa1; : : : an

respectively. For economy of notation, we shall use the vector boldface notation to
stand for a �nite or in�nite sequence of the appropriate type. Thus a sequence of
variablesX 1; X 2; : : : will be denoted byX and a sequence of real valuesa1; a2; : : :
by a. When given such a sequence, we shall use the subscriptn to denote the
pre�x of length n; thus X n will denote X 1; : : : ; X n and an will denote a1; : : : ; an .
If n is less than the starting index of the sequence under consideration, the pre�x
sequence is empty. With these conventions the eventX 1 = a1; : : : ; X n = an can
be abbreviated byX n = an . We can always assume that such an event occurs
with non{zero probability by discarding from the domain, the values for which it
is zero.

The conditional expectationof a random variableY with respect to an eventE is
de�ned by

E[Y j E] :=
X

b

b� Pr[Y = b j E]: (5.1) eq:condexpdef

In particular, if the event E is X = a, this equation de�nes a functionf , namely

f (a) := E[Y j X = a]:

Thus E[Y j X ] is a random variable, namely the variablef (X ). In the same way,
if the event E in (

eq:condexpdef
5.1) is X = a, we have a multivariate function

f (a) := E[Y j X = a];

and E[Y j X ] can be regarded as the random variablef (X ).
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Regarding E[Y j X ] as a random variable, we can ask what is its expectation?
The answer involves some fundamental properties of conditional expectation that
are listed in the next proposition and whose veri�cation we leave as an exercise.

prop:basic Proposition 5.1 Let X; Y and Z be random variables de�ned on a probability
space. Then, for arbitrary functionsf and g,

E[E[f (X )g(X; Y ) j X ]] = E[f (X )E[g(X; Y )] j X ]:

Also,
E[X ] = E[E[X jY ]];

and,
E[X j Z ] = E[E[X j Y; Z] j Z ]:

The formal veri�cation of these is left as an exercise to the reader. Nevertheless
it is perhaps appropriate to give an intuitive justi�cation of these formulae which
at �rst might appear somewhat obscure. The �rst equality is based on the simple
fact that

E[f (X )g(X; Y ) j X = a] = f (a)E[g(X; Y ) j X = a]

which simply says that once the value ofX is given f (X ) becomes a constant
and can be taken out of the expectation. The second equality can be intuitively
explained as follows. Suppose thatX is a random variable representing, say, the
height of individuals of a given population, and thatY is the age of an individual.
In order to compute E[X ]{ the average height{ we can either do it directly or
proceed as follows. Partition the population according to age, recording for each
age group the fraction of the total population. To make things concrete, the 15
year olds could be 7% of the total population, the 32 year olds11%, etc. Then,
compute the average height in each age group{ the average height of 15 year olds,
of 32 year old, and so on. Finally, compute the weighted average of these averages
by weighing each age group according to its share of the totalpopulation. This
will give the average height of the whole population. The third equality is the
same as the second one, except that we focus on a particular subset of the whole
population. For instanceZ could represent the sex of an individual. Sticking to
our example, the formula asserts that in order to compute theaverage height of,
say, the male population we can proceed as just described.

Proposition
prop:basic
5.1 generalises smoothly to the multivariate case. Once again we

leave the veri�cation as an exercise.

Proposition 5.2 (Fundamental Facts about Conditional Expe ctation) Let
X , Y and Z be random variables de�ned on a probability space. For arbitrary
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functions f and g,

E[E[f (X )g(X ; Y ) j X ]] = E[f (X )E[g(X ; Y ) j X ]]: (5.2) eq:cpprop2

Also,
E[X ] = E[E[X j Y ]]; (5.3) eq:cpprop1

and
E[X j Z ] = E[E[X j Y ; Z ] j Z ]: (5.4) eq:cpprop3

These facts will be heavily used in this chapter.

5.2 Martingales and Azuma's Inequality.

Martingales are a well-studied concept in classical probability. Here we will de-
velop them in a discrete setting in the simplest form, which is su�cient for our
purposes.

def:mart De�nition 5.3 A martingale is a sequence of random variablesX 0; X 1; : : : such
that

E[X i jX 0; X 1; : : : ; X i � 1] = X i � 1 i � 1:

With the vector notation, the martingale condition is succintly expressed as

E[X i jX i � 1] = X i � 1; i � 1

The next examples and exercises should help clarify the de�nition.

example:mart Example 5.4 A fair coin is 
ipped n times. Let X i 2 f� 1; 1g denote the out-
come of thei -th trial (with � 1 standing for \tails" and +1 for \heads"). Let S0 :=
0 and Sn :=

P
i � n X i . The variablesSi ; i � 0 de�ne a martingale. First, observe

that they satisfy the so-called Markov property,E[Sn jS0; : : : ; Sn� 1] = E[Sn jSn� 1],
which intuitively says that the future outcome depends onlyon the current state.
Hence,

E[Sn jS0; : : : ; Sn� 1] = E[Sn jSn� 1]

= E[Sn� 1 + X n jSn� 1]

= Sn� 1 + E[X n jSn� 1]

= Sn� 1 + E[X n ]; by independence of the coin tosses

= Sn� 1; sinceE[X n ] = 0:
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Think of a gambler who starts with an initial fortune of S0 := 0 and repeatedly
bets an amount of 1 unit on a coin toss. Thus his fortune can go up or down by
one unit equiprobably on each toss. His fortune aftern tosses isSn . Think of the
sequenceS0; S1; : : : as a sequence of dependent random variables. Before hisnth
wager, the gambler knows only the numerical values ofS0; : : : ; Sn� 1 but can only
guess at the futureSn ; Sn+1 ; : : :. If the game is fair, then conditional on the past
information, he will expect no change in his present capitalon average. This is
exactly the martingale condition. 5

Example 5.5 Suppose now thatX i 2 f 0; 1g equiprobably for eachi 2 [n]. Now
it is no longer true that E[X i ] = 0. Nevertheless, a martingale can be de�ned by
letting Sk :=

P
i � k X i � k

2 with S0 := 0. The straightforward veri�cation is left
as an exercise. 5

Exercise 5.6 Let X i 2 f 0; 1g (1 � i � n) be a set ofn variables such that
Pr[X i = 1] = pi . Can you generalize example

example:mart
5.4?

The following de�nition is central.

def:bdCond De�nition 5.7 (Bounded Di�erences) . Let X 0; X 1; : : : be a martingale. The
X i 's satisfy theBounded Di�erence Condition (bdc ) with parametersci if

jX i � X i � 1j � ci

for some non-negative constantsci ; i � 1.

The following concentration result for martingales is known as Azuma's Inequality
although it appears also in an earlier paper by Hoe�ding. It will provide us with
a basic tool for our generalization.

thm:azuma Theorem 5.8 (Azuma's Inequality) . Let X 0; X 1; : : : be a martingale satisfy-
ing the Bounded Di�erence Condition with parametersci ; i � 1. Then,

Pr(X n > X 0 + t) � exp
�

�
t2

2c

�

and

Pr(X n < X 0 � t) � exp
�

�
t2

2c

�

wherec :=
P n

i =1 c2
i .
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Before proving the theorem some comments are in order. First, notice that there
is no assumption of independence. Second, if we think of a martingale sequence
as keeping track of a process evolving through time{ whereX i is the measurement
at time i { the Bounded Di�erence Condition roughly states that the process does
not makes big jumps. Azuma's inequality roughly says that ifthis is so, then it
is unlikely that the process wanders very far from its starting point. Clearly this
crucially depends on the martingale property. Notice also that c appears in the
denominator, which means that the smaller theci 's the sharper the concentration.

In the proof of Azuma's inequality we shall use several ideasalready encountered
in the derivation of various forms of the CH-bounds. The assumption of indepen-
dence will be replaced by the martingale property, while theassumption that the
summands are bounded is replaced by the Bounded Di�erence Condition ( bdc ).

Now to the proof. We shall prove the statement for the upper tail, the proof for
the lower tail is symmetrical with the martingale X replaced by� X . To start
with, we can assume without loss of generality thatX 0 := 0. Otherwise we can
de�ne the translated sequenceX 0

i := X i � X 0 which satis�es the conditions equally
well. We then apply the Cherno� Method starting with Markov' s Inequality:

Pr(X n > t ) = Pr( e�X n > e �t ) (5.5) eqn:start

�
E[e�X n ]

e�t

for all � > 0. Now we focus on the numeratorE[e�X n ]: we want to �nd a good
upper bound in terms of� and then �nd the value of � that minimizes the ratio
E[e�X n ]=e�t .

We de�ne the martingale di�erence sequence:

Yi := X i � X i � 1; i � 1

which allows us to express the martingale as the sum of increments:

X k =
X

i � k

Yi :

Note that the martingale condition can be rephrased as follows:

E[Yi j X i � 1] = 0:
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Applying the basic equality (
eq:cpprop1
5.3), we get

E[e�X n ] = E[exp(�
X

i � n

Yi )]

= E[E[exp(�
X

i � n

Yi )jX n� 1]]

= E[E[exp(�X n� 1)e�Y n jX n� 1]]

= E[exp(�X n� 1)E[e�Y n jX n� 1]]:

The last equality follows from (
eq:cpprop2
5.2).

Now the proof continues by looking for a good upper bound forE[e�Y n jX n� 1].
Denoting such a good upperbound byUn (� ) we obtain by induction,

E[e�X n ] = E[exp(�X n� 1)E[e�Y n jX n� 1]]

� E[exp(�X n� 1)] � Un (� ) (5.6) eqn:indStep

�
nY

i =1

Ui (� ) =: U(� ):

As it happens there are two di�erent ways to �nd good upperbounds Ui (� ). The
�rst, to be used in the next lemma, is based on the convexity ofthe ex function{
a fact already exploited to derive the Hoe�ding generalization of the Cherno�
bounds. The second uses a di�erent idea, which we used inx

sec:chVariance
1.7. This second

approach leads to another useful generalization of the CH-bounds which we shall
call the the Method of Bounded Variances, and to which we return in a later
chapter.

lm:convex Lemma 5.9 Let Z be a random variable such thatE[Z ] = 0 and jZ j � c. Then,
E[e�Z ] � e� 2c2=2.

Even if this is
repeated some
redundancy
which makes
chapters
self-contained
might be good?

Proof. Let f (x) := e�x , P� := ( � c; f (� c)), P+ := ( c; f (c)), and let y := mx + q
be the straight line going throughP� and P+ . Sincef is convex we have that

f (x) � mx + q

for all x in the interval ( � c; c). By setting x := Z , we have that

e�Z � mZ + q (5.7) eq:majorization

where

q =
e�c + e� �c

2
:
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Taking expectations on both sides of Equation (
eq:majorization
5.7) we have

E[e�Z ] � m E[Z ] + E[q] =
e�c + e� �c

2
� e(�c )2=2

The last inequality follows from the fact that, for all x,

ex + e� x

2
� ex2=2

which can be easily veri�ed by taking the Taylor series expansion of both sides.

We apply the lemma to the random variable

Z := ( Yn jX n� 1):

Z satis�es the hypotheses of the lemma since

E[Z ] = E[Yn jX n� 1] = E[X n � X n� 1jX n� 1] = 0

by the martingale property, and

jZ j = j(Yn jX n� 1)j � j X n � X n� 1j � cn

by the Bounded Di�erence Condition. Therefore

E[e�Y n jX n� 1] � e� 2c2
n =2

which, after substituting into Equation (
eqn:indStep
5.6), yields by induction

E[e�X n ] � E[exp(�X n� 1)] � e� 2c2
n =2

�
nY

i =1

e� 2c2
i =2 =: e� 2c=2

where

c :=
nX

i =1

c2
i :

An elementary application of Calculus shows that the ratioe� 2c=2=e�t attains the
minumum when � = t=c. Therefore, substituting into Equation (

eqn:start
5.5),

Pr(X n > t ) � min
�> 0

E[e�X n ]
e�t

= exp
�

�
t2

2c

�

which ends the proof of Theorem
thm:azuma
5.8.
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Exercise 5.10 Derive a similar inequality for the case when the martingalecon-
dition is replaced by the following:

jE[Yi j X i � 1]j � m;

for some non{negative real numberm.

Exercise 5.11 Suppose the bounded di�erences condition is satis�ed with prob-
ability at least 1 � � for some� > 0 i.e.

Pr[
_

i 2 [n]

jX i � X i � 1j > c i ] � �:

Show that

Pr(X n > X 0 + t) � exp
�

�
t2

2c

�
+ �

and

Pr(X n < X 0 � t) � exp
�

�
t2

2c

�
+ �

wherec :=
P n

i =1 c2
i .

5.3 Generalizing Martingales and Azuma's In-
equality.

It is useful to generalize the de�nition of martingale to thecase when the random
variables under study might depend on another set of random variables.

def:martGen De�nition 5.12 A sequence of random variablesY := Y0; Y1; : : : is a martingale
with respect to another sequenceX := X 0; X 1; : : : if for each i � 0,

Yi = gi (X i );

for some functiongi and

E[Yi jX i � 1] = Yi � 1 i � 1:

Example 5.13 Let us consider again example
example:mart
5.4, where a gambler starts with

an initial fortune of 0 and wagers a unit amount at repeated throws of a fair
die. In the notation of that example, the sequenceS0; S1; : : : is a martingale with
respect to the sequence 0 =:X 0; X 1; X 2; : : :, whereSn =

P
i � n X i for eachn � 0.

5
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A very important example of this general de�nition of a martingale is provided
by the following de�nition and lemma.

def:doob De�nition 5.14 The Doob sequence of a function f with respect to a sequence
of random variablesX 1; : : : ; X n is de�ned by

Yi := E[f jX i ]; 0 � i � n:

In particular, Y0 := E[f ] and Yn = f (X 1; : : : ; X n ).

prop:doob Proposition 5.15 The Doob sequence of a function de�nes a martingale. That
is,

E[Yi jX i � 1] = Yi � 1 0 � i � n:

The proof is an immediate consequence of (
eq:cpprop3
5.4).

Example 5.16 [Edge exposure martingale] An important special case of de�ni-example:edgeExp
tion

def:doob
5.14 occurs in the context of therandom graphGn;p . This is the graph with

vertex set [n] and each edgef i; j g; i 6= j present with probability p independently
of all other edges. Letf :

� [n]
2

�
! R be a function on the edge set of the complete

graph K n . For instancef could be the chromatic number or the size of the largest
clique. Number the edges from 1 to

� n
2

�
in some arbitrary order and letX j := 1 if

the j th edge is present and 0 otherwise. The Doob sequence off with respect to
the variablesX j ; j 2 [

� n
2

�
] is called theEdge exposure martingale . Intuitively,

we are exposing the edges one by one and observing the averagevalue of f under
this partial information. 5

Azuma's inequality can be generalized to a sequenceY which is a martingale
w.r.t. another sequenceX of r.v.'s.

thm:azumaGen Theorem 5.17 (Azuma's Inequality{ general version) Let Y0; Y1; : : : be a
martingale w.r.t. the sequenceX 0; X 1; : : :. Suppose also that theY satis�es the
Bounded Di�erence Condition with parametersci ; i � 1. Then,

Pr(Yn > Y0 + t) � exp
�

�
t2

2c

�

and

Pr(Yn < Y0 � t) � exp
�

�
t2

2c

�

wherec :=
P n

i =1 c2
i .
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Proof. The proof is almost identical to that of Theorem
thm:azuma
5.8. Assume without

loss of generality that Y0 := 0 and de�ne the martingale di�erence sequence
D i := Yi � Yi � 1; i � 1. Then Yn = Yn� 1 + Dn . As before,

Pr(Yn > t ) � min
�> 0

E[e�Y n ]
e�t

:

Focus on the numeratorE[e�Y n ].

eq:enucleateE[e�Y n ] = E[e� (Yn � 1 + D n ) ]

= E[E[e� (Yn � 1 + D n ) j X n� 1]]

= E[e�Y n � 1 E[e�D n jX n� 1]]:

The last line, the only place where the proof di�ers from thatof Theorem
thm:azuma
5.8,

follows form (
eq:cpprop2
5.2) becauseYn� 1 = gn� 1(X n� 1). The proof now proceeds identical

to that of Theorem
thm:azuma
5.8 provided Lemma

lm:convex
5.9 is invoked for the variablesZ :=

(Dn jX n� 1). The veri�cation that Z satis�es the hypotheses of Lemma
lm:convex
5.9 is

straightforward and is left as an exercise.

5.4 The Method of Bounded Di�erences

We shall now see how to apply Azuma's Inequality to obtain a very powerful
and useful generalization of the CH-bounds. The link is provided by the Doob
martingale from which the following theorem emerges naturally.

thm:mobd Theorem 5.18 [The Method of Averaged Bounded Di�erences]
Let X 1; : : : ; X n be an arbitrary set of random variables and letf be a function
satisfying the property that for eachi 2 [n], there is a non{negativeci such that

jE[f jX i ] � E[f jX i � 1]j � ci : (5.8) eq:martdiff

Then,

Pr[f > Ef + t] � exp
�

�
t2

2c

�

and

Pr[f < Ef � t] � exp
�

�
t2

2c

�

wherec :=
P

i � n c2
i .
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This theorem is just a restatement of Theorem
thm:azumaGen
5.17 for the special case of the

Doob sequenceYi := E[f jX i ]; 0 � i � n. Notice that theX i 's are not assumed to
be independent.

Some weaker but often more convenient versions of this boundwill now be de-
duced.

def:abdc De�nition 5.19 (Averaged Lipschitz Condition) A function f satis�es the
Averaged Lipschitz Condition (henceforth alc ) with parameters ci ; i 2 [n] with
respect to the random variablesX 1; : : : ; X n if for any ai ; a0

i ,

jE[f jX i � 1; X i = ai ] � E[f jX i � 1; X i = a0
i ]j � ci (5.9) eq:abdc

for 1 � i � n.

In words, the conditionalc in (
eq:abdc
5.9) says: �x the �rst i � 1 variables to some values,

let the i th variable take two di�erent values and set the remaining variables at
random (according to the given distribution conditioned onthe previous settings).
Then the di�erence between the two corresponding partial averages off must be
bounded uniformly by ci .

cor:amobd Corollary 5.20 (The Method of Averaged Bounded Di�erences: Alternate Take)
Let f satisfy thealc condition with respect to the variablesX 1; : : : ; X n with pa-
rameters ci ; i 2 [n]. Then

Pr[f > Ef + t] � exp
�

�
t2

2c

�

and

Pr[f < Ef � t] � exp
�

�
t2

2c

�

wherec :=
P

i � n c2
i .

Proof. We shall show that if (
eq:abdc
5.9) holds then so does (

eq:martdiff
8.6). To see this, expand

using total conditional probability:

E[f j X i � 1] =
X

a

E[f j X i � 1; X i = a]Pr[X i = a j X i � 1];

and write
E[f j X i ] =

X

a

E[f j X i ]Pr[X i = a j X i � 1]:
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Hence,

jE[f j X i � 1] � E[f j X i ]j =

j
X

a

(E[f j X i � 1; X i = a] � E[f j X i ])Pr[X i = a j X i � 1]j

�
X

a

jE[f j X i � 1; X i = a] � E[f j X i ]jPr[X i = a j X i � 1]

�
X

a

ci � Pr[X i = a j X i � 1]

= ci :

Exercise 5.21 Show that if for eachi 2 [n],

jE[f jX i ] � E[f jX i � 1]j � ci ;

. then for any ai ; a0
i ,

jE[f jX i � 1; X i = ai ] � E[f jX i � 1; X i = a0
i ]j � 2ci :

That is, the two alternate takes of the Method of Averaged Bounded Di�erences
are virtually the same but for a factor of2.

A further signi�cant simpli�cation obtains from the follow ing de�nition.

def:lipshitz De�nition 5.22 A function f (x1; : : : ; xn ) satis�es the Lipshitz property or
the Bounded Di�erences Condition (bdc) with constantsdi ; i 2 [n] if

jf (a) � f (a0)j � di ; (5.10) eq:lipschitz

whenevera and a0 di�er in just the i -th coordinate, i 2 [n].

In words, the condition bdc says: the di�erence between the values off on two
inputs that di�er in only the i th co{ordinate is bounded uniformly by di . This
is exactly like the usual Lipschitz condition in the settingwhere the underlying
metric is the Hamming distance.

cor:simpleMobd Corollary 5.23 (Method of Bounded Di�erences) If f satis�es the Lipshitz
property with constantsdi ; i 2 [n] and X 1; : : : ; X n are independent random vari-
ables, then,

Pr[f > Ef + t] � exp
�

�
t2

2d

�
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and

Pr[f < Ef � t] � exp
�

�
t2

2d

�

whered :=
P

i � n d2
i .

Proof. For typographical convenience letX i +1 be shorthand notation for the
sequenceX i +1 ; : : : ; X n . And let X i +1 = a i +1 denote the componentwise equality
for the two sequences. We show that iff satis�es the Lipschitz condition with
parametersci ; i 2 [n], then (

eq:abdc
5.9) holds. To see this, expand using total conditional

probability to get

E[f j X i � 1; X i = a] =
X

ai +1 ;:::;an

E[f j X i � 1; X i = a;X i +1 = a i +1 ]Pr[X i +1 = a i +1 j X i � 1; X i = a]

=
X

ai +1 ;:::;an

E[f j X i � 1; X i = a;X i +1 = a i +1 ]Pr[X i +1 = a i +1 ]; by independence;

=
X

ai +1 ;:::;an

f (X i � 1; a; ai +1 ; : : : ; an )Pr[X i +1 = a i +1 ]:

Put a := ai ; a0
i successively and take the di�erence. Then,

jE[f j X i � 1; X i = ai ] � E[f j X i � 1; X i = a0
i ]j =

j
X

ai +1 ;:::;an

f (X i � 1; ai ; a i +1 ) � f (X i � 1; a0
i ; a i +1 )Pr[X i +1 = a i +1 ]j

�
X

ai +1 ;:::;an

jf (X i � 1; ai ; ai +1 ; : : : ; an ) � f (X i � 1; a0
i ; ai +1 ; : : : ; an )jPr[X i +1 = a i +1 ]

�
X

ai +1 ;:::;an

ci � Pr[X i +1 = a i +1 ]; by the Lipschitz property;

= ci :

Some comments are in order about the three di�erent versionsof the \Method
of Bounded Di�erences".

Corollary
cor:simpleMobd
5.23 is usually referred to in the literature asthe Method of Bounded

Di�erences. This is because it is the most convenient one to apply. The bdc
condition is very attractive and easy to check. It also makesthe result intuitive:
if f does not depend on any one argument, then it is not likely to befar from
its expectation when the inputs are set at random. However, there are two
drawbacks: �rst the variables X 1; : : : ; X n must be independent. Second, the
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parameters di in the bdc condition might be too large and consequently the
bound might turn out too weak to be useful.

It might be the case that thebdc condition holds for f with small parametersdi

except for a small set of exceptional instances. In that case, it is unfair to \pe-
nalise" f with the \worst{case" larger parameters strictly demandedby the bdc
condition. Rather, one should take an average, and this is the purpose of thealc
condition. The parametersci required for thealc condition are always bounded
by the parametersdi required for the bdc condition, and often ci � di . In the
latter case, the bound obtained from Corollary

cor:amobd
5.20, The Method Of Average

Bounded Di�erences will be signi�cantly better than that from Corollary
cor:simpleMobd
5.23,

the Method of Bounded Di�erences.

Theorem
thm:mobd
5.18 is the most powerful version of the method: the parameters required

for the martingale di�erences condition are always boundedby the parameters re-
quired by the alc condition, and hence the probability bound is always stronger.

The price to be paid however, is that both the martingale di�erences condition
and the alc condition can be quite di�cult to check for an arbitrary f compared
with the simple bdc condition. If f can be decomposed as a sum, linearity of
expectation can be used to simplify the computation as we shall demonstrate on
some examples in the next chapter.

Note crucially, that in both Theorem
thm:mobd
5.18 and in Corollay

cor:amobd
5.20, the variables

are not required to be independent. This greatly increases the scope of their
applicability as we shall demonstrate in several examples in the next chapter.

We now develop familiarity with these tools by applying themto several di�erent
situations in the next chapter.

5.5 Bibliographic Notes

Martingales ae a classic subject treated in many standard texts on Probability
such as Grimmett and Stirzaker

GS93
[24][Ch.7,12]. The Method of Bounded Di�er-

ences and its applications to problems of combinatorics anddiscrete mathematics
is covered in a well{known survey of the same name by C. McDiarmid

McD89
[48]. Both

these are couched in measure{theoretic terminology. A moreelementary account
can be found in Alon and Spencer

AS92
[1].
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5.6 Problems

Problem 5.24 Let X 0; X 1; : : : be random variables such that the partial sums
Sn := X 1 + : : : + X n determine a martingale with respect toX . Show that
E[X i X j ] = 0 if i 6= j . 5

Problem 5.25 (Sampling without replacement). Consider an urn contain-
ing N balls out of which M are red. Balls are drawn without replacement. Show
that the sequence of random variables denoting the fractionof red balls remaining
in the urn de�nes a martingale. Derive a concentration result. 5

Problem 5.26 Let X 0; X 1; : : : be a sequence of random variables with �nite
means satisfying

E[X n+1 j X 0; : : : ; X n ] = aXn + bXn� 1; n � 1

where 0< a; b < 1 and a + b = 1. Find a value of � for which Sn := �X n + X n� 1

determines a martingale with respect toX . 5

We shall generalise the de�nition of a martingale even further to be able to de�ne
the so{called vertex exposure martingale in a random graph.

def:martgen2 De�nition 5.27 A sequenceY := Y0; Y1; : : : is a martingale with respect to a
sequenceX := X 0; X 1; : : : if there is an increasing sequence0 � k0 � k1 � : : :
such thatYi = gi (X k i ); i � 0 for some functiongi and E[Yi j X k i � 1 ] = Yi � 1.

Problem 5.28 [Vertex Exposure Martingale] Use De�nition
def:martgen2
5.27 to de�ne a

martingale in the random graphGn;p corresponding to revealing the edges inn
stages where at thei th stage we reveal all edges incident on the �rsti vertices.
5

Problem 5.29 [Azuma generalised further] Show that Azuma's inequality can
be generalised to apply to the De�nition

def:martgen2
5.27 of a martingale. 5

Problem 5.30 [Azuma and Centering Sequences
McD97
[49]] A sequence of random

variables X i ; i � 0 is called acentering sequenceif E[X i +1 � X i j X i = t] is a
non-increasing function oft.
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(a) Show that Azuma's inequality applies to a centering sequence with bounded
di�erences.

(b) Let X i ; i � 0 be the number of red balls in a random sample of sizei picked
without replacement from n objects r of which are red. Show that the
X i ; i � 0 form a centering sequence and derive a concentration result on
X k for any k � n.

5

Problem 5.31 [Negative Regression and MOBD
DR98
[16]]

(a) Show that the MOBD applies when the underlying variablessatisfy the
negative regression condition (

eq:negreg
??).

(b) Consider a random sample of sizek drawn from n objects r of which are
red, and let X i ; i � k be the indicator for whether thei th draw was red.
Show that X 1; � � � X k satisfy (� R) and deduce a sharp concentration on the
number of red balls int he sample.

5
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Chapter 6

The Method of Bounded
Di�erences

[The Method of Bounded Di�erences]ch:mobd-appl

In this chapter we shall see the \Method of Bounded Di�erences" in action by
applying it to various examples. We shall see that in some cases, it su�ces to
apply the method in the simplest form whereas in others, the more powerful
version is required to get meaningful bounds.

6.1 Cherno�{Hoe�ding Revisited
sec:chrevisted

Let X 1; : : : ; X n be independent variables taking values in [0; 1], and consider
f (x1; : : : ; xn ) :=

P
i x i . Then of coursef has the Lipshitz property with each

di = 1 in (
eq:lipschitz
5.10) and we get forX := X 1 + � � � + X n , the bound:

Pr[jX � E[X ]j > t ] � 2e
� t 2

2n ;

which is only o� by a factor of 4 in the exponent from the Cherno�{Hoe�ding
bound.

Exercise 6.1 Remove the factor of4 by applying the method of bounded martin-
gale di�erences.

91
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6.2 Stochastic Optimization: Bin Packing
eq:binpack

The bin packing problem is a well{studied combinatorial optimization problem:
we are givenn items of sizes in the interval [0; 1] and are required to pack them
into the fewest number of unit{capacity bins as possible. Inthe stochastic version,
the item sizes are independent random variables in the interval [0; 1]. Let Bn =
Bn (x1; : : : ; xn ) denote the optimum value, namely the minimum number of bins
that su�ce. Then clearly the Lipshitz condition holds with constant 1 and we
get the concentration result:

Pr[jBn � E[Bn ]j > t ] � 2e
� t 2

2n :

It can be shown that E[Bn ] = �n for some constant� > 0, hence we deduceIs this hard to
show? Citation
needed that Pr[jBn � E[Bn ]j > � E[Bn ]] decreases exponentially inn. This straighforward

application of the martingale technique vastly improved previous results on this
problem.

Exercise 6.2 Let B F F
n denote the number of bins that would be needed if one

applied the�rst{�t heuristic. Give a sharp concentration result onB F F
n . (The

�rst-�t heuristic places the items one by one, with the current item being placed
in the �rst available bin.)

6.3 Game Theory and Blackwell's Approacha-
bility Theorem

Consider anon-collaborative two-player game given by a matrix M with n rows
and m columns. There are two players, the row player and the columnplayer.
The row player chooses a rowi and simultaneously, the column player chooses a
column j . The selected entryM (i; j ) is theloss su�ered by the row player. We
asuume for simpliciry that the entries inM are bounded in the range [0; 1].

By standard game theoretic terminology, the choice of a speci�c row or column
is called apure strategy and a distribution over the rows or columns is called a
mixed strategy. We will useP to denote the strategy of the row player andQ
to denote the strategy of thecolumn player. P(i ) denotes the probability with
which row i is selected and similarlyQ(j ) the probability with which column j is
selected. We writeM (P ; Q) := P T MQ to denote the expected loss of the row
player when the two players use the strategiesP and Q respectively.

Consider now arepeated play of the game. That is, the two players play a
series ofrounds of interactions. At round t � 0, the row player picks a rowI t
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using strategy P independently of the earlier rounds, and simultaneously, the
column player picks a columnJt using startegyQ independently. The total loss
su�ered by the row player after T rounds is

P
0� t � T M (I t ; Jt ).whose expectation

is TM (P ; Q). Since each netry ofM is bounded in [0; 1], changing any one of
the underlying choice changes the total loss by at most 1. Hence, applying the
MOBD,

Pr[j
X

0� t � T

M (I t ; Jt ) � TM (P ; Q)j > �T ] � 2e� 2� 2T ;

for any � > 0.

A powerful generalization of this setting is that in Blackwell's Approachability
Theorem

Black56
[5], see also

FS99, FV99
[18, 17]. In this case, the payo�M (i; j ) is a vector in some

compact space. In this space, there is a convex setG called the target set. The
goal of the row player is to force the average payo�AT :=

P
0� t � T M (I t ; Jt )=T

to approachG arbitrarily closely.

Let d(AT ; G) denote the distance from the average playo� to the closest point
in the set G. If d(AT ; G) ! 0 almost surely asT ! 1 , then the set G is
said to be approachable. Blackwell gave a necessary and su�cient condition
for a convex set to be approchable:a convex setG is approachable i� every
tangent hyperplane toG is approachableAssuming that any tangent hyperplane
is approcahble, it can be shown thatE[d(AT ; G)] ! 0. To get the conclusion
of Blackwell's Theorem, we then use the MOBD to show that at each time T,
d(AT ; G) is sharply concentrated around its expectation. This follows e�ortlessly
from the MOBD: at each stageT, changing any one choice of the strategies so far
can change the value ofAT by at most D=T whereD is the maximum distance
between any two points in the payo� space (�nite because of compactness). Thus,
Pr[jd(AT ; G) � E[d(AT ; G)]j > t ] � 2e� t2T=D .

6.4 Balls and Bins
sec:ballsbins RSA paper

improve
writeup?In the classical balls and bins experiment,m balls are thrown independently at

random into n bins (usually m � n) and we are interested in various statistics of
the experiment, for instance, the number of empty bins. LetZ i ; i 2 [n] denote
the indicator variables

Z i :=

(
1; if bin i is empty;

0; otherwise:

Then, the variable we are interested in is the sumZ :=
P

i Z i .
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Exercise 6.3 Show that� := E[Z ] = n
�
1 � 1

n

� m
� ne� m=n .

ex:zi Exercise 6.4 Show that theZ i 's are not independent.

In view of Exercise
ex:zi
6.4 we cannot apply the Cherno� bounds. In order to get

a sharp concentration result, we can use the method of bounded di�erences in
simple form. ConsiderZ as a functionZ(X 1; : : : ; X m ) where, for k 2 [m], X k is
a random variable taking values in the set [n] and indicating the bin that ball k
lands in.

Let's check that the function Z satis�es the Lipschitz condition with constant 1.
Denoting by bk the bin in which the k-th balls falls into, the condition

jZ (b1; : : : ; bi � 1; bi ; bi +1 ; : : : ; bm ) � Z (b1; : : : ; bi � 1; b̂i ; bi +1 ; : : : ; bm )j � 1

simply says that if the i -th ball is moved from one bin to another, keeping all
other balls where they are, the number of empty bins can at most either go up
by one or down by one. Hence, we have the bound:

Pr[jZ � E[Z ]j > t ] � 2 exp
�

� t2

2m

�
: (6.1) eq:emptybins1

6.5 Distributed Edge Colouring
sec:mobd-ec-1

In this section, we consider algorithms for the problem of edge{colouring a graph.
Apart from its intrinsic interest as a classical combinatorial problem, edge colour-
ing is often useful because of its connection to scheduling.Here we will discuss
a distributed edge colouring algorithm that allows a distributed network to com-
pute an edge colouring of its own (unknown) topology. In distributed networks
or architectures this might be useful, for a matching often corresponds to a set of
data transfers that can be executed simultaneously. So, a partition of the edges
into a small number of matchings{ i.e. a \good" edge colouring{ gives an e�cient
schedule to perform data transfers (for more details, see

PS97,DGP
[58, 13]).

Vizing's Theorem shOws that every graphG can be edge coloured in polynomial
time with � or � + 1 colours, where � is the maximum degree of the input
graph (see, for instance,

Bol
[7]). It is a challenging open problem whether colourings

as good as these can be computed fast in parallel. In absence of such a result
one might aim at the more modest goal of computing reasonablygood colourings,
instead of optimal ones. By a trivial modi�cation of a well-known vertexcolouring
algorithm of Luby it is possible to edge colour a graph using 2� � 2 colours

Luby
[40].



DRAFT

6.5. DISTRIBUTED EDGE COLOURING 95

In this section we shall present and analyze two classes of simple distributed
algorithms that compute near-optimal edge colourings.Both algorithms proceed
in a sequence of rounds. In each round, a simple randomized heuristic is invoked
to colour a signi�cant fraction of the edges successfully. This continues until the
number of edges is small enough to employ a brute-force method at the �nal step.

One class of algorithms involves a reduction to bipartite graphs: the graph is
split into two parts, T (\top") and B (\bottom") . The induced bipartite graph
G[T; B] is coloured using the algorithmP below. then the algorithm is recursively
applied to the induced graphsG[T] and G[B] using a fresh set of colours (the
same for both). Thus it su�ces to describe this algorithm forbipartite graphs.

We describe the action carried out by both algorithms in a single round. For
the second class of algorithms, we describe its action only on bipartite graphs
(additionally we assume each vertex \knows" if it is \bottom" or \top").

At the start of each round, there is a palette of available coloure [�] where � is
the maximum degree of the graph at that stage. For simplicitywe will assume
the graph is �-regular.

Algorithm I (Independent): Each edgeindependentlypicks a tentative colour.
This tentative colour becomes permanent if there are no con
icting edges that
pick the same tentative colour at either endpoint.

Algorithm P (Permutation): This is a two-step protocol:

1. Each bottom vertex. in parallel independently of the others, makes apro-
posal by assigning apermutation of the colours to its incident edges chosen
uniformly at random.

2. Each top vertex, in parallel, then picks awinner out of each set of incident
edges that have the same colour. The tentative colour of the winner becomes
�nal. The losers i,e, the edges which are not winners are decoloured and
passed on to the next round.

For the purposes of the high probbaility analysis, the exactrule used to select
winners is not relevant - any rule (deterministic or randomized) that picks one
winner out of the degs of a particular colour may be used. Thisillustrates agian,
the power of the martingale method.

It is apparent that both classes of algorithms aredistributed. That is to say, each
vertex need only exchange information with the neighbours to execute the algo-
rithm. This and its simplicity make the algorithm amenable for implementations
in a distributed environment.
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We focus our attention on one round of both algorithms. Let � denote the
maximum degree of the graph at the start of a round and �0 the maximum
degree of the remaining graph pased on to the next round.. It is easy to show
that for both algorithms, E[� 0 j �] � � � for some constant � < 1. For algorithm
I, � = 1 � 1=e2 whereas for algorithm P,� = 1=e. The goal is to show that in
fact � 0 is sharply concentrated around this value.

For completeness, we sketch a calculation of the total number of coloursbc(�)
used by algorithm P on a graph with maximum degree �: is, with high proba-
bility,

bc(�) = � +
(1 + � )�

e
+

(1 + � )2�
e

2

+ : : :

�
1

1 � (1 + � )e
� 1:59; for small enough�:

To this, one should addO(logn) colours at the end of the recursion. As it can
be seen by analizing the simple recursion describing the number of colours used
by the outer level of the recursion, the overall numbers of colours is the same
1:59� + O(logn),

PS97
[58].

We now switch to the high probability analysis. The analysiswhich is published
in the literature is extremely complicated and uses a certain ad hoc extension
of the Cherno�{Hoe�ding bounds

PS97
[58]. The ease with which the algorithm can

be analyses with the method of bounded average di�erences, as shown below,
testi�es to its power.

6.5.1 Top vertices

The analysis is particularly easy whenv is a top vertex in algorithm P. For, in
this case, the incident edges all receive colours independently of each other. This
is exactly the situation of the balls and bins experiment: the incident edges are the
\balls" that are falling at random independently into the colours that represent
the \bins". One can apply the method of bounded di�erences inthe simplest
form. Let Te; e 2 E, be the random variables taking values in [�] that represent
the tentative colours of the edges. Then the number of edges successfully coloured
around v is a function f (Te; e 2 N 1(v)), where N 1(v) denotes the set of edges
incident on v.

Exercise 6.5 Show that this function has the Lipschitz property with constant 2.
(Note that this is true regardless of the rule used to select winners.)



DRAFT

6.5. DISTRIBUTED EDGE COLOURING 97

Moreover, the variablesTe; e 2 N 1(v) are independent whenv is a \top" vertex.
Hence, by the method of bounded di�erences,

Pr[jf � E[f ]j > t ] � exp
�

� t2

2�

�
;

which for t := � � (0 < � < 1) gives an exponentially decreasing probability for
deviations around the mean. If � � logn then the probability that the new
degree of any vertex deviates far from its expected value is inverse polynomial,
i.e. the new max degree is sharply concentrated around its mean.

6.5.2 The Di�culty with the Other Vertices

The analysis for the \bottom" vertices in algorithm P is more complicated in
several respects. It is useful to see why so that one can appreciate the need
for using a more sophisticated tool such as the MOBD in average form. To
start with, one could introduce an indicator random variable X e for each edge
e incident upon a bottom vertex v. These random variable are not independent
however. Consider a four cycle with verticesv; a; w; b, wherev and w are bottom
vertices anda and b are top vertices. Let's refer to th eprocess of selecting the
winner (step 2 of the bipartite colouring algorithm) as \the lottery". Suppose
that we are given the information that edgeva got tentative colour red and lost
the lottery| i.e. X va = 0| and that edge vb got tentative colour green. We'll
argue intuitively that given this, it is more likely that X vb = 0. Since edgeva
lost the lottery, the probability that edge wa gets tentative colour red increases.
In turn, this increases the probability that edgewb gets tentative colour green,
which implies that edgevb is more likely to lose the lottery. So, not only are the
X e's not independent, but the dependency among them is malicious.

One could hope to bound this e�ect by using the MOBD in it simplest form.
This is also ruled out however, for two reasons. The �rst is that the tentative
colour choices of the edges around a vertex are not independent. This follows
from the fact that edges are assigned a permutation of the colours. Or, put in
another way, each edge is given a colour at random, but colours are drawn without
replacement. The second reason, which applies also to algorithm I, is that the
new degree of a bottom vertexv is a function f which might depend on as many
as �(� � 1) = �(� 2) edges. Even iff is Lipshitz with constants di = 1, this is
not enough to get a strong enough bound becaused =

P
i d2

i = �(� 2). Applying
the method of bounded di�erence in simple form (Corollary

cor:simpleMobd
5.23) would give the

bound

Pr[jf � E[f ]j > t ] � 2 exp
�

�
t2

�(� 2)

�
:
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This bound however is useless fort = � E[f ] sinceE[f ] � � =e.

In the next chapter, we shall see how the Method of Averaged Bounded Dif-
ferences can be applied to get a good concentration bound forthe \bottom"
vertices.

6.6 Problems
begin new

mobd-appl:ec Problem 6.6 Consider Algorithm I of x
sec:mobd-ec-1
6.5 acting on d-regular graphs with

girth at least 4 (the girth of a graph is the length of its smallest cycles). Use the
MOBD in simplest form to show that the new vertex degree afterone round is
sharply concentrated around its expected value (the new vertex degree is given
by the edges that do not colour themsleves). 5

end new

Problem 6.7 (From
AS92
[1], p.92) Let � be the Hamming metric onH := f 0; 1gn .

For A � H , let B(A; s) denote the set ofy 2 H so that � (x; y) � s for some
x 2 A. (A � B(A; s) as we may takex = y.) Show that if �; � > 0 satisfy e� � 2=2

then,
jAj � � 2n ) j B (A; 2�

p
n)j � (1 � � )2n :

5

Problem 6.8 (From
AS92
[1], p.91) Let B be a normed space and letv1; : : : ; vn 2 B

with jvi j � 1 for each i 2 [n]. Let � 1; : : : ; � n be independent and uniform in
f� 1; +1g. Set f := j

P
i � i vi j. Show that f is Lipschitz and deduce a sharp

concentration result. Can you improve this by using the method of bounded
martingale di�erences? 5

prob:meanmedian Problem 6.9 [Concentration around the Mean and the Median]
Show that the following forms of the concentration of measure phenomenon for
a function f de�ned on a space are all equivalent:

� There exists aa such that for all t > 0,

Pr[jf � aj > t ] � k1e� � 1 t2
:

� For all t > 0,
Pr[jf � E[f ]j > t ] � k2e� � 2 t2

:
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� For all t > 0
Pr[jf � M[f ]j > t ] � k3e� � 3 t2

:

(Here M[f ] is a median off .)

Moreover, show that allki s are linearly related to each other and so are the� s.
5

Problem 6.10 [Geometric Probability] Let Q be a given point in the unit squareprob:geomprob
[0; 1]2 and let P1; : : : ; Pl be l points chosen uniformly and independently at ran-
dom in the unit square. LetZ denote the shortest distance fromQ to one of the
points P1; : : : ; Pl .
(a) Observe that if Z > x , then no Pi lies within the circle C(Q; x) centered at
Q with radius x. Note that x �

p
2.

(b) Argue that there is a constantc such that for all x 2 (0;
p

2], the intersection
of C(Q; x) with the unit square has area at leastcx2. Hence deduce that

Pr[Z > x ] � (1 � cx2) l ; x 2 (0;
p

2]:

(c) Integrate to deduce thatE[Z ] � d=
p

l for some constantd > 0. 5

Problem 6.11 [Isoperimetry in the Cube] A Hamming ball of radiusr centeredprob:isocube
at a point c in the cube f 0; 1gn is the set of all points at distance at most
r � 1 and some points at distancer from c. A beautiful result of Harper states
that for any two subsets X and Y in the cube, one can �nd Hamming balls
B0 centered at 0 andB1 centered at 1 such thatjB0j = jX j, jB1j = jY j, and
dH (B0; B1) � dH (X; Y ). Use this result and the Cherno� bound to show that if
A is a subset in the cube of size at least 2n� 1, then jA t j � (1 � e� t2=2n )2n . 5

Problem 6.12 [Sampling without replacement] Show that the sequenceM i
N i

; i �
0 is a martingale. Apply Azuma's inequality to deduce a sharpconcentration
result on the number of red balls drawn in a sample of sizen. 5
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Chapter 7

The Method of Averaged
Bounded Di�erences

ch:mobd-appl-2

Sometimes, the functionf for which we are trying to show a concentration result
does not satisfy the conditions needed to apply the simple MOBD: the Lipschitz
coe�cients are simply too large in theworst case. The function is not \smooth"
in this ense in the worst case. We saw this for example in the analysis of the \top"
vertices in the distributed edge colouring example. In suchcases, the Method of
Average Bounded Di�erences can be deployed needing only anavergedsmooth-
ness condiiton. That is, we need a bound on the follwing averaged smoothness
coe�ciients:

jE[f j X i � 1; X i = ai ] � E[f j X i � 1; X i = a0
i ]j ; (7.1) eq:azuma-diff

or, the similar

jE[f j X i � 1; X i = ai ] � E[f j X i � 1; X i = a0
i ]j ; (7.2) eq:azuma-diff-2

At �rst glance, getting a handle on this appears formidable,and indeed it is often
non-trivial. We illustrate three main approaches to this:

1. Direct computation is sometimes possible (using linearity of expectation for
example).

2. Coupling which is a very versatile tool for comparing two closely related
distributions such as in (

eq:azuma-diff
7.1) or (

eq:azuma-diff-2
7.2)

3. Bounding the di�erence by conditioning on the non-occurence of some rare
\bad" events.

101
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7.1 Hypergeometric Distribution

The hypergeometric distribution describes the number of red balls drawn in an
experiment wheren balls are sampled without replacement from a bin containing
N balls, M of which are red. This can be regarded as a functionf (X 1; : : : ; X n )
whereX 1; : : : ; X n are independent random variables, the variableX i taking values
in the set [N � i + 1] for i 2 [n] giving the number of the ball drawn on thei th
trial. To estimate jE[f j X i ] � E[f j X i � 1]j, let N i � 1 be the total number of balls
and M i � 1 the number red balls at the stage when thei th ball is drawn, for i 2 [n].
Thus N0 = N; M 0 = M and N i = N � i . Observe that

E[f j X i ] = ( M � M i ) +
M i

N i
(n � i );

and furthermore that M i � 1 � M i � 1. From this, we conclude that

jE[f j X i ] � E[f j X i � 1]j � max
�

M i � 1

N i � 1
; 1 �

M i � 1

N i � 1

�
N � n
N � i

�
N � n
N � i

:

Furthermore

X

i

�
N � n
N � i

� 2

= ( N � n)2
X

i

1
(N � i )2

= ( N � n)2
X

N � n� j � N � 1

1
j 2

� (N � n)2
Z N � 1

N � n

1
x2

dx

= ( N � n)
n � 1
N � 1

:

Thus we get the bound:

Pr[jf � E[f ]j > t ] � exp
�

� (N � 1)t2

2(N � n)(n � 1)

�
:

Thus with t := � E[f ] and E[f ] = M
N n, we getCommentary?

Pr[jf �
M
N

nj > �
M
N

n] � exp
�

� � 2 M
N

M
N � n

n
�

:
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7.2 Occupancy in Balls and Bins

recall the bound:

Pr[jZ � E[Z ]j > t ] � 2 exp
�

� t2

2m

�
:;

on the concentration of the number of empty bins when we throwm balls inde-
pendently and uniformly at random into n bins. A better bound can be obtained
by applying the method of bounded average di�erences. Now weneed to compute

ck := jE[Z j X k� 1; X k = bk ] � E[Z j X k� 1; X k = b0
k ]j

for k 2 [m]. By linearity of expectation, this reduces to computing for each
i 2 [n], ci;k := jE[Z i j X k� 1; X k = bk ] � E[Z i j X k� 1; X k = b0

k ]j.

Let us therefore consider for eachi 2 [n],and for some �xed set of binsb1; : : : ; bk ; b0
k

(bk 6= b0
k),

ci;k = jE[Z i j X k� 1 = bk� 1; X k = bk ] � E[Z i j X k� 1 = bk� 1; X k = b0
k ]j:

Let S := f b1; : : : ; bk� 1g.

� If i 2 S, then of course,

E[Z i j X k� 1 = bk� 1; X k = bk ] = 0 = E[Z i j X k� 1 = bk� 1; X k = b0
k ]:

and soci;k = 0.

� If i 62S and i 6= b, then

E[Z i j X k� 1 = bk� 1; X k = b] = (1 � 1=n)m� k ;

Hence, fori 62S [ f bk ; b0
kg, we haveci;k = 0.

� Finally, if i = bk 62S, , then of courseE[Z i j X k� 1 = bk� 1; X k = bk ] = 0 but
if b0

k 62S
E[Z i j X k� 1 = bk� 1; X k = b0

k ] = (1 � 1=n)m� k :

Henceci;k = (1 � 1=n)m� k in this case.

Overall, we see thatck =
P

i ci;k � (1 � 1=n)m� k and

X

k

c2
k �

1 � (1 � 1=n)2m

1 � (1 � 1=n)2
=

n2 � � 2

2n � 1
:
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This gives the bound:

Pr[jZ � E[Z ]j > t ] � 2 exp
�

�
t2(n � 1=2)

n2 � � 2

�
:

Asymptotically in terms of r := m=n, this is How does it
compare to the
previous
bound?2 exp

�
�

t2

n(1 � e� 2r )

�
:

7.3 Stochastic Optimization: TSP
sec:tsp

A travelling salesman is required to visitn towns and must choose the shortest
route to do so. This is a notoriously di�cult combinatorial optomization problem.
A stochastic version in two dimensions asks for the shortestroute when the points
Pi := ( X i ; Yi ); i 2 [n] are chosen uniformly and independently in the unit square,
[0; 1]2 (i.e. eachX i and Yi is distributed uniformly and independently in [0; 1]).

Let Tn = Tn (Pi ; i 2 [n]) denote the length of the optimal tour. A celebratedBy whom is
the result?
And, who is
celebrating?

result shows thatE[Tn ] = �
p

n for some� > 0. What about a sharp concentra-
tion result? A straightforward approach is to observe thatTn has the Lipschitz
property with constant at most 2

p
2 (imagine that all except one point are in one

corner and the last is in the opposite corner). Hence, we havethe boundIs the
computation
correct?
Shouldn't be
the
denominator
be 8 ?

Pr[jTn � E[Tn ]j > t ] � exp
�

� t2

2
p

2n

�
: (7.3) eq:tsp1

Note that since E[Tn ] = �
p

n, this bound is no good for small deviations around
the mean i.e. fort = � E[Tn ].

For a better bound, we shall turn to the method of bounded martingale di�er-
ences. LetTn (i ) denote the length of the shortest tour through all points except
the i th for i 2 [n].

Now we observe the crucial inequality that

Tn (i ) � Tn � Tn (i ) + 2 Z i ; i < n; (7.4) eq:sandwich

whereZ i is the shortest distance from pointPi to one of the pointsPi +1 through
Pn . The �rst inequality follows because, denoting the neighbours of Pi in Tn by
P and Q, the tour obtained by joining P and Q directly excludesPi and, by the
triangle inequality, has length less thanTn . For the second inequality, suppose
Pj ; j > i is the closest point toPi . Now take an optimal tour of all points except
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Pi and convert it into a tour including Pi by visiting Pi after reaching Pj and
returning to Pj . This is not a tour but can be converted into one by taking a
short{cut to the next point after Pj . The length of the resulting tour is no more
than Tn (i ) + 2 Z i by the triangle inequality.

Taking conditional expectations in (
eq:sandwich
7.4), we get:

E[Tn (i ) j P i � 1] � E[Tn j P i � 1] � E[Tn (i ) j P i � 1] + 2E[Z i j P i � 1];

E[Tn (i ) j P i ] � E[Tn j P i ] � E[Tn (i ) j P i ] + 2E[Z i j P i ]:

Note that E[Tn (i ) j P i ] = E[Tn (i ) j P i � 1]. Hence, we conclude,

jE[Tn j P i ] � E[Tn j P i � 1]j � 2 max(E[Z i j P i � 1]; E[Z i j P i ]); i � n:

Computing E[Z i j P i ] is the following question: given a pointQ in [0; 1], what is its
shortest distance to one of a randomly chosen set ofn� i points? ComputingE[Z i j
P i � 1] is the same, except the pointQ is also picked at random. This exercise is
relegated to Problem

prob:geomprob
6.10. The answer is thatE[Z i j P i ]; E[Z i j P i � 1] � c=

p
n � i

for some constantc > 0. Finally, taking the trivial bound jE[Tn j P n ] � E[Tn j
P n� 1]j � 2

p
2 we get

Pr[jTn � E[Tn ]j > t ) � 2 exp
�

� t2

2(8 +
P

i<n 4c2=(n � i ))

�

� 2 exp
�

� at2

logn

�
; (7.5) eq:tsp2

for some a > 0. Compare (
eq:tsp2
7.5) to (

eq:tsp1
7.3); in particular, note that the former

together with E[Tn ] = �
p

n yields

Pr[jTn � �
p

nj > �
p

n] � 2 exp
�

� b�2n
logn

�
;

for someb > 0 and all � > 0.

We shall see later that this bound can be further improved by removing the logn
factor. But that will need a new method!

7.4 Coupling

An elegant and e�ective device to do this is acoupling: suppose we can �nd a
joint distribution � (Z ; Z 0) such that
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1. The marginal distribution � (Z ) is identical to the distribution of ( X j
X i � 1; X i = ai ], and

2. The marginal distribution � (Z 0) is identical the distribution of (X j X i � 1; X i =
a0

i ]

Such a joint distribution is called acoupling of the two distributions(X j X i � 1; X i =
ai ] and (X j X i � 1; X i = a0

i ].

Then,

jE[f j X i � 1; X i = ai ] � E[f j X i � 1; X i = a0
i ]j =

= jE� [f (Z )] � E� [f (Z 0)]j

= jE� [f (Z ) � f (Z 0)]j (7.6) eq:coup-bound

Suppose further that the coupling is chosen well so thatjf (Z ) � f (Z 0)j is usually
very small. Then we can get a good bound on (

eq:azuma-diff
7.1). For example, suppose that

1. For any sample point (z; z0) which has positive probability in the joint
space,jf (z) � f (z0)j � d, and

2. Pr[f (Z ) 6= f (Z 0)] � p,

with both d and p \small". Then, from (
eq:coup-bound
7.6), we get:

jE[f j X i � 1; X i = ai ] � E[f j X i � 1; X i = a0
i ]j � pd:

We will construct such good couplings below. However, �rst we give some simple
examples to get used to the concept of a coupling.

Example 7.1 Suppose we perform two independent trials of tossing a coinn
times, the �rst with a coin of bias p of turning up heads and the second with bias
p0 � p. Intuitively it is clear that we expect to get more heads in the second case.
To make this rigorous, letX 1; � � � ; X n be the indicator variables corresponding
to getting a heads with the �rst coin and X 0

1; � � � ; X 0
n the corresponding ones for

the second coin. We would like to assert that for anyt � 0,

Pr[X 1 + � � � + X n > t ] � Pr[X 0
1 + � � � + X 0

n > t ]:

To do this, we will introduce a coupling of the two distributions i.e. we will de�ne
a joint distribution � (Z1; � � � ; Zn ; Z 0

1; � � � ; Z 0
n) such that � (Z1; � � � ; Zn ) has the
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same distribution as (X 1; � � � ; X n) and � (Z 0
1; � � � ; Z 0

n) has the same distribution
as (X 0

1; � � � ; X 0
n ), and moreover, at each point of the sample space,Z i � Z 0

i ; i 2 [n].
Then,

Pr[X 1 + � � � + xn > t ] = � [Z1 + � � � + Zn > t ]

� � [Z 0
1 + � � � + Z 0

n > t ]

= Pr[X 0
1 + � � � + X 0

n > t ]

Now for the construction of the coupling. Recall thatPr[X i = 1] = p � p0 =
Pr[X 0

i = 1] for eachi 2 [n]. We de�ne the joint distribution � (Z1; � � � ; Zn ; Z 0
1; � � � ; Z 0

n )
be specifying the distribution of each pair (Z i ; Z 0

i ) independently for eachi 2 [n].
The distribution � is the product of these marginal distributions. For eachi 2 [n],
�rst toss a coin with bias p of turning up heads. If it shows heads, setZ i = 1 = Z 0

i .
Otherwise, toss setZ i = 0 and toss another coin with biasp0 � p of showing up
heads. If this turns up heads, setZ 0

i = 1, otherwise setZ 0
i = 0.

It is easy to see that in the distribution � , Z i � Z 0
i for each i 2 [n]. Also, the

marginal distributions are as claimed above. 5

Exercise 7.2 Generalize the example above in two steps:

(a) Suppose the probabilitiesPr[X i ] = pi � p0
i = Pr[X 0

i ] are not necessarily
all equal. Give the required modi�cation in the above coupling to prove the
same result.

(b) SupposeX 1; � � � ; X n and X 0
1; � � � ; X 0

n are distributed in [0; 1] and not nec-
essarily identically. HoweverE[X i ] � E[X 0

i ] for each i 2 [n]. What further
modi�cations are needed now?

Example 7.3 [Load Balancing] Suppose we throwm balls into n bins in the �rst
experiment andm0 � m balls in the second. In both cases, a ball is thrown uni-
formly at random into the n bins and independently of the other balls. Obviously
we expect the maximum load to be larger in the second experiment.

To make this rigorous, we construct a coupling� of the two distributions. We may
visualize the experiment underlying the coupling as consisting of n bins coloured
blue and n bins coloured green both sets labelled 1� � � n and m balls coloured
blue labelled 1� � � m and m0 balls coloured green labelled 1� � � m0. The blue balls
will be thrown into the blue bins and the green balls into the green bins. The
marginal distribution of the con�guration in the blue bins will correspond to our
�rst experiment and the marginal distribution in the green bins to the second
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experiment. The joint distribution will ensure that a greenbin will have at least
as many balls as the corresponding blue bin with the same number. Then, if Lm

and L0
m+1 are the maximum loads in the original two experiments respectively

and Lb and Lg are the maximum blue and green loads,

Pr[Lm > t ] = � [Lb > t ]

� � [Lg > t ]

= Pr[Lm0 > t ]:

The coupling itself is easy to describe. First we throw them blue balls uniformly
at random into the n blue bins. Next we place the �rstm green balls in the green
bins as follows: a green ball goes into the green bin with the same number as the
blue bin in which the corresponding blue ball went. The remaining m0� m green
balls are thrown uniformly at random into the n green bins.

Ver�fy that the coupling has the two properties claimed. 5

Exercise 7.4 Suppose the balls are not identical; ball numberk has a probability
pk;i of falling into bin number i . Extend the argument to this situation.

7.5 Distributed Edge Colouring
sec:mobd-ec

Recall the distributed edge colouring problem and algorithms from the previous
chapter. We applied the simple MOBD successfully to get a srong concentration
result for the \top" vertices, but reached animpassewith the \bottom" vertices.

We will use the method of bounded average di�erences to get a strong concen-
tration bound for the \top" vertices as well. We shall invoke the two crucial
features of this more general method. Namely that it does notpresume that the
underlying variables are independent, and that, as we shallsee, it allows us to
bound the e�ect of individual random choices with constantsmuch smaller than
those given by the MOBD in simple form.

7.5.1 Preliminary Analysis

Let's now move on to the analysis. In what follows, we shall focus on a generic
bottom vertex v in algorithm P or an arbitrary vertex in algorithm I. Let N 1(v)
denote the set of \direct" edges{ i.e. the edges incident onv{ and let N 2(v)
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denote the set of \indirect edges" that is, the edges incident on a neighbour of
v. Let N (v) := N 1(v)

S
N 2(v). The number of edges successfully coloured at

vertex v is a function f (Te; e 2 N (v)). Let us number the variables so that the
direct edges are numberedafter the indirect edges (this will be important for the
calculations to follow). We need to compute

� k := jE[f j T k� 1; Tk = ck ] � E[f j T k� 1; Tk = c0
k ]j: (7.7) eq:lambda-bound

We decomposef as a sum to ease the computations later. Introduce the indicator
variablesX e; e 2 E:

X e :=

(
1; if edgee is successfully coloured;

0; otherwise.

Then f =
P

v2 e X e.

Hence we are reduced, by linearity of expectation, to computing for each e 2
N 1(v),

jPr[X e = 1 j T k� 1; Tk = ck ] � Pr[X e = 1 j T k� 1; Tk = c0
k ]j:

For the computations that follows we should keep in mind thatbottom vertices
assign colours independently of each other. This implies that the colour choices
of the edges incident upon a neighbour ofv are independent of each other. In
algorithm I, all edges have their tentative colours assigned independently.

7.5.2 General Vertex in algorithm I

To get a good bound on (
eq:lambda-bound
7.7), we shall construct a suitable coupling (Y ; Y 0) of

the two conditional distributions.

(T j T k� 1; Tk = ck); (T j T k� 1; Tk = c0
k)

The coupling (Y ; Y 0) is almost trivial: Y is distributed as T conditioned on
(T k� 1; Tk = ck) i.e. these settings are �xed as given and the other edges are
coloured independently.Y 0 is distributed identically as Y except that Y 0

k = c0
k .

It is easy to see that the marginal distributions ofY and Y 0 are exactly the
same as the two conditioned distributions (T k� 1; Tk = ck) and (T k� 1; Tk = c0

k)
respectively.

Now, let us computejE[f (Y ) � f (Y 0)]j under this joint distribution. Recall that
f was decomposed as a sum

P
v2 e f e and hence by linearity of expectation, we

only need to bound eachjE[f e(Y ) � f e(Y 0)]j separately.
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First, consider the case whene1; : : : ; ek 2 N 2(v) i.e. only the choices of the
indirect edges have been exposed. Letek = ( w; z) where w is a neighbour of
v. Then, for a direct edgee 6= vw, f e(y ) = f e(y 0) because under the cou-
pling, y and y 0 agree on all edges incident one. So, we only need to com-
pute jE[f vw (Y ) � f vw (Y 0)]j. To bound this simply, note that f vw (y ) � f vw (y ) 2
f� 1; 0; +1g and that f vw (y ) = f vw (y 0) unlessyvw = ck or yvw = c0

k . Thus, we
conclude that

jE[f vw (Y ) � f vw (Y 0)]j � Pr[Ye = ck _ Ye = c0
k ] �

2
�

:

In fact, one can show by a tighter analysis (see Problem
prob:tighter-I
7.13) that

jE[f vw (Y ) � f vw (Y 0)]j �
1
�

:

Now, let us consider the case whenek 2 N 1(v) i.e. the choices of all indi-
rect edges have been exposed and possibly some direct edges as well. In this
case, we merely observe thatf is Lipschitz with constant 2, and hence, trivially,
jE[f (Y ) � f (Y 0)]j � 2.

Thus,

� k �

(
1
� ; if ek 2 N 2(v)

0; otherwise;

and so,
X

k

� 2
k =

X

e2 N 2(v)

1
� 2

+
X

e2 N 1 (v)

4 � 4� + 1 :

Plugging into the MOABD, we get the following sharp concentration result for
the new degeef of an arbitrary vertex in algorithm I:

Pr[jf � E[f ]j > t ] � 2 exp
�

�
t2

2� + 1 =2

�
:

Exercise 7.5 By regardingf as a function of2� (vector-valued) variablesT (w)
(which records the colours of all edges incident onw, obtain a similar (but slighly
weaker) result using the simple MOBD.

7.5.3 Bottom Vertex in Algorithm P

Again, to get a good bound on (
eq:lambda-bound
7.7), we shall construct a suitable coupling

(Y ; Y 0) of the two conditional distributions.

(T j T k� 1; Tk = ck); (T j T k� 1; Tk = c0
k)
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This time, the coupling is somewhat more involved.

Supposeek is an edgezy wherez is a \bottom" vertex. The coupling (Y ; Y 0) is
the following: Y is distributed as (T j T k� 1; Tk = ck) i.e. it is the product of the
permutation distribution resulting from the (possible) conditionings around every
bottom vertex. The varaible Y 0 is identical to Y except on the edges inciodent
on z where the coloursck and c0

k are switched.

We can think of the joint distribution as divided into two classes: on the degs
incident on a vertex other thanz, the two variablesY and Y 0 are identical. So
if v 6= z, the incident edges have indentical colours underY and Y 0 uniformly
distributed over all permutations. However, on edges incident on z, the two
variablesY and Y 0 di�er on exactly two edges where the two coloursck and c0

k
are switched.

Exercise 7.6 Verify that the marginal distributions ofY andY 0 are (T j T k� 1; Tk =
ck) and (T j T k� 1; Tk = c0

k) respectively.

Now, let us computejE[f (Y ) � f (Y 0)]j under this joint distribution. Recall as
before that f was decomposed as a sum

P
v2 e f e and hence by linearity of expec-

tation, we only need to bound eachjE[f e(Y ) � f e(Y 0)]j separately.

First, consider the case whene1; : : : ; ek 2 N 2(v) i.e. only the choices of the
indirect edges have been exposed. Letek = ( w; z) for a neighbourw of v. Note
that since

E[f (Y ) � f (Y 0)] = E[E[f (Y ) � f (Y 0) j Ye; Y 0
e ; z 2 e]];

it su�ces to bound
�
�E[f (Y ) � f (Y 0) j Ye; Y 0

e ; z 2 e]
�
�. Recall that Y wz = ck and

Y 0
wz = c0

k . Fix some distribution of the other colours aroundz. Suppose that
Y z;w0 = c0

k for some other neighbourw0 of z. Then, by our coupling construction,
Y 0

z;w0 = ck , and on the remaining edges,Y and Y 0 agree.. Morover, by indepen-
dence of the bottom vertices, the distribution on the remaining edges conditioned
on the distribution around z is una�ected. Let us denote the joint distribution
conditioned on the settings aroundz by [(Y ; Y 0) j z]. Thus, we need to bound
jE[f (Y ) � f (Y 0) j z]j

For a direct edgee 6= vw; vw0, f e(y ) = f e(y 0) becuase in the joint distribution
space (even conditioned),y and y 0 agree on all edges incident one. So we can
concentrate only onjE[f e(Y ) � f e(Y 0) j z]j for e = vw; vw0. To bound this simply,
observe that for eithere = vw or e = vw0, �rst, f e(y ) � f e(y 0) 2 f� 1; 0; 1g and
second, that f e(y ) = f e(y 0) unlessye = ck or ye = c0

k . Thus, we can conclude
that

E[f e(Y ) � f e(Y 0) j z] � Pr[Ye = ck _ Ye = c0
k j z] �

2
�

:



DRAFT

112 CHAPTER 7. AVERAGED BOUNDED DIFFERENCES

Taking the two contributions for e = vw ande = vw0 together, we �nally conclude
that

jE[f (Y ) � f (Y 0)]j �
4
�

:

In fact, one can show by a tighter analysis (see Problem
prob:tighter-P
7.15) that

jE[f vw (Y ) � f vw (Y 0)]j �
2
�

:

Let us now consider the case whenek 2 N 1(v) i.e. the choices of all indirect edges
and possibly some direct edgeshas been exposed. In this casewe observe merely
that jf (y ) � f (y 0)j � 2 sincey and y 0) di�ere on exactly two edges. Hence also,
jE[f (Y ) � f (Y 0)]j � 2.

Thus, overall

� k �

(
2
� ; if ek 2 N 2(v)

0; otherwise;

and,
X

k

� 2
k =

X

e2 N 2(v)

4
� 2

+
X

e2 N 1 (v)

4 � 4(� + 1) :

Plugging into the MOABD, we get the following sharp concentration result for
the new degeef of an bottom vertex in algorithm P:

Pr[jf � E[f ]j > t ] � 2 exp
�

�
t2

2(� + 1)

�
:

We observe that the failure probabilities in algorithm I andalgorithm P are nearly
identical. In particular, for t := � �, both decresae exponentially in �.

7.6 Handling Rare Bad Events

In some situations, one can apply the MOABD successfully by bounding the
\maximum e�ect" coe�cients but for certain pathological ci rcumstances. Such
rare \bad events" can be handled using the following versionof the MOABD:

th:moabd-err Theorem 7.7 Let f be a function ofn random variablesX 1; : : : ; X n , each X i

taking values in a setA i , such thatEf is bounded. Assume that

m � f (X 1; : : : ; X n) � M:
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Let B any event, and letci be the maximum e�ect off assumingBc:

jE[f jX i � 1; X i = ai ; Bc] � E[f jX i � 1; X i = a0
i ; Bc]j � ci :

Then,

Pr[f > E[f ] + t + ( M � m) Pr( B)] � exp
�

�
2t2

P
i c2

i

�
+ Pr[ B]

and

Pr[f < E[f ] � t � (M � m) Pr( B)] � exp
�

�
t2

P
i c2

i

�
+ Pr[ B]:

Proof. We prove the statement for the upper tail. The proof for the lower tail is
analogous. For any valuet > 0,

Pr(f > E[f ] + t) � Pr(f > E[f ] + t j Bc) + Pr[ B]: (7.8)

To bound Pr(f > E[f ] + t j Bc) we apply Theorem
thm:amobd
?? to (f j Bc) and get

Pr(f > E[f ] + t j Bc) � exp
�

�
2t2

P
i c2

i

�
: (7.9)

Note that all ci s are computed in the subspace obtained by conditioning onBc.
To conclude the proof we show thatE[f ] and E[f j Bc] are very close. Now, since

E[f ] = E[f jB] Pr[E[B] + E[f jBc] Pr[Bc]

and m � f � M , we have that

E[f j Bc] � (E[f j Bc] � m) Pr[B] � E[f ] � E[f j Bc] + ( M � E[f j Bc]) Pr[B]

so that
jE[f ] � E[f j Bc]j � (M � m) Pr[B]:

The claim follows.

The error term (M � m) Pr[Bc] in practice is going to be small and easy to esti-
mate, as the next example will make clear. However, using some tricky technical
arguments, one can prove

McD98
[50][Theorem 3.7] the following cleaner statement. For

any t � 0,

th:moabd-err-2 Theorem 7.8 Let f be a function ofn random variablesX 1; : : : ; X n , each X i

taking values in a setA i , such thatEf is bounded. LetB any event, and letci be
the maximum e�ect of f assumingBc:

jE[f j X i � 1; X i = ai ; Bc] � E[f j X i � 1; X i = a0
i ; Bc]j � ci :

Then,

Pr(f > E[f ] + t) � exp
�

�
2t2

P
i c2

i

�
+ Pr[ B] (7.10) mobv:cs

where again, the maximum e�ectsci are those obtained conditioned onBc.



DRAFT

114 CHAPTER 7. AVERAGED BOUNDED DIFFERENCES

7.7 Quicksort

We shall sketch the application of the MOABD to Quicksort. This application
is interesting because it is a very natural application of the method and yields a
provably optimal tail bound. While conceptually simple, the details required to
obtain the tighest bound are messy, so we shall con�ne ourselves to indicating
the basic method.

Recall that Quicksort can be modeled as a binary treeT, corresponding to the
partition around the pivot element performed at each stage.With each nodev
of the binary tree, we associate the listL v that needs to be sorted there. At the
outset, the root r is associated withL r = L, the input list,and if the the pivot
element chosen at nodev is X v, the lists associated with the left and right children
of v are the sublists ofL v consisting of, respectively, all elements less thanX v

and all elements greater thanX v (for simplicity, we assume that the input list
contains all distinct elements). Now, the number of comparisons performed by
Quicksort on the input list L, QL is a random variable given by some functionf
of the random choices made for the pivot elements,X v; v 2 T:

QL = f (X v; v 2 T):

We shall now expose the variablesX v; v 2 T in the natural top{down fashion:
level{by{level and left to right within a level, starting wi th the root. Let us denote
this (inorder) ordering of the nodes ofT by < . Thus, to apply the Method of
Martingale Di�erences, we merely need to estimate for each nodev 2 T,

jE[QL j X w ; w < v ] � E[QL j X w ; w � v]j:

A moment's re
ection shows that this di�erence is simply

jE[QL v ] � E[QL v j X v]j;

where L v is the list associated withv as a result of the previous choices of the
partitions given by X w ; w < v . That is, the problem reduces to estimating the
di�erence between the expected number of comparisons performed on a given
list when the �rst partition is speci�ed and when it is not. Such an estimate is
readily available for Quicksort via the recurrence satis�ed by the expected value
qn := E[Qn ], the expected number of comparisons performed on a input list of
length n. If the �rst partition (which by itself requires n � 1 comparisons) splits
the list into a left part of size k; 0 � k < n and a right part of sizen � 1 � k, the
expected number of comparisons isn � 1 + qk + qn� 1� k and the estimate is:

jqn � (n � 1 + qk + qn� k� 1)j � n � 1:
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We shall plug this estimate into the Method of Bounded Di�erences: thus, if
`v := jL v j is the length of the list associated with nodev, then we need to esti-
mate

P
v `2

v. This is potentially problematical, since these lengths are themselves
random variables! Suppose, that we restrict attention to levels k � k1 for which
we can show that

1. `v � �n for some parameter� to be chosen later, and

2. k1 is small enough that the di�erence between the real process and the one
obtained by �xing the values upto levelk1 arbitrarily is negligibly small.

Then summing over all levels� k1, level by level,
X

v

`2
v =

X

k� k1

X

h(v)= k

`2
v

�
X

k� k1

X

h(v)= k

�n` v

=
X

k� k1

�n
X

h(v)= k

`v

�
X

k� k1

�n 2:

Next we are faced with yet another problem: the number of levels, which itself is
again a random variable! Suppose we can show for somek2 > k 1, that the tree
has height no more thank2 with high probability. Then the previously computed
sum reduces to (k2 � k1)�n 2.

Finally we can apply Theorem
th:moabd-err-2
7.8. Here the \bad events" we want to exclude

are the event that after k1 levels, the list sizes exceed� , and that the height of
the tree exceedsk2. all that remains is to choose the parameters careSuppose the
maximum size of the list associated with a node at height at least k1 exceeds�n
with probability at most p1 and that the overall height of the tree exceedsk2 with
probability at most p2. (One can estimate these probabilities in an elementary
way by using the fact that the size of the list at a node at depthk � 0 is explicitly
given by n

Q
1� i � k Z i , where eachZ i is uniformly distributed in [0; 1].) Then the

�nal result, applying Theorem
th:moabd-err-2
7.8 will be:

Pr[Qn > qn + t] < p 1 + p2 + exp
�

� 2t2

(k2 � k1)�n 2

�
:

(If we applied Theorem
th:moabd-err
7.7, we would have an additional error term: if we use

pessimistic estimates of the maximum and minimum values of the number of
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comparsions asn2 and 0 respectively, then the error term isn2(p1 + p2) which is
o(1).)

We choose the parameters to optimize this sum of three terms.The result whose
details are messy (see

MH96
[47]) is:

Theorem 7.9 Let � = � (n) satisfy 1=ln n < � � 1. Then as n ! 1 ,

Pr[j
Qn

qn
� 1j > � ] < n � 2� (ln ln n� ln(1 =� )+ O(ln ln ln n)) :

This bound is slightly better than an inverse polynomial bound and can be shown
to be essentially tight

McD96
[?].

7.8 Problems

Problem 7.10 [FKG/Chebyshev Correlation Inequality] Show that for any non-
decreasing functionsf and g and for any random variableX ,

E[f (X )g(X )] � E[f (X )]E[g(X )]:

(Hint : Let Y be distributed identical to X but independent of it. Consider
E[(f (X ) � f (Y)) ( g(X ) � g(Y))]. Argue this is non-negative and simplify it using
linearity of expectation.) 5

Problem 7.11 Use coupling to give a simple proof that if a function satis�es
the Lipschitz condition with coe�cients ci ; i 2 [n] then the same bounds can be
used with the MOABD i.e. the latter are stronger. Show that the two versions
of the latter method di�er at most by a factor of 2. 5

Problem 7.12 [Empty Bins revisited] Rework the concentration of the number
of empty bins using a coupling in the method of average bounded di�erences. 5

prob:tighter-I Problem 7.13 Show by a tighter analysis of an arbitrary vertex in algorithm I
that

jE[f vw (Y ) � f vw (Y 0)]j �
1
�

:

5
begin new
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Problem 7.14 [Kryptographs] The following graph model arises in the contextmobd-appl:pk
of cryptographically secure sensor networks

DPMMPR,PR04
[60, 57]. We are given apool of

cryptographic keys that can be identi�ed with the �nite set P := [ m], and a set
of n vertices. Each vertexi is given akey ring Si generated by samplingP with
replacementk times. Two verticesi and j are joined by an edge if and only if
Si \ Sj 6= ; . In the following we assume thatk = �(log n) and m = �( n logn).

(a) Show that the graph is connected with probability at least 1 � 1
n2 . (Hint:

show that, given a setS of vertices, the size of the union of the key rings
of vertices in S is not far from its expectation. Using this, show that it is
unlikley that G has a cut.)

(b) Using coupling show that the graph is connected with at least the same
probability when the key rings are generated without replacement.

5
end new

prob:tighter-P Problem 7.15 Show by a tighter analysis of a bottom vertex in algorithm P
that

jE[f vw (Y ) � f vw (Y 0)]j �
2
�

:

5

Problem 7.16 [Concentration for Permutations] Let f (x1; � � � ; xn ) be a Lips-
chitz function with constant c i.e. changing any coordinate changes the value
of f by at most c. Let � be a be permutation of [n] chosen uniformly at ran-
dom. Show a strong concentration forf (� (1); � � � ; � (n)). (Hint : Use a natural
coupling to bound

jE[f j X i � 1; X i = ai ] � E[f j X i � 1; X i = a0
i ]j :

) 5
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Chapter 8

The Method of Bounded
Variances

ch:mobv

In this chapter we describe a tail bound similar in 
avour to the Method of
Bounded Di�erences (MOBD). The new bound too rests on a martingale inequal-
ity similar to Azuma's. In the previous chapters we saw how, given a function
f (X 1; : : : ; X n), the strength of the MOBD depends on our ability to bound the
absolute increments of the Doob martingale sequenceZ i := E[f jX 1; : : : ; X i ]. In
doing this, we would expose the variablesX 1; : : : ; X n one at a time and consider
the expected change off when X i is revealed, conditioned on the values of the
X 1; : : : ; X i � 1 exposed so far, taking the maximum value among all assignments to
the �rst i � 1 variable. That is, we would look for a boundci as small as possible
such that,

jE[f jX 1; : : : ; X i ] � E[f jX 1; : : : ; X i � 1]j � ci

for all possible assignments toX 1; : : : ; X i � 1. The resulting bound is

Pr[jX � E[X ]j > t ] � 2 exp

(

� t2=2
X

i

c2
i

)

:

We will see in this chapter that basically the same result obtains if we consider
the sum of variances of the increments, conditioned on the variables exposed so
far:

vi := var(E[f jX 1; : : : ; X i ] � E[f jX 1; : : : ; X i � 1]):

The resulting bound will be,

Pr[jX � E[X ]j > t ] � 2 exp

(

� t2=4
X

i

v2
i

)

119
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assuming some mild conditions ont. Since the variance factors in the probability
with which jumps occur, this estimate is often quite sharp. What we will see in
this chapter resembles quite closely what we saw in Chapter

ch:CH-bound
1, where we derived

the variance bound

Pr[jX � E[X ]j > t ] � 2 exp
�

� t2=4� 2
	

:

This bound can be much stronger than the original Cherno� bound and in fact
it essentially subsumes it. In practice we will see that goodestimates of the
variance are not hard to compute. In a sense, the method can beviewed as a
quick-and-dirty version of the MOBD. We begin by proving thebasic underlying
martingale inequality.

8.1 A Variance Bound for Martingale Sequences

We make use of the basic de�nitions of martingales and their properties developed
in Chapter

ch:mobd
5. Recall that given a vectorX the notation X i denotes to the

truncated vector consisting of the �rst i coordinates.

th:martMobv Theorem 8.1 Let Z0; Z1; : : : ; Zn be a martingale w.r.t. the sequenceX 0; X 1; : : : ; X n

satisfying the bounded di�erence condition,

jZ i � Z i � 1j � ci

for some set of non-negative valuesci . LetD i := ( Z i �
Z i � 1 jX i � 1)?

V :=
X

i � n

vi

where
vi = sup var(D i jX i � 1)

where thesup is taken over all possible assignments toX i � 1. Then,

Pr(Zn > Z 0 + t) � exp
�

�
t2

4V

�

and

Pr(Zn < Z 0 � t) � exp
�

�
t2

4V

�

provided that
t � 2V=max

i
ci : (8.1) eq:t



DRAFT

8.1. A VARIANCE BOUND FOR MARTINGALE SEQUENCES 121

Proof. The initial part of the proof is identical to that of Theorem
thm:azumaGen
5.17 but we

reproduce it here for ease of exposition. It su�ces to prove the statement for the
upper tail. The proof for the lower tail is symmetrical with the martingale Z
replaced by� Z .

Assume without loss of generality thatZ0 := 0 and de�ne the martingale di�er-
ence sequenceD i := Z i � Z i � 1; i � 1. Then Zn = Zn� 1+ Dn . Note that E[D i ] = 0,
for all i . By Markov's inequality,

Pr(Zn > t ) � min
�> 0

E[e�Z n ]
e�t

: (8.2) eq:markov

With foresight we set,

� :=
t

2V
: (8.3) eq:lambda

As usual we focus on the numeratorE[e�Z n ] and seek a good upper bound for it.

eq:upBoundE[e�Z n ] = E[e� (Zn � 1 + D n ) ]

= E[E[e� (Zn � 1 + D n ) j X n� 1]]

= E[e�Z n � 1 E[e�D n jX n� 1]]:

We now show that, for all i ,

E[e�D i jX i � 1] � e� 2vi : (8.4) eq:inductiveStep

Assuming this, it follows by induction that,

eq:enucleateE[e�Z n ] = E[e�Z n � 1 E[e�D n jX n� 1]]

� E[e�Z n � 1 ]e� 2vn

� e� 2V :

The claim then follows by induction. The base case is the trivial caseZ0 = 0.
Using our choice for� and the bound on the numerator it follows that,

Pr(Zn > t ) � min
�> 0

E[e�Z n ]
e�t

�
e� 2V

e�t

= et2 =2V :

The crux then is to establish (
eq:inductiveStep
8.4). This follows from the well-known inequalities

1 + x � ex , valid for all x, and ex � 1 + x + x2, valid for jxj � 1. SinceZ is a



DRAFT

122 CHAPTER 8. THE METHOD OF BOUNDED VARIANCES

martingale with respect toX , E[D i jX i � 1] = 0. Now, if � jD i j � 1 then,

E[e�D i jX i � 1] � E[1 + �D i + ( �D i )2jX i � 1]

= 1 + � 2E[D 2
i jX i � 1]

= 1 + � 2vi

� e� 2vi :

The condition � jD i j � 1 follows, for all i , from the hypothesis
eq:t
8.1 and Equa-

tion
eq:lambda
8.3. The claim follows.

A couple of observations are in order. First, the termV is related to the varianceShould check
this of Zn in the following way: E[V ] = var(Zn ) (see Problem section). Second, the

condition on t roughly says that this inequality is a bound for deviations that are
\not too large". By using Bernstein's estimate (

bernstein
1.4) it is possible to obtain the

following slightly sharper bound without making any assumptions on t.

Pr(Zn > Z 0 + t) � exp
�

�
t2

2V(1 + bt=3V)

�
: (8.5) eq:e1

The term b is de�ned as the maxk devk , where devk := supf (Zk � Zk� 1jX 1 =check dev mess

x1; : : : ; X k� 1 = xk� 1g. In some situations the error termbt=V is negligible, and
(
eq:e1
8.5) yields a slightly sharper bound than that of Theorem

thm:mobv
8.2. The interested

reader can refer for example to
McD98
[50].

The next step is to package this inequality in a form suitablefor the applications.
Note that the ground variablesX i s need not be independent for the next theorem
to hold.Correct?

thm:mobv Theorem 8.2 [The Method of Bounded Variances] LetX 1; : : : ; X n be an arbi-
trary set of random variables and letf := f (X 1; : : : ; X n) be such thatEf is �nite.
Let

D i := E[f jX i ] � E[f jX i � 1]

and let c1; : : : ; cn be such that
jD i j � ci : (8.6) eq:martdiff

And let

V :=
nX

i =1

vi

where
vi := sup var(D i jX i � 1)
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with the sup taken over all possible assignment toX i � 1. Then,

Pr[f > Ef + t] � exp
�

�
t2

4V

�

and

Pr[f < Ef � t] � exp
�

�
t2

4V

�
;

provided that t � 2V=maxi ci .

Proof. Apply Theorem
th:martMobv
8.1 to the Doob martingale sequenceZ i := E[f jX i ].

Problem
prob2
8.8.

Intuitively, when applying this inequality we will expose,or query, the values of
the variablesX i one by one, starting fromE[f ] and ending withf (X 1; : : : ; X n). As
we shall see, the power of this inequality derives from the fact that it is possible,
and sometimes easy, to give good estimates of thevi s. Note that one has the
freedom to decide the sequence according to which the variables are exposed.
This will be put to good e�ect in the applications to follow.

Notation 8.3 In the sequel we shall refer toV as thevarianceof f and to ci as
the maximum e�ect of the i th query.

8.2 Applications

As usual, the best approach to understand the method is by means of examples
of increasing sophistication. For the method to be useful one needs simple ways
to bound the variance. A simple but useful bound is the following. Assume that
a random variableX is such that E[X ] = 0 and jX j � r . Then,

var(X ) �
r 2

4
: (8.7) mobv:sbov

(See Problem
mobv:p5
8.7).

With this we can essentially recover the basic version of theMOBD (Theo-
rem

thm:mobd
5.18). We are given a functionf (X 1; : : : ; X n ) satisfying the conditions

jf (X ) � f (X 0)j � ci
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for each i , wheneverX and X 0 di�er only in the i th coordinate. We apply
mobv:sbov
8.7

to the random variableD i := E[f jX 1; : : : ; X i ] � E[f jX 1; : : : ; X i � 1] which has zero
mean. Thus

var(D i ) �
c2

i

4
:

ThereforeV � 1
4

P
i c2

i and by Theorem
thm:mobv
8.2,

Pr[f > Ef + t] � exp
�

�
t2

4V

�
� exp

�
�

t2

P
i c2

i

�

provided that t � 2V=maxi ci .

Exercise 8.4 Establish the basic Cherno�-Hoe�ding bounds by using the Method
of Bounded Variances.

The next example is to derive the variance bound of the basic Cherno�-Hoe�ding
bounds that we developed inx 1.7. We are givenn independent random variables
X i 2 [0; 1] and we want to prove that,

Pr[X > EX + t] � exp
�

�
t2

4� 2

�

where X :=
P

i X i , � 2 :=
P

i � 2
i and � 2

i := var(X i ). We apply the method to
f (X 1; : : : ; X n) :=

P
i X i . Now, if we set

Z i := E[f jX 1; : : : ; X i ]

we have that
jZ i � Z i � 1j � 1:

Furthermore, by independence we get

D i := Z i � Z i � 1 = X i � E[X i ]

and
var(D i ) = var(X i )

and thus V =
P

i var(X i ) = � 2. Therefore, by invoking Theorem
thm:mobv
8.2,

Pr[f > Ef + t] � exp
�

�
t2

4V

�
= exp

�
�

t2

4� 2

�

if t � 2V. In the case when Pr[X i = 1] = p, for all i , we have by independence
that � 2 = np(1 � p) and the bound becomes,

Pr[f > Ef + t] � e� t2=4np(1� p) :

The variance is maximized whenp = 1
2 so that � 2 � n

4 , which gives

Pr[f > Ef + t] � exp� t2=n :

This bound loses a factor of two in the exponent. By applying the slightly sharper
bound

eq:e1
8.5 one essentially recovers

eq:absbound
1.6.
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8.2.1 Bounding the Variance
mobv:btv

We saw that (
mobv:sbov
8.7) gives a simple but useful bound for the variance that always

applies. A common situation that arises when studying a function f (X 1; : : : ; X n )
is when eachX i takes on two values, a \good" value with probabilitypi , and a
\bad" value with probability 1 � pi . In this case, assuming thatX i takes values
in a �nite set A i , we get the following useful bound:

vi � pi (1 � pi )c2
i (8.8) eq:betterBound

so that
Pr[f > Ef + t] � exp� t2=

P
i pi (1� pi )c2

i (8.9)

and
Pr[f < Ef � t] � exp� t2=

P
i pi (1� pi )c2

i : (8.10)
Does it hold
also for �nite
intervals?
Exercise?

Bound (
eq:betterBound
8.8) follows from elementary, but non-trivial computations (see Prob-

lem
prob9
8.16).

Let us apply this bounding technique to the following problem. We are given a
d-regular, undirected graphG = ( V; E). Consider again Algorithm I from x

sec:mobd-ec
7.5.

Each edge is given a list ofc colors and the following simple, distributed algorithm
is executed. Each edge picks a tentative color at random, uniformly from its list.
If there is a con
ict{ two neighbouring edges make the same tentative choice{
the color is dropped, and the edge will try to color itself later. Otherwise, the
color becomes the �nal color of the edge. At the end of the round, the lists are
updated in the natural way, by removing colors succesfully used by neighbouring
edges. Edges that succesfully color themselves are removedfrom the graph. The
process is repeated with the left-over graph and left-over color lists until all edges
color or the algorithm gets stuck because some list runs out of colors.

It is possible to show that, for any� > 0, if d � logn and c = (1 + � )d this
simple algorithm will, with high probability, color all edges of the graph within
O(logn) many rounds

DGP,GP97
[13, 22]. Since clearlyd colors are needed to edge color the

graph, this shows that one can obtain nearly-optimal edge-colorings by means
of this very simple and inexpensive distributed procedure.Here we analize the
�rst round of the algorithm to show that the degree of each vertex is sharply
concentrated around its expectation. The discussion exempli�es some of the
important points of the full analysis. For simplicity we assume c = d.

Fix a vertex u. For this vertex we want to show that its new degree is sharply
concentrated around its expected degree. The probability that an edgeeis colored
is the probability that no neighbouring edge picks the same tentative color,

Pr[e colors] =
�

1 �
1
c

� 2d� 1

�
1
e2

:
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Therefore, if we denote byZ the number of edges that succesfully color,

E[Z ] �
d
e2

= �( d):

We are interested in the variabled � Z and if we show thatZ is concentrated, so
is d� Z . The variableZ is a function of the random choices made not only by the
edges incident onu, but also those of the edges incident on the neighbours ofu.
Let E(u) denote this set, and letX e denote the random color chosen by an edge
e. Before applying the new method it is worth asking why we cannot use the
inequalities that we know already. Let us introduce an indicator random variable
Ze for each edge incident onu denoting whethere successfully color. Thus,

X =
X

e3 u

X e:

These indicator variables are clearly not independent, so one cannot apply the
Cherno�-Hoe�ding bounds. Can we apply the MOBD in its simplest form? With
our notation, we have

Z = f (X e : e 2 E(u)):

Clearly, for eache 2 E(u) the best we can say is,

jf (X 1; : : : ; X e� 1; X e; X e+1 ; : : : ; X D ) � j f (X 1; : : : ; X e� 1; X 0
e; X e+1 ; : : : ; X D )j � 1

whereD := jE(u)j = d(d � 1). This gives a very weak bound,

Pr[jZ � E[Z ]j > t ) � 2 exp(t2=2d2): (8.11) eq:weakBound

An alternative is to use the MOBD in expected form. As we saw inx
sec:mobd-ec
7.5, this

works but it requires somewhat lengthy calculations. An easy way out is given
by the Method of Bounded Variances. We query the edges in thisorder. First,
we expose the choices of every edge incident onu. Each such edge can a�ect the
�nal degree by at most 1. Then we expose the random choices of the remaining
edges. They key observation is the following. Lete = wv be the edge we are
considering and letf = vu denote an edge incident onu that touches e. Note
that when we exposee's tentative choice,f has already been queried. The choice
of e can a�ect f , but only if e picks the same color chosen byf and this happens
with probability 1 =c = 1=d. Therefore, the variance of this choice is at most
1=c= 1=d (e can touch two edges incident onu, but its e�ect can be at most 1.
Why?). Therefore, we can bound the total variance as follows,

d � 1 + d(d � 1)
1
c

� 2d

which gives, fort � 2V ,

Pr[jZ � E[Z ]j > t ] � 2 exp(t2=8d) (8.12) eq:strongBound

a much stronger bound than Equation
eq:weakBound
8.11.
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8.2.2 Dealing with Unlikely Circumstances
mobv:dwuc

Sometimes the e�ect of a random variableX i on the value of a functionf (X 1; : : : ; X n )
can be quite large, but only with very low probability. In other words, it might
be the case that for most outcomes ofX 1; : : : ; X n the variance off is very small.
In dealing with such situations the following result comes handy. In the state-
ment of the next theorem the eventB is to be understood as a set of exceptional
outcomes of very low probability.

mobv:dwec Theorem 8.5 Let f be a function ofn random variablesX 1; : : : ; X n , each X i

taking values in a setA i , such thatEf is bounded. Assume that

m � f (X 1; : : : ; X n) � M:

Let B any event, and letV and ci be, respectively, the variance and the maximumWhat is
ci doing
here??

e�ects of f assumingBc. Then,

What is Zn

wrt f ??
Pr[Zn > Z 0 + t + ( M � m) Pr( B)] � exp

�
�

t2

4V

�
+ Pr[ B]

and

Pr[Zn < Z 0 � t � (M � m) Pr( B)] � exp
�

�
t2

4V

�
+ Pr[ B]:

Proof. We prove the statement for the upper tail. The proof for the lower tail is
analogous. For any valueT,

Pr(f > E[f ] + T) � Pr(Zn > Z 0 + TjBc) + Pr[ B]: (8.13)

To bound Pr(f > E[f ] + TjBc) we apply Theorem
thm:mobv
8.2 to (f jBc) and get t and T??

Pr(f > E[f jBc] + TjBc) � exp
�

�
t2

4V

�
(8.14)

for everyt � 2V=maxci , provided that V and all ci s are computed in the subspace
obtained by conditioning onBc. To conclude the proof we show thatE[f ] and
E[f jBc] are very close. Now, since

E[f ] = E[f jB] Pr[E[B] + E[f jBc] Pr[Bc]

and m � f � M , we have that

E[f jBc] � (E[f jBc] � m) Pr[B] � E[f ] � E[f jBc] + ( M � E[f jBc]) Pr[B]

so that
jE[f ] � E[f jBc]j � (M � m) Pr[B]:
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The claim follows.

The error term (M � m) Pr[Bc] in practice is going to be ao(1) and easy to
estimate, as the next example will make clear. It is possibleto prove the lower tail also?

following cleaner statement. For anyt � 2V=maxci ,

Pr(f > E[f ] + t) � exp
�

�
t2

4V

�
+ Pr[ B] (8.15) mobv:cs

where V is the variance and the maximum e�ectsci are those obtained con-
ditioned on Bc. The proof however is not as simple as that of Theorem

mobv:dwec
8.5,

while this formulation in practice is not any stronger, at least for the kind of
applications that one normally encounters in the analysis of algorithms.

Let us see a non trivial application of Theorem
mobv:dwec
8.5. We have ad-regular graph

G in which each vertex is given a list ofc colors. We consider the same simple
distributed algorithm of the previous section, this time applied to the vertices
instead. It is possible to prove that this algorithm computes a vertex coloring
with high probability in O(logn) many rounds, provided thatG has no triangles,
d � logn and c = 
( d=ln d)

GP00
[23]. Note that c can be much smaller thand. More

generally, it is known that such good colorings exist for triangle-free graphs,
and that this is the best that one can hope for, since there arein�nite families of
triangle-free graphs whose chromatic number is 
(d=ln d)

Kim95,Bol78
[35, 9]. In what follows

we assume for simplicity thatc = d=log2 d.

Here we analize what happens to the degree of a vertex after one round and show
that it is sharply concentrated around its expectation. As with the previous
example this will exemplify some of the di�culties of the full analysis. Let us �x
a vertex u and let Z be the number of neighbours ofu which color themselves
succesfully. We �rst computeE[Z ]. The probability that a vertex colors itself is,

�
1 �

1
c

� d

� e� d=c

so that
E[Z ] � de� d=c

We are interested in a bound on the probability that the new degreed0 := d � Z
is far from its expectation. We will show that this happens only with inverse
polynomial probability in d. As with the edge coloring example the value ofZ
depends not only on the tentative color choices of the neighbours ofu but also on
those of the neighbours of the neighbours{ �(d2) choices in total. To compund
the problem, vertices at distance two can now have very largee�ects. Assume
for instance that all neighbours ofu pick color a tentatively. If a vertex w at
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distance 2 fromu also picksa the e�ect can be as large asjNu \ Nw j which, in
general, can be as large asd. We can get around this problem using the fact that
it is unlikely that \many" neighbours of u will pick the same color.

Let N i (u) denote the set of vertices at distancei from u. Z depends on the choices
of vertices in f ug [ N1(u) [ N2(u). We expose the color choices in this order.
First u, then the vertices inN1(u) (in any order) and �nally those in N2(u) (in
any order). The �rst query does not a�ect the variance. The next d queries can
each a�ect the �nal outcome of Z by one, but note that this is only if the vertex
selects the same tentative color ofu, an event that occurs with probability 1=c.
The total variance after these queries is then at most,

0 +
X

x2 N1(u)

vx �
d
c

:

So far so good, but we now need to estimate the total variance of vertices inN2(u)
and we know that this can be extremely large in the worst case.We exploit
the fact that the tentative color choices of the neighbours of u are binomially
distributed. Fix w 2 N2(u) and let

x := jNu \ Nw j:

Moreover let xa denote the number of vertices inNu \ Nw that choose colora
tentatively. For each color a, the expected number ofu-neighbours that pick
a is d=c. The set of \bad" events B that we are going to consider is when
there exists a color that is chosen more thanr � := (1 + � )d=c times. By the
Cherno� and the union bounds, for any � > 2e � 1, the probability of B is
at most c2� r � = c2� (1+ � )d=c. Note that this gives an \error term" of at most
dPr[B] = dc2� (1+ � )d=c = o(1).

We now want to estimate the variance assuming the \good" event EBc. Let

da := jE[Z jX 1; : : : ; X w = a] � E[Z jX 1; : : : ; X w� 1]j � xa

and thus
vw =

X

a

Pr[X w = a]d2
a �

1
c

X

a

x2
a:

This sum of squares is subject to

x =
X

a

xa

and, by the previous assumption,

0 � xa � r � ;
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The maximum is therefore attained at the extreme point, whenthere are x=r �

terms, each equal tor 2
� (see problem section). Therefore,

vw �
1
c

x
r �

r 2
� =

(1 + � )xd
c2

:

The total variance of vertices inN2(u) is
P

w2 N2(u) vw . If we assign a weight of
vw=x on each edge betweenw and N1(u), we then have

X

w2 N2(u)

vw =
X

wv:w2 N2(u);v2 N1 (u)

vw

x
� d(d � 1)

(1 + � )d
c2

for a total variance of

V � 0 +
d
c

+ d(d � 1)
(1 + � )d

c2
�

(1 + � )d3

c2
:

Therefore, if � � 2e � 1,

Pr[Z � E[Z ] > t + o(1)] � e� t2=4V + c2� (1+ � )d=c

provided that t � 2V . If c = �( d=ln d) and t = �( V ln d), this says that Z
deviates from its expectation by more than �(

p
d ln3 d) with inverse polynomial

probability. An analogous derivation establishes the result for the lower tail.

8.3 Bibliographic Notes

A good source for coloring problems of the type discussed here is the book of
Molloy and Reed

MoRe
[53]. McDiarmid's survey presents a treatment of some of the

inequalities that we discussed, with several useful variations on the theme
McD98
[50].

The basic result was established in
AKS
[3] for 0=1-random variables and was later

extended to the case of multi-way choices in
G98
[21]. The edge coloring application

can be found in
GP97
[22].

8.4 Problems

Problem 8.6 With reference to the statement of Thereom
th:martMobv
8.1, show that

E[V] = var(Zn):

5
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Solution. Page 224 of McDiarmid's survey 4

mobv:p5 Problem 8.7 Prove that if a random variableX satis�es EX = 0 and a � X � b,
then

var(X ) � (b� a)2=4:

5

Solution. If a random variableX satis�es EX = 0 and a � X � b, then

var(X ) = EX 2 = EX (X � a) � Eb(X � a) = jabj � (b� a)2=4:

4

prob2 Problem 8.8 Prove Theorem
thm:mobv
8.2 (Hint: De�ne the Doob martingale sequence

Z i := E[f jX 0; : : : ; X i ] and observe that (D i jX i � 1) = D i . Apply Theorem
th:martMobv
8.1). 5

mobv:p3 Problem 8.9 Prove Equation
eq:betterBound
8.8, i.e.

vi :=
X

a2 A i

Pr[X i = a](D 2
i jX i = a) � p(1 � p)c2

i

uner the hypothesis thatA i can be partitioned into two regionsA i = G[ B, such
that Pr[ X i 2 G] = p. 5

Solution. Refer to
DGP
[13]. 4

prob4 Problem 8.10 Establish the bound in Equation
eq:strongBound
8.12 by using the MOBD in

expected form. 5

mobv:hs Problem 8.11 Let G = ( V; E) be a d-regular graph with n vertices. Consider
the following algorithm for computing independent sets. Let p : V ! [n] be a
random permutation of the vertices. A vertexi enters the independent set if
and only if pi < p j for every j neighbour of i (the set so computed is clearly
independent). LetX denote the size of the resulting independent set. Compute
EX and show that X is concentrated around its expectation. 5

prob8 Problem 8.12 Show a bound similar to Equation
eq:strongBound
8.12 for the edge coloring

problem discussed inx
mobv:btv
8.2.1. 5
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prob6 Problem 8.13 Repeat the analysis of Section
mobv:btv
8.2.1 under the hypothesisc =

(1 + � )d. 5

prob7 Problem 8.14 Show that
max

X

i

x2
i

subject to
P

i x i = n and 0 � x i � c is attained whenbn
c c terms are set equal to

c and the remaining terms are set to 0. 5

prob10 Problem 8.15 Let X 1; : : : ; X n be independent, withak � X k � bk for eachk
where ak and bk are constants, and letX :=

P
i X i . Prove that then, for any

t � 0,

Pr[jX � EX j � t] � 2 exp

(

� 2t2=
X

i

(bi � ai )2

)

:

5

prob9 Problem 8.16 Prove Equation
eq:betterBound
8.8. 5

mobv:p10 Problem 8.17 Consider the edge coloring algorithm described inx
mobv:btv
8.2.1.

� Compute the expected number of colors that remain availablefor an edge.

� Show that this number is sharply concentrated around its expectation.

� Do the same for the intersection of the color lists of two edges incident upon
the same vertex.

5

mobv:pm Problem 8.18 Let G be a d-regular graph and consider the following random-
ized algorithm to compute a matching in the graph. Every edgeenters a setS
with probability 1

d . If an edge inS does not have any neighbouring edges inS it
enters the matchingM . Edges inM and all their neighbours are removed from
G.

� Compute the expected degree of a vertex that is not matched.

� Use the Method of Bounded Variances to prove that the degree of a vertex
that is not matched is concentrated around its expectation.Can you use
the MOBD in its simplest form?
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� Show that the same is true if the above algorithm is repeated.How large a
value of d (as a function ofn) is needed for concentration to hold?

The point here is to show that the graph stays essentially regular during the
execution of the algorithm, as long as the average degree is high enough. 5

mobv:pvc Problem 8.19
GP00
[23]. We are given a d-regular graphG of girth at least 5 where

each vertex has a list ofc := d=log2 d colours (the girth of a graph is the length of
its smallest cycle). Consider the following algorithm. Each vertex wakes upwith
probability p := 1=log2 d. Each awaken vertex picks a tentative colour at random
from its own list and checks for possible colour con
icts with the neighbours. If
none of the neighbours pick the same tentative colour, the colour becomes �nal.
If a colour c becomes the �nal colour of a neighbour of a vertexu, c is deleted
from u's colour list.

� For a given vertex, letX be the number of its uncoloured neighbours. Prove
that X is concentrated around its expectation.

� For a given vertex, letY be the number of colours not chosen by its neigh-
bours. Prove that Y is concentrated around its expectation.

� For given vertex u and colourc, let Z be the number of uncoloured neigh-
bours of u that retain c in their list. Prove that Z is concentrated around
its expectation.

5
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Chapter 9

The Infamous Upper Tail

ch:kim-vu-jan-ruc

9.1 Motivation: Non-Lipschitz Functions

Consider the random graphG(n; p) with p = p(n) = n� 3=4. Let X be the number
of triangles in this graph. We haveE[X ] =

� n
3

�
p3 = �( n3=4). The randomvariable

X is a function of the
� n

2

�
independent variables corresponding to whether a

particular edge is present or not. Changing any of these variables could change
the value ofX by as much asn � 2 in the worst case. Applying the MOBD with
these Lipschitz coe�cients is useless to obtain a non-trivial concentration result
for deviations of the order of� E[X ] = �( n3=4) for a �xed � > 0.

Exercise 9.1 Try to apply the MOABD or the MOBV and see if you get any
meaningful results.

The essential problem here is that the function under consideration is not Lips-
chitz with su�ciently small constants to apply the method of bounded di�erences.
This initiated a renewed interest in methods to prove concentration for functions
which are not \smooth" in the worst case Lipschitz sense of the MOBD but
are nevertheless \smooth" in some \average" sense. We have already seen that
the MOABD and MOBV are such methods. Here we brie
y describe two new
methods that apply well to problems such as counting triangles in the random
graph.

135
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9.2 Concentration of Multivariate Polynomials

Let X i;j be the indicator random variable for whether the edge (i; j ) is included
in the random graphG(n; p). Then, the number of trianglesX K 3 in G(n; p) can
be written as

X K 3 =
X

1� i<j<k � n

X j;k X k;i X i;j :

Formally, this can be seen as a multivariate polynomial in the
� n

2

�
variablesX i;j ,

and motivates the setting of the Kim-Vu inequality.

Let U be a base set and letH be a family of subsets ofU of size at mostk
for some 0< k � n. Let X u; u 2 U be independent 0=1 random variables with
E[X u] = pu; u 2 U. Consider the function ofX u; u 2 U given by the following
multi-variate polynomial:

Z :=
X

I 2H

wI

Y

u2 I

X u:;

where wI ; I 2 H are positive coe�cients. In the example of the triangle above,
the base setU is the set of all

� n
2

�
edges and the familyH consists of the

� n
3

�

3-element subsets of edges that form a triangle (sok = 3 and all coe�icients
wI = 1).

For each subsetA of size at mostk, de�ne a polynomial YA as follows:

ZA :=
X

A� I �H

wI

Y

u2 I nA

X u:

Formally, this is the partial derivative @Z
@XA

. Set

E j (Z ) := max
jA j� j

E[ZA ]; 0 � j � k:

Heuristically, E j (Z ) can be interpreted as the maximumaveragee�ect of a group
of at least j underlying variables. { this will play the role of \average" Lipschitz
coe�cients in place of the worst case Lipschitz coe�cients.

th:kim-vu Theorem 9.2 (Kim-Vu Multivariate Polynomial Inequality) For any k �
n, there are positive numbersak ; bk such that for any� � 1

Pr
h
jZ � E[Z ]j � ak � k

p
E0(Z )E1(Z )

i
� bk expf� �= 4 + ( k � 1) logng:

(For de�niteness, we can takeak := 8 k
p

k! and bk := 2e2.)
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To apply this to the number of triangles in the random graphG(n; p), consider
the base set

� n
2

�
, take H to be the family of 3-element subsets forming a triangle

and consider the multivariate polynomial:

Z :=
X

1� i<j<` � n

X j;` X `;i X i;j ;

and X i;j is the indicator variable for whether the edge (i; j ) is included. As we
saw, with p = n� 3=4, we haveE[Z ] = �( n3=4)..

Now, if A = f i; j g, we have:

ZA =
X

`6= i;j

X j;` X i;` ;

and E[ZA ] = �( np2) = o(1). If A has two elements, thenZA is either 0 or t i;j

for some (i; j ). Finally, if A has three elements, thenZA is either 0 or 1. Thus,
E1(Z ) = max jA j� 1 E[ZA ] = 1, and E0(Z ) = max jA j� 0 E[ZA ] = E[Z ].

Setting � := cn1=8 for a constant c chosen to makea3� 3
p

E[Z ] = � E[Z ], and
applying Theorem

th:kim-vu
9.2 gives

Pr [jZ � E[Z ]j � � E[Z ]] � b3 exp (� �= 4 + 2 logn) = e� �( n1=8 ) :

Stronger estimates can be obtained via re�nements of this technique
Vu02,KV04
[68, 34],

achieveing a factor of �(n� 3=8) in the exponent.

9.3 The Deletion Method

The setting here is similar to that in the Kim-Vu inequality: Let H be a family
of subsets of a base setU and suppose each set inH is of size at mostk for some
k � n. Let (X I ; I 2 H ) be a family of non-negative random variables. These do
not necessarily have the monomial structure as in Kim-Vu. Rather, only a local{
dependence property is postulated: eachX I is independent of (X J j I \ J = ; ).
Note that this is true of the monomials in the Kim-Vu inequality. The object of
study is the sumZ :=

P
I X I .

Theorem 9.3 (Janson-Rucinski) Let H be a family of subsets of[n] of size at
most k for smomek � n and let (X I ; I 2 H ) be a family of non-negative random
variables such that eachX I is independent of(X J j I \ J = ; ). Let Z :=

P
I X I ,
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and � := E[Z ] =
P

I E[X I ]. Further, for I � [n], let Z I :=
P

I � J X J and let
Z �

1 := maxu Z f ug. If t > 0, then for every realr > 0,

Pr[Z � � + t] � (1 + t=� )� r=2 + Pr
�
Z �

1 >
t

2kr

�

� (1 + t=� )� r=2 +
X

u

Pr
�
Z f ug >

t
2kr

�
:

The proof is surprisingly short and elementary, see
JR02, JR04
[29, 30].

To apply this to the problem of counting the number of triangles inG(n; p) with
p = n� 3=4, consider again, base set

� [n]
2

�
of all possible edges and the familyH

to be the family of 3-element subsets of edges forming a triangle. For I 2 H ,the
variable X I is the indicator for whether the triangle formed by the threeedges
in I exists in G(n; p)..To apply the Deletion method of Janson-Rucinski, note
that the number of traingles containing a given edge (i; j ), Z f i;j g = X i;j B where
B � Bi (n � 1; p2) is the number of paths of length 2 between the endpointsi and
j . Applying the CH bound to this yields

Pr[Z f i;j g > �= 2r ] � e� �= 2r ;

as long as�= 2r > 2n� 1=2. Thus,

Pr[Z > 2� ] � e� r=9 + n2e� �= 2r :

Choosingr = c
p

� gives

Pr[Z > 2� ] � n2e� cn3=8
;

which is stronger than the result obtained above using the multivariate polyno-
mial inequality. To see a very revealing and exhaustive comparison of the use of
various methods for the study of the \infamous upper tail" ofproblems such as
counts of �xed subgraphs in the random graph, see

JR02
[29]. We end by quoting

JR04
[30],

Neither of these methods seems yet to be fully developed and in a
�nal version, and it is likely that further versions will appear and
turn out to be important for applications. It would be most interest-
ing to �nd formal relations and implications between Kim andVu's
method and our new method, possibly by �nding a third approach
that encompasses both methods.



DRAFT

9.4. PROBLEMS 139

9.4 Problems

Problem 9.4 Consider the numberX H of copies of a �xed graphH in the
random graph G(n; p) for di�erent ranges of the parameterp. Let � := E[X H ]
and apply the Kim-Vu multivariate polynomial bound.

(a) For H := K 3 (triangle), show that

Pr[X K 3 � 2� ] � n4

(
expf� cn1=3p1=6g if p � n� 1=2

expf� cn1=2p1=2g otherwise:

(b) For H := K 4, show that

Pr[X K 4 � 2� ] � n10

(
expf� cn1=6p1=12g if p � n� 2=5

expf� cn1=3p1=2g otherwise:

(c) For H := C4 (the cycle on 4 vertices), show that

Pr[X C4 � 2� ] � n6

(
expf� cn1=4p1=8g if p � n� 2=3

expf� cn1=2p1=2g otherwise:

5

Problem 9.5 Consider the numberX H of copies of a �xed graphH in the
random graph G(n; p) for di�erent ranges of the parameterp. Let � := E[X H ]
and apply the Janson-Rucinski Deletion method.

(a) For H := K 3 (triangle), show that

Pr[X K 3 � 2� ] � n2 expf� cn3=2p3=2g:

(b) For H := K 4, show that

Pr[X K 4 � 2� ] � n2

(
expf� cn2p3g if p � n� 1=2

expf� cn4=3p5=3g otherwise:

(c) For H := C4 (the cycle on 4 vertices), show that

Pr[X C4 � 2� ] � n2

(
expf� cn4=3pg if p � n� 2=3

expf� cn2p2g otherwise:

5
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Chapter 10

Isoperimetric Inequalities and
Concentration

ch:isoperimetric-1

10.1 Isoperimetric inequalities

Everyone has heard about the mother of all isoperimetric inequalities:

Of all planar geometric �gures with a given perimeter,
the circle has the largest possible area.

(10.1) eq:mother

An abstract form of isoperimetric inequalities is usually formulated in the setting
of a space (
; P; d) that is simultaneously equipped with a probability measure
P and a metric d. We will call such a space a MM-space. Since our applications
usually involve �nite sets 
 and discrete distributions on them, we will not specify
any more conditions (as would usually be done in a mathematics book).

Given A � 
, the t-neighbourhoodof A is the subsetA t � 
 de�ned by

A t := f x 2 
 j d(x; A) � tg: (10.2) eq:t-neighbour

Here, by de�nition,
d(x; A) := min

y2 A
d(x; y):

An abstract isoperimetric inequality in such a MM-space (
; P; d) asserts that

There is a \special" family of subsetsB such that for any A � 
,
for all B 2 B with P(B) = P(A), P(A t ) � P(B t ).

(10.3) eq:absiso

141



DRAFT

142CHAPTER 10. ISOPERIMETRIC INEQUALITIES AND CONCENTRATION

To relate this to (
eq:mother
10.1), take the underlying space to be the Euclidean plane with

Lebesgue measure and Euclidean distance, and the familyB to be balls in the
plane. By letting t ! 0, an abstract isoperimetric inequality yields (

eq:mother
10.1).

Often an abstract isoperimetric inequality is stated in thefollowing form:

Assertion 10.1 In a space(
 ; P; d), for any A � 
 ,

P(A)P(A t) � g(t) (10.4) eq:absiso-2

Such a result is often proved in two steps:

1. Prove an abstract isoperimetric inequality in the form (
eq:absiso
10.3) for s suitable

family B.

2. Explicitly compute P(B) for B 2 B to determine g.

(In x
sec:martingale-iso
10.4, there is an exception to this rule: the functiong there is bounded from

above directly.)

10.2 Isoperimetry and Concentration
sec:iso-to-conc

An isoperimetric inequality such as (
eq:absiso-2
10.4) implies measure concentration if the

function g decays su�ciently fast to zero ast ! 1 . Thus, if A � 
 satis�es
Pr(A) � 1=2, then (

eq:absiso-2
10.4) implies Pr(A t ) � 1 � 2g(t). If g goes su�ciently fast to

0, then Pr(A t ) ! 1. Thus

\Almost all the meausre is concentrated around any subset ofmeasure
at least a half"!

10.2.1 Concentration of Lipschitz functions

It also yields concentration of Lipschitz functions on a space (
 ; d; P). Let f be
a Lipschitz function on 
 with constant 1, that is,

jf (x) � f (y)j � d(x; y):

A median L�evy Mean of f is areal numberM [f ] such that

P(f � M [f ]) � 1=2; and P(f � M [f ]) � 1=2:
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Exercise 10.2 Let (
 ; P) be a probability space and letf be a real-valued func-
tion on 
 . De�ne

med(f ) := supf t j P[f � t] � 1=2g:

Show that:
P[f < med(f )]; P[f > med(f )] � 1=2:

Set
A := f x 2 
 j f (x) � M [f ]g:

Then, by de�ntiion of a median, Pr(A) � 1=2. Note that sincef is Lipschitz,

f x j f (x) > M [f ] + tg � A t ;

and hence,
Pr[f (x) > M [f ] + t] � Pr(A t ) � 2g(t) ! 0:

Exercise 10.3 Show that (
eq:absiso-2
10.4) also implies a similar bound on

Pr[f (x) > M [f ] � t]:

.

Exercise 10.4 Show that it su�ces to impose a one-sided condition onf :

f (x) � f (y) + d(x; y);

or
f (x) � f (y) � d(x; y):

to obtain two-sided concentration around a L�evy Mean.

Usually one has a concentration around the expectation. In Problem
prob:means
10.15 you are

asked to check that if the concentration is strong enough, concentration around
the expectation or a median are essentially equivalent.

To get a quantitative bound on how good the concentration is,one needs to look
at the behaviour ofg in (

eq:absiso-2
10.4). Let (
 ; P; d) be a MM-space, and let

D := maxf d(x; y) j x; y 2 
 g:

For 0 < � < 1, let

� (
 ; � ) := max f 1 � P(A �D ) j P(A) � 1=2g:

So a space with small� (
 ; � ) is one in which there is measure concentration
around sets of measure at least 1=2.

A family of spaces (
n ; dn ; Pn); n � 1 is called
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� a L�evy family if
lim

n!1
� (
 n ; � ) = 0 :

� a concentrated L�evy family if there are constantsC1; C2 > 0 such that

� (
 n ; � ) � C1 exp
�
� C2�

p
n

�
:

� a normal L�evy family if there are constantsC1; C2 > 0 such that

� (
 n ; � ) � C1 exp
�
� C2� 2n

�
:

10.3 Examples: Classical and Discrete
sec:iso-exs

10.3.1 Euclidean Space with Lebesgue Measure

Consider Euclidean spaceRn with the Eucledean metric and Lebesgue measure
� .

Theorem 10.5 (Isoperimetry for Euclidean Space) For any compact sub-
set A � Rn , and any t � 0,

� (A t ) � � (B t );

whereB is a ball with � (B ) = � (A).

In Problem
prob:brunn-min
10.16 you are asked to prove this using the famous Brunn-Minkowski

inequality.

10.3.2 The Euclidean Sphere

For the sphereSn� 1 with the usual Eucledean metric inherited fromRn , a r -ball
is a sphereical cap i.e. an intersection ofSn� 1 with a half-space.

Theorem 10.6 (Isoperimetry for Euclidean Sphere) For any measurableA �
Sn� 1, and any t � 0,

Pr(A t ) � Pr(Ct );

whereC is a spherical cap withPr(C) = Pr( A).

A calculation for spherical caps then yields:
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Theorem 10.7 (Measure Concentration on the Sphere) Let A � Sn� 1 be
a meqsurable set withPr(A) � 1=2. Then,

P(A t ) � 1 � 2e� t2n=2:

Note that the SphereSn� 1 has diameter 2 so this inequality shows that the faimily
of spheresf Sn� 1 j n � 1g is a normal L�evy family.

10.3.3 Euclidean Space with Gaussian Measure

ConsiderRn with the Eucledean metric and then-dimensional Gaussian measure

 :


 (A) := (2 � )� n=2
Z

A
e�jj x jj 2=2dx:

This is a probability distribution on Rn corresponding to the n-dimensional nor-
mal distribution. Let Z1; : : : ; Zn be i.i.d. variables with the normal distribution
N (0; 1) i.e. for any realz,

Pr[Z i � z] =
1

p
2�

Z z

�1
e� t2=2dt:

Then the vector (Z1; � � � ; Zn ) is distributed according to the measure:
 . The
distribution 
 is spherically symmetric: the density function depends only on the
distance from the origin.

The isoperimetric inequality for Gaussian measure assertsthat among all subsets
A with a given 
 (A), a half space has the smallest possible measure of thet-
neighbourhood. By a simple calculation, this yields,

Theorem 10.8 (Gaussian Measure Concentration) Let A � Rn be mea-
surable and satisfy
 (A) � 1=2. Then 
 (A t ) � 1 � e� t2=2.

10.3.4 The Hamming Cube
subsec: hcube

Consider theHamming cubeQn := f 0; 1gn with uniform measure and theHam-
ming metric:

d(x; y) := jf i 2 [n] j x i 6= yi g:
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A r -ball in this space isB r := f x j d(x; 0) � r g i.e. the set of all 0=1 sequences
that has at most r 1s. Clearly

Pr(B r ) =
1
2n

X

0� i � r

�
n
i

�
:

Note that the t-neighbourhood of ar -ball is a r + t-ball: B r
t = B r + t .

th:harper Theorem 10.9 (Harper's Isoperimetric inequality) If A � Qn satis�es Pr(A) �
Pr(B r ), then Pr(A t ) � Pr(B r + t ).

cor:hamconc Corollary 10.10 (Measure Concentration for the Hamming Cub e) Let A �
Qn be such thatPr(A) � 1=2. Then Pr(A t ) � 1 � e� 2t2 =n.

Since the diameter ofQn is n, this shows that the family of cubesf Qn j n � 1g
is a normal L�evy family.

Exercise 10.11 Use the CH bound to deduce Corollary
cor:hamconc
10.10 from Harper's

isoperimetric inequality.

Exercise 10.12 Deduce the Cherno� bound for iid variables corresponding to
fair coin 
ips from Corollary

cor:hamconc
10.10.

10.4 Martingales and Isoperimetric inequalities
sec:martingale-iso

In x
sec:iso-to-conc
10.2 we saw that an isoperimetric inequality yields the method of bounded

di�erences i.e. concentration for Lipschitz functions. Inthis section we see that
conversely, isoperimetric inequalities can be derived viathe method of bounded
di�erences. So, isoperimetric inequalities and the concentration of Lipschitz func-
tions are essentially equivalent.

Consider the spacef 0; 1gn with the uniform measure (which is also the prod-
uct measure with p = 1=2 in each co{ordinate) and the Hamming metric,dH .
Let A be a subset of size at least 2n� 1 so that � (A) � 1=2. Consider the func-
tion f (x) := dH (x; A), the Hamming distance ofx to A. Surely f is Lipshitz.
Let X 1; : : : ; X n be independent and uniformly distributed inf 0; 1g. Then, by
applying the method of bounded di�erences,

� [f > E[f ] + t]; � [f < E[f ] � t] � e
� t 2

2n :
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In particular,

1=2 � � (A)

= � (f = 0)

� � (f < E[f ] � E[f ])

� e
� E[f ]2

2n :

Thus E[f ] � t0 :=
p

2 ln 2n. Finally then,

� (A t ) � 1 � exp
�

� (t � t0)2

2n

�
:

Consider now a weighted verison: the space isf 0; 1gn with the uniform measure,
but the metric is given by

d� (x; y) :=
X

x i 6= yi

� i ;

for �xed non=negative reals � i ; i 2 [n].

Exercise 10.13 Show that

� (A t ) � 1 � exp
�

� (t � t0)2

2
P

i � 2
i

�
:

Exercise 10.14 Check that the result of the previous exercise holds in arbitrary
product spaces with arbitrary product distributions and a weighted Hamming met-
ric.

In the next chapter we will see a powerful extension of this inequality.

10.5 Bibliographic Notes

Ledoux
Led01
[39][Chapter 1] has a thorough discussion of isoperimetricinequalities

and concentration. The vexed issue of concentration aroundthe mean or the
median is addressed in Prop. 1.7 and the following discussion there. See also
McDiarmid

McD98
[50]. Examples of isoperimetric inequalities in di�erent spaces are

discussed in Ledoux
Led01
[39][x2.1]. Matousek

Mat02
[46][Chapter 14] has a nice discussion

and many examples.
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10.6 Problems

Problem 10.15 [Expectation versus Median] In this problem, we check thatprob:means
concentration around the expectation or a median are essentially equivalent.

(a) Let 
 n ; Pn ; dn ); n � 1 be a normal L�evy family. let 
 n have diameterDn .
Show that if f is a 1-Lipschitz function on 
 n , then for some constantc > 0,

jM [f ] � E[f ]j � c
Dnp

n
:

(b) Deduce that if f : Sn� 1 ! R is 1-Lipschitz, then for some constantc > 0,

jM [f ] � E[f ]j � c
1

p
n

:

(c) Deduce that if f : Qn ! R is 1-Lipschitz, then for some constantc > 0,

jM [f ] � E[f ]j � c
p

n:

5

Problem 10.16 [Brunn-Minkowski] Recall the famousBrunn-Minkowski in-prob:brunn-min
equality: for any non-emty compact subsetsA; B � Rn ,

vol1=n(A) + vol 1=n(B ) � vol1=n(A + B):

Deduce the isoperimetric inequality forRn with Lebesgue measure and Euclidean
distance form this. (Hint : Note that A t = A + tB where B is a ball of unit
radius.) 5

Problem 10.17 [Measure Concentration in Expander Graphs] Theedge ex-
pansion or conductance �( G) of a graph G = ( V; E) is de�ned by:

�( G) := min
�

e(A; V n A)
jAj

j ; 6= A � V;jAj � j V j=2
�

:

wheree(A; B ) denotes the number of edges with one endpoint inA and the other
in B . RegardG as a MM-space byG with the usual graph distance metric and
equipped with the uniform measureP on V. Suppose � := �( G) > 0, and
that the maximum degree of a vertex inG is �. Prove the following measure
concentration inequality: if A � V satis�es P(A) � 1=2, then P(A t ) � 1 �
1
2e� t � =� . (A constant degreeexpander graph G satis�es �( G) � c1 and � � c2

for constantsc1; c2 > 0.) 5
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Problem 10.18 [Concentration for Permutations] Apply the average methodof
bounded di�erences to establish an isoperimetric inequality for the space of all
permutations with the uniform measure and transposition distance. 5

Problem 10.19 [Measure Concentration and Length] Schectmann, generalizingprob:conc-length
Maurey, introduced the notion oflength in a �nite metric space (
 ; d). Say that
(
 ; d) has length at most` if there are constantsc1; � � � ; cn > 0 with

p P
i c2

i = `
and a sequence of partitionsP0 � � � � � Pn of 
 with P0 trivial, Pn discrete
and such that whenever we have setsA; B 2 Pk with A [ B � C 2 Pk� 1, then
jAj = jB j and there is a bijection� : A ! B with d(x; � (x)) � ck for all x 2 A.

(a) Show that the discrete Hamming CubeQn with the Hamming metric has
length at most

p
n by considering the partitions induced by the equivalence

relations x � k y i� X i = yi ; i � k for 0 � k � n.

(b) Let � := ( � 1; � � � ; � n ) � 0. Show that the discrete Hamming CubeQn with
the weighted Hamming metricd� (x; y) :=

P
x i 6= yi

� i has length at most
k� k2.

(c) Show that the group of permutationsSn equipped with the usual trans-
porsition metric has small length.

(d) Show that Lipschitz functions on a �nite metric space of small length are
strongly concentrated around their mean. when the space is equppied with
the uniform measure:

Theorem 10.20 Let (
 ; d) be a �nite metric space of length at most̀, and
let f be a Lipschitz function i.e. jf (x) � f (y)j � d(x; y) for all x; y 2 
 .
Then, if P is the uniform measure on
 ,

P (f � E [f ] + a) ; P (f � E [f ] � a) � e� a2 =2`2
:

(e) Generalize to the case whenP is not the uniform distribution by requiring
that the map � : A ! B above is measure preserving. Show that a similar
result holds for the concentration of Lipschitz functions with this condition.

5

Problem 10.21 [Diameter, Laplace Functional and Concentration] Let (
; P; d)
be a MM-space. TheLaplace functional, E = E 
 ;P;d is de�ned by:

E(� ); = supf E[e�f ] j f : 
 ! R is 1-Lipschitz andE[f ] = 0g:
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(a) Show that if E(� ) � ea� 2 =2 for somea > 0, then Pr[jf � Ef j > t ] � e� t2=2a.
(Hint : recall basic Cherno� bound argument!)

(b) Show that the Laplace functional is sub-additive under products: let (
 i ; Pi ; di ); i =
1; 2 be two spaces, and let (
; P; d) be the product space with 
 := 
 1 � 
 2,
P := P1 � P2 and d := d1 + d2. Then

E 
 ;P;d � E 
 1 ;P1 ;d1 � E 
 2 ;P2 ;d2 :

(c) If (
 ; d) has diameter at most 1, show thatE(� ) � e� � 2=2. (Hint : First
note that by Jensen's inequality, eE[f ] � E[ef ], hence if E[f ] = 0, then
E[e� f ] � 1. Now, let f be 1-Lipschitz, and letX and Y be two independent
variables distributed according toP. Then,

E[e�f (X ) ] � E[e�f (X ) ]E[e� �f (Y ) ]

= E[e� ( f (X )� f (Y )) ]

= E

"
X

i � 0

� i (f (X ) � f (Y)) i

i !

#

=
X

i � 0

E

"
� i (f (X ) � f (Y)) i

i !

#

Argue that the terms for odd i vanish and bound the terms for eveni by
using the Lipschitz condition onf .

(d) Deduce the Cherno�-Hoe�ding bound from (b) and (c).

5
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Talagrand's Isoperimetric
Inequality

[Talagrand Inequality]ch:talagrand

11.1 Statement of the inequality
eq:tineq

Recall that the setting for an isoperimetric inequality is aspace 
 equipped with a
probabilty measureP and a metricd. An isoperimetric inequality in this scenario
states that if A � 
 is such that P(A) � 1=2 then P(A t ) � 1 � � (t) for some
rapidly decreasing function� . (Recall that the neighbourhood setA t := f x 2

 j d(x; A) � tg.

Talagrand's inequality applies in the setting where 
 =
Q

i 2 I 
 i is a product
space indexed by some �nite index setI with the product measure

Q
i 2 I Pi where

Pi is an arbitrary measure on the 
i , for i 2 I . Below we will always assume this
setting.

Recall the normalizedweighted Hamming distance, d� speci�ed by a given set of
non-negative reals� i ; i 2 [n]:

d� (x; y) :=

P
x i 6= yi

� i
p P

i � 2
i

: (11.1) eq:unif-wt-dist

Suppose now that each pointx 2 
 is associated with a set of non-negative reals

151
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� (x) i ; i 2 [n]. Consider the asymmetric \diatance" on 
 given by:

d� (x; y) :=

P
x i 6= yi

� (x) i
p P

i � (x)2
i

(11.2) eq:non-unif-wt-dist

This is the same as the normalized weighted Hamming distance(
eq:unif-wt-dist
11.1), except

that it involves a set of non-uniform sweights� (x) i ; i 2 [n]. As usual, forA � 
,

d� (x; A) := min
y2 A

d� (x; y):

Theorem 11.1 (Talagrand's Inequality) Let A be a subset in a product space
with the \distance" (

eq:non-unif-wt-dist
11.2). Then for any t > 0,

Pr[A]Pr[A t ] � e� t2=4: (11.3) eq:talineq

Remarks':

1. The inequality will be stated in a seemingly stronger formin a later chapter
where it will be proved. However, for all the applications weconsider, the
form given above su�ces and is most conveninet.

2. The inequality should be compared to the statement of the isoperimetric in-
equality for product spaces and weighhted Hamming distancein a previous
chapter. The main di�erence here is that the \distnace" hereis non-uniform
and asymmetric.

To gain some intuition about the Talagrand distance, let us set � (x) i := 1 for
eachi 2 [n] and ecahx 2 
; then we get

dd� (x; A) = min
y2 A

P
x i 6= yi

1
p

n
= dH (x; A)=

p
n; (11.4) eq:talham

wheredH is the familiar Hamming distance. This implies that for anyt > 0,

Ad�
t=

p
n = AH

t : (11.5) eq:talham2

These two simple observations give us some notable consequences.

Consider the simplest product space,f 0; 1gn equipped with the product measure
where Pr[0] = 1=2 = Pr[1] in each co{ordinate (this is the same as the uniform
measure on the whole space). Take

A := f x 2 f 0; 1gn j
X

i

x i � n=2g:
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Note that
AH

t = f x 2 f 0; 1gn j
X

i

x i � n=2 � tg;

and by (
eq:talham2
11.5) and Talagrand's inequality (

eq:talineq
11.3), we get

Pr[AH
t ] = Pr[Ad�

t=
p

n ]

�
1

Pr[A]
e� t2=4n

� 2e� t2=4n sincePr[A] � 1=2:

This is a disguised form of the Cherno� bound (except for small constant factors)
for deviations below the mean! By consideringA0 := f x 2 f 0; 1gn j

P
i x i � n=2g,

we can similarly get the Cherno� bound for deviations above the mean.

Exercise 11.2 Show that one can extend this to the heterogeneous case as well
(once again upto constant factors).

Now let A � f 0; 1gn be an arbitrary set with Pr[A] � 1=2. By the same reasoning
as above, we get:

Pr[AH
t ] � 2e� t2=4n ;

a cleaner form of the isoperimetric inequality we derived using martingales and
the method of bounded di�erences.

11.2 Hereditary Functions of of Index Sets
sec:configf

We will develop a general framework to analyse a certain class of functions on
product spaces which are de�ned by hereditary (i.e. monotone) properties of in-
dex sets. This framework generalises slightly the results implicit in Talagrand

Tal95
[67]

and explicit in in Steele
Ste97
[66] and Spencer

Spen96
[65]. We then illustrate the versatality

of this framework by several examples.

11.2.1 A General Framework

For x; y 2 
 and J � I , we use the notationxJ = yJ to meanx j = yj ; j 2 J , For
J � [n], let Jx= y := f j 2 J j x j = yj g. Note that xJx = y = yJx = y .

Let � (x; J ) be a boolean property such that it is
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� a property of index setsi.e. if xJ = yJ , then � (x; J ) = � (y; J), and

� non{increasing on the index sets, i.e. if J � J 0 then � (x; J 0) � � (x; J ).

. We shall say that � is a hereditary property of index sets.

Ket f � be the function determined by a hereditary property of indexsets� given
by:

f � (x) := max
� (x;J )

jJ j: (11.6) eq:heredit-f

A function f such that f = f � for some hereditary property� of index sets will
be called ahereditary function of index sets.

th:config Theorem 11.3 Let f be a hereditary function of index sets. Then for allt > 0,

Pr[f > M[f ] + t] � 2 exp
�

� t2

4(M [f ] + t)

�
;

and

Pr[f < M[f ] � t] � 2 exp
�

� t2

4M [f ]

�
;

whereM[f ] is a median off .

The Theorem follows from a more general result in the next section. Here we
illustrate how to use it.

11.2.2 Increasing subsequences
sec:incsubseq

Let I (x1; : : : ; xn ) denote the length of the largest increasing subsequence from
x1; : : : ; xn . Let X 1; : : : ; X n be chosen independently at random from [0; 1]. Propo-
sition

th:config
11.3 can be applied immediately to give a sharp concentration result on

I (X 1; : : : ; X n ).

Take the hereditary property � (x; J ) to be: for jj 0 2 J such that j < j 0, we have
that x j � x j 0 i.e. J corresponds to an increasing subsequence inx. Check that I
is de�ned by � , hence:

Pr[I (x) > M[f ] + t] � 2 exp
�

� t2

4(M [f ] + t)

�
;

and

Pr[I (x) < M[f ] � t] � 2 exp
�

� t2

4(M [f ]

�
;

In this example, sinceE[I ] is of the order of
p

n, this bound is a dramatic improve-
ment over what could be achieved by the simple method of bounded di�erences.
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11.2.3 Balls and Bins

Consider the probabilistic experiment wherem balls are thrown independently
at random into n bins and we are interested in a sharp concentration result on
the number of empty bins. Equivalently, we can give a sharp concentration result
on the number of non{empty bins.

To cast this in the framework of con�guration functions, consider the product
space [n]m with the product measure wherePr[X k = i ] is the probability that
ball k is thown into bin i . What herediatry function of index sets� can we cook
up so that f � is the the number of non{empty bins? Take� (x; J ) to hold i�
x(j ) 6= x(j 0) for all j; j 0 2 J with j 6= j 0 i.e. the balls indexed byJ go into
distinct bins. A moment's thought shows tha� is a hereditary function of index
sets and that f � is the number of non-empty bins. Applying Theorem

th:config
11.3 we

get:that if Z is the number of non=empty bins, then

Pr[Z > M[Z ] + t] � 2 exp
�

� t2

4(M [Z ] + t)

�
;

and

Pr[Z < M[Z ] � t] � 2 exp
�

� t2

4(M [Z ]

�
;

11.2.4 Discrete Isoperimetric Inequalities

Let A be a downward closed subset of the cubef 0; 1gn equipped with the product
measure, and let us consider the Hamming distancedH (x; A) from a point x to the
set A. This is in fact a function of hereditary index sets (why?).Applying Theo-
rem

th:config
11.3 yields bounds comparable with those obtained directlyby isoperimetric

inequalities in the theory of hereditary sets
BL91
[8] (see also

Ste97
[66, p. 132].

11.3 Certi�able Functions

In this section, we consider a generalization of the previous section which is
somewhat more 
exible and powerful. A functionf on a product space 
 :=Q

i 2 [n] 
 i is said to belower bound certi�ableor just certi�able if:

Lower Bound Certi�cate (LBC): for each x 2 
, there is a subset J (x) � [n]
such that
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(a) f (x) � � jJ (x)j, for some constant� > 0.

(b) for any y 2 
 that agrees with x on J (x) (i.e. x i = yi ; i 2 J (x)), we
have f (y) � f (x).

Intuitively, for each x 2 
, there is a an index set J (x) that acts as a \certi�cate"
for a lower bound of� times the cardinality of the certi�cate J (x) on the value
of f at any point that agrees with x on J (x).

Exercise 11.4 Show that a hereditary function of index sets is certi�able.

th:config-2 Theorem 11.5 Let f : 
 ! R be certi�able and suppose it is Lipschitz with
constant c (i.e. changing any co-ordinate changes the value off by at mostc).
Then for all t > 0,

Pr[f > M[f ] + t] � 2 exp
�

�
�

4c2

u2

M[f ] + t

�
:

and

Pr[f < M[f ] � t] � 2 exp
�

�
�

4c2

u2

M[f ]

�
:

whereM[f ] is a median off and c2 :=
P

i c2
i .

Proof. For eachx 2 
. let J (x) be the certifying interval for f . Set � (x) i := c
if i 2 J (x) and 0 otherwise. Note that

� 2 :=
X

i

� 2
i (x) = c2jJ (x)j �

c2

�
f (x); (11.7) eq:sum-alphas

where in the �nal inequality, we use part (a) of the (LBC) condition.

Let y := argminf d� (x; z) j z 2 Ag. De�ne y0 by setting

y0
i :=

(
x i if i 2 J (x),

yi otherwise:
(11.8) eq:def-y'

Note that f (y0) � f (x) sinceJ (x) is a lower bound certi�cate for x.
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Now,

a � f (y) by de�nition of A

� f (y0) �
X

y0
i 6= yi

c sincef is Lipschitz with constant c

= f (y0) �
X

x i 6= yi

c by (
eq:def-y'
11.8) nonumber (11.9) eq:x-y-y'

� f (x) �
X

x i 6= yi

c sinceJ (x) is a lower bound certi�cate for x:(11.10)

Now consider the weighted distance with the normalized weights c
� :

dc=� (x; A) = dc=� (x; y)

=
X

x i 6= yi

c
�

�
1
�

(f (x) � a) using (
eq:x-y-y'
11.9)

�
p

�
c

f (x) � a
p

f (x)
using (

eq:sum-alphas
11.7) (11.11) eq:d-f

The function u 7! (u � a)=
p

u is monotone increasing foru � a, so for anya � 0,

Pr[f (X ) � a + t] = Pr
�

f (X ) � a
p

a + t
�

u
p

a + t

�

� Pr

"
f (X ) � a
p

f (x)
�

u
p

a + t

#

� Pr
�
dc=� (x; A) �

p
�

c
u

p
a + t

�
using (

eq:d-f
11.11)

�
1

P(A)
exp

�
�

�
4c2

u2

a + t

�

In the last step we applied Talagrand's inequality (
eq:talineq
11.3). That is, remembering

the de�nition of A,

Pr[f (X ) � a] Pr[f (X ) � a + t] � exp
�

�
�

4c2

u2

a + t

�
:

Putting a := M[f ] and a := M[f ] � t, we get the result.

Exercise 11.6 Deduce Theorem
th:config
11.3 from Theorem

th:config-2
11.5.
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Exercise 11.7 Rework the examples of increasing subsequences and non-empty
bins from the previous subsection using Theorem

th:config-2
11.5.

11.3.1 Edge Colouring

In this example, we shall give an alternative analysis of a simple randomised
algorithms for edge colouring a graph that we analysed in a previous chapter
using Martingale methods. For convenience, we recall the problem and algorithm.

Given a graphG and a palette � of colours, we would like to assign colours to
the edges in such a way that no two edges incident on a vertex have the same
colour. We would also like the algorithm to be truly distributed, so we would
like it to have a local character. This leads naturally to randomised algorithms of
the type considered below. These algorithms run in stages. At each stage, some
edges are successfully coloured. The others pass on to the next stage. Typically
one analyses the algorithm stage by stage; in each stage, we would like to show
that a signi�cant number of edges are successfully coloured, so that the graph
passed to the next stage is signi�cantly smaller.

For simplicity, we assume that the graphG is bipartite with bipartition U; V (note
that even colouring bipartite graphs in a distributed fashion is non{trivial).

Algorithm : each edge picks a colour independently from the common palette
[�]. Con
icts are resolved in a two steps:

� First the V vertices resolve con
icts: if there are two edges (ui ; v) and (uj ; v)
with the same colour with i < j , then (uj ; v) \loses" and is decoloured.

� Next the U vertices resolve any remaining con
icts by choosing one \win-
ner" out of the remaining con
icting edges for each colour.

We are interested in a sharp concentration result on the number of edges around
a �xed vertex u 2 U that are successfuly coloured (A similar analysis works for
a vertex in V). Alternatively, we can give a sharp concentration result on the
number of edges aroundu that are not successfully coloured.

The underlying product space is [�]E (u) where E(u) is the set of edges that are
incident to u or to a neighbour ofu. The function f we consider is the number
of edges aroundu that are not coloured succesfully. Clearlyf is Lipschitz with
all constants 1. Moreover,
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Lemma 11.8 The function f is a certi�able function with constants � = 1=2
and c = 1 function.

Proof. For each edgee that is unsuccessful, there is at least another edge that
gets the same tentative colour { �x one such edgew(e) arbitrarily as a witness
to this fact. For a given tentative colouring � , the index set J = J (� ) � E(u)
consists of all unsuccessful edges together with their witnesses. The condition
(LBC) is now easily veri�ed. First, the function is Lipschitz since changing the
tentative colour of any edge changesf by at most 1. Second, the edge setJ
includes each unsucessful edgee and its witness, so it has at most twice as many
edges as unsucessful ones (it is exactly twice if the witnessfor each unsuccessful
edge is distinct from the others). Thus the (LBC) condition is satis�ed with
� = 1=2 and c = 1.

Applying Theorem
th:config-2
11.5, we get the result:

Pr[f > M[f ] + t] � 2 exp
�

�
1
8

u2

M[f ] + t

�
:

and

Pr[f < M[f ] � t] � 2 exp
�

�
1
8

u2

M[f ]

�
:

11.4 The Method of Non{uniformly Bounded
Di�erences

sec:geometry

One can extract out from Talagrand's inequality another nicely packaged lemma
1 that generalises the method of bounded di�erences.

prop:geom Theorem 11.9 (The Method of Non{uniformly Bounded Di�erenc es) Let
f be a real{valued function on a product space
 such that for eachx 2 
 , there
exist non{negative reals� i (x); i 2 [n] with

f (x) � f (y) +
X

x i 6= yi

� i (x); for all y 2 
 : (11.12) eq:bddtal

Furthermore, suppose that there exists a constantc > 0 such that uniformly for
all x 2 
 , X

i

� 2
i (x) � c (11.13) eq:ubound

1In Steele
Ste97
[66][Lemma 6.2.1], this is stated with some additional super
uous conditions.
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(even though the� i (x) may be di�erent individually). Then

Pr[jf � M[f ]j > t ] � 2e� t2=4c: (11.14) eq:gbound

Proof. Set A = A(a) := f y j f (y) � ag, wherea is a parameter to be �xed later.
By (

eq:bddtal
11.12), we have,

f (x) � f (y) +
X

x i 6= yi

� i (x);

for any y. Hence minimising overy 2 A, we have,

f (x) � min
y2 A

f (y) +
X

x i 6= yi

� i (x)

� a + cdT (x; A);

by the de�nition of the Talagrand distance and (
eq:ubound
11.13). Hence,

Pr[f (X ) � a + ct] � Pr[dT (X; A )jgeqt]

�
1

Pr[A]
e� t2 =4;

by applying Talagrand's inequality in the last step. Hence,

Pr[f (X ) � a + t] � exp
�

� t2

4c

�
:

Remembering thatA := f y j f (y) � ag, write this as

Pr[f (X ) � a + t]Pr[f (X ) � a] � exp
�

� t2

4c

�
:

Setting a := M[f ] and a := M[f ] � t successively gives the result.

Note that the condition of (
eq:bddtal
11.12) is just like the Lipschitz condition in the

method of bounded di�erences except that the bounding parameters can be non{
uniform i.e. a di�erent set of parameters for eachx. This is the crucial feature
that makes this version substantially more powerful than the usual method of
bounded di�erences as we illustrate with some examples below.

11.4.1 Cherno�{Hoe�ding Bounds

Let f (x1; : : : ; xn ) :=
P

i x i with x1; : : : ; xn 2 [0; 1]. Take � i (x) := x i ; then clearly
(
eq:bddtal
11.12) is satis�ed. Moreover

P
i � 2

i � n. Hence,

Pr[jf � M[f ]j > t ] � 2e� t2=n;

which is just the Cherno�{Hoe�ding bound upto constant factors.



DRAFT

11.4. THE METHOD OF NON{UNIFORMLY BOUNDED DIFFERENCES 161

11.4.2 Balls and Bins

Consider once again, the example of the number of non-empty bins whenm balls
are thrown independently and uniformly at random inton bins. For a agiven
con�guration x of balls in the bins, let � i (x) := 1 if ball i is the lowest numbered
ball in its bin and 0 otherwise. Then iff is the number of non-empty bins,

f (x) � f (y) �
X

x i 6= yi

� i (x):

Since
P

i � 2
i (x) � n, we get the bound:

Pr[jf � M[f ]j > t ] � 2e� t2=n;

11.4.3 Stochastic TSP

Let X 1; : : : ; X n be points selected uniformly and independently at random inthe
unit square and letTSP(X ) denote the length of the minimum TSP tour through
these points. In this subsection, we shall show a sharp concentration result for
the TSP tour. This was a notable success of Talagrand's inequality over the
previous approcahes using Martingales.

In order to apply Proposition
prop:geom
11.9, we need to �nd suitable� (x) i ; i 2 [n]. That

is, we need them to satisfy:

TSP(x) � TSP(y) +
X

x i 6= yi

� (x) i (11.15) eq:tsp-cond

Many proofs in the literature
Ste97,McD98
[66, 50] use the existence ofspace �lling curvesto

do this. Actually, all one needs is the following simple but surprising fact:

prop:stitch-cycle Proposition 11.10 There is a constantc > 0 such that or any set ofn points
x1; : : : ; xn 2 [0; 1]2, there is a permutation� : [n] ! [n] satisfying

P
i 2 [n] jx � (i ) �

x � (i +1) j2 � c, (where the �nal index n + 1 is taken modulon). That is, there is a
tour through all points such that the sum of the squares of thelengths of all edges
in the tour is at bounded by an absolute constantc.

In Problem
prob-tal:new
11.14 we outline a completely elementary proof of this fact.

Let C(x) be this tour corresponding to the pointsx1; � � � ; xn . We will use this
tour to \stitch" in the points x into the optimal tour for the points y1; � � � ; yn
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and satisfy (
eq:tsp-cond
11.15). Take� (x) i to be twice the lengths of the two edges incident

to x i in C(x). Now, we verify that with this choice, (
eq:tsp-cond
11.15) is satis�ed, First, we

note that the inequality is trivially true if x \ y = ; i.e. x and y have no points
in common. Otherwise, consider the cycleC(x) and mark the points common to
x and y on this tour. Double each edge inC(x). Starting at a point in x \ y
follow C(x) until the last point before hitting another vertex of x \ y. At this
point, follow the cycle backwards (using the doubled edges)to the starting point.
In this way, all the points in x have been attached by small cycles to a point in
x \ y. Let U0 be the union of these cycles. Note that the sum of the lengths
of the edges inU0 is at most

P
x i 6= yi

� i . Finally consider the graph consisting of
vertex setx [ y and edge setTSP(y) [ U0. By \short circuiting", we can extract
a tour of x [ y of length at most that of the edges inTSP(y) [ U0. Since the
length of a tour through x is at most that of a tour through x [ y and, TSP(x)
is an optimal tour through x, this veri�es (

eq:tsp-cond
11.15)

Since
P

i � 2
i (x) � 4c wherec is the constant given by Proposition

prop:stitch-cycle
11.10, applying

Theorem
prop:geom
11.9, we arrive at the truly Gaussian tail bound:

Pr[jTSP(X ) � M[TSP(X )]j > t ] � e� t2=4c:

11.4.4 First Birth Times in Branching Processes

Branching processes are a very attractive model of population growth dynamics
and have also proven very useful in the study of properties oftrees grown by
incremental random processes. We consider here, branchingprocesses of the
Galton{Watson type: there is a single ancestor at time 0. This ancestor produces
a number m of children at a random timeZ (distributed with the exponential
distribution with parameter 1) and dies. Subsequently eachchild independently
of the others reproduces in exactly the same manner.

We can represent the process by an in�nitem{ary tree whose vertices represent
the memebers of the population produced and are labelled as follows: the root
is given the empty label. If a vertex has labelv, then its children are labelled
v1; : : : ; vm. The root, representing the initia ancestor is the unique member of
the 0th generation. The children of a memeber of thekth generation fall in the
k + 1st generation.

A very important random variable associated with a branching process is the�rst
birth time in the kth generation, Bk : this is the time at which the �rst member
of the kth generation is born. A powerful theorem of Kingman from thetheory
of sub{additive stochastic processes shows thatB k

k ! 
 almost surely for some
constant 
 .
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Here we would like to �nd the rate of convergence by giving high probability
estimates on the deviation ofBk from its mean. Let us label the edges of the
branching process tree as follows: The unique edge leading into a vertex labelled
v is labelled with Zv, an independent and identical copy of the random variable
Z . Then, with P representing a path in the tree,

Bk = min
jP j= k

X

v2 P

Zv:

Thus Bk is this function of the labels attached to the edges in the binary tree on
paths of length at mostk from the root.

For a labellingx of the dedges, letP � (x) denote the minimising path determining
Bk and set � (x)v := xv for v 2 P � and 0 otherwise. Then clearly,

Bk(x) � Bk(y) +
X

xv 6= yv

� (x)v:

Moreover, by the result of Problem
prob:sumofZsq
1.17,

Pr[Pr[
X

v

Z 2
v > (1 + � )2k] � exp

�
� 4(

�
�

)2k1=3
�

+ ne� k1=3
:

Thus, applying Theorem
prop:geom
11.9,

Pr[jBk � M[Bk ]j > t ] � exp
�

� t2

(1 + � )2k

�
+ exp

�
� 4(

�
�

)2k1=3
�

+ ne� k1=3
:

For t := 2�k , this gives a probability that decreases exponentially ink1=3.

11.5 Bibliographic Notes

Other expositions of Talagrand's isoperimetric inequality are
Ste97,McD98,AS00
[66, 50, 2]. The

original paper is the monumentaltour de force
Tal95
[67]. Other applications in graph

colouring problems can be found in
MR02
[54]. McDiarmid

McD02
[51] gives an extension of

Talagrand's inequality to permutation distributions that is particularly useful in
graph colouring applications. A further extension is givenin

LM03
[42].

11.6 Problems

Problem 11.11 [Independent Sets in Random Graphs] LetG be a graph on the
vertex set [n] and let � (G) denote the size of the largest independent set inG.
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(a) Show that � (G) is a hereditary property of index sets.

(b) The Erd•os-Renyi random graphG(n; p) is the (undirected) graph on vertex
set [n] and edge setE de�ned by picking each possible edge (i; j ) 2 [n] � [n]
independently with probability p. Deduce a sharp concentration result on
� (G(n; p)).

5

Problem 11.12 [VC Dimension] One of the central notions in statistical learningprob:vcdim
theory is the Vapnik-Chervonenkis(VC) dimension. Let A be a collection of
subsets of a base setX and let x := ( x1; � � � ; xn ) 2 X n . The trace of A on x is
de�ned by:

tr( x) = tr A (x) := f A \ f x1; � � � ; xng j A 2 Ag :

That is, it is the collection of subsets that can be obtained by intersecting sets in
A with f x1; � � � ; xng. The number of such subsets,T(x) := jtr( x)j is called the
shatter coe�cient of A for x. A subset f x i 1 ; � � � ; x i k g � f x1; � � � ; xng is said to
be shattered if T(x i 1 ; � � � ; x i k ) = 2 k . Finally, the VC dimension D(x) = DA (x)
is de�ned to be the largest cardinality of a subset off x1; � � � ; xng shattered by
A . Show that the VC dimension is a hereditary function of indexsets and hence
deduce a sharp concentration result for the VC dimension of asubset of points
chosen independently at random. 5

Problem 11.13 [Self-Bounding Functions] A non-negative functionf on a prod-
uct space 
 :=

Q
i 2 [n] 
 i ,has the self-boundingproperty if there exist functions

gi ; i 2 [n] such that for all x1; � � � xn and all i 2 [n],

0 � g(x1; � � � ; xn ) � gi (x1; � � � ; x i � 1; x i +1 ; � � � ; xn ) � 1;

and also
X

i

(g(x1; � � � ; xn ) � gi (x1; � � � ; x i � 1; x i +1 ; � � � ; xn )) � g(x1; � � � ; xn ):

(a) Show that a hereditary function of index sets has the self-bounding property.

(b) Show that a similar concentration result extends to holdfor this wider class
of functions.

(c) Show that the VC dimension (Problem
prob:vcdim
11.12) is a self-bounding function

5
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Problem 11.14 [An Amazing Fact] In this problem, we outline an elementaryprob-tal:new
proof due to D.J. Newman of the following amazing fact: for any set of points in
the unit square, there is a tour going through all the points such that the sum
of the squares of the lengths of the edges in the tour is bounded by an absolute
constant!

(a) Show that for any set of points in a right-angled triangle, there is a tour
that starts at one endpoint of the hypotenuse, ends at the other endpoint
and goes through all the points such that the sum of the lengths of the edges
is bounded by the square of the hypotenuse. (Hint : Drop a perpendicular
to the hypotenuse from the opposite vertex and use induction.)

(b) Use (a) to deduce the amazing fact with the constant 4.

5

Problem 11.15 [Steiner Tree] Obtain a Gaussian concentration result for the
length of a minimum Steiner tree containing a set ofn points indepndently and
uniformly distributed in the unit square. (A Steiner tree of a set of points is a
tree containing the given subset among its vertices i.e. it could contain additional
vertices.) (Hint : Use the fact that there is a universal constant bounding the
sum of the squares of the lengths of the edges of a minimum spanning tree of any
number of points in the unit square.) 5
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Chapter 12

Isoperimetric Inequalities and
Concentration via Transportation
Cost Inequalities

[Transportation Cost]ch:isoperimetric-2

In this chapter, we give an introduction to the �rst of two recent approches
to concentration via powerful information-theoretic inequalities: the so called
transportation cost inequalities. These inequalities relate two di�erent notions
of "distance" between probability distributions and lead easily to concentration
results.

12.1 Distance Between Probability Distributions

Perhaps the best known notion of \distance" between probability distributions is
the L1 or total variation distance:

d1(Q; R) :=
1
2

X

x

jQ(x) � R(x)j : (12.1) eq:tot-var-dist

This is a special case of a more general way of de�ning a distance between two
distributions Q and R on a metric space (
; d). the coupling distance:

d1(Q; R) := inf
� (Y;Z )

E� [d(Y; Z)] ; (12.2) eq:coupling-dist

where the inf ranges over all couplings� with � (Y) � Q and � (Z ) � R i.e. joint
distributions � (Y; Z) with the marginals � (Y) � Q and � (Z ) � R. The intuitive

167
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idea is: pick random variablesY and Z according toQ and R respectively and
compute the expected distance between them. The added crucial quali�cation is
that Y and Z are not picked independently, but via the best coupling.

Exercise 12.1 (Metric Properties) Show that this de�nition de�nes a bona�de
metric on the space of probability distributions on
 n .

In Problem
prob:tot-var-coup
12.13, you are asked to show that when the distance on the space is

the Dirac distance, d(x; y) = 1[ x 6= y], then this reduces to the total variation
distance.

A transportation cost (TC) inequality in a MM-space (
 ; P; d) is an inequality of
the form:

d1(Q; P) � c
p

D(QjjP); for any distribution Q on 
. (12.3) eq:tc-gen

12.1.1 Distance in Product Spaces with Hamming Metric

Of special interest is a product space. Given MM-spaces (
i ; Pi ; di ); i 2 [n], the
product space (
 ; P; d) is de�ned by setting

� 
 := 
 1 � � � � � 
 n

� P := P1 � � � � � Pn ,

and the distanced = dH is given by the Hamming metric,

dH (xn ; yn) :=
X

i

di (x i ; yi ):

Recall the coupling distance (
eq:coupling-dist
12.2) in this setting equals

d1(Qn ; Rn ) := min
� (Y n ;Z n )

X

i 2 [n]

E� di (Yi ; Z i );

where the minimum is over all couplings� of Qn and Rn i.e. � (Y n ; Z n ) is a joint
distribution of random variablesY n := ( Y1; � � � ; Yn ) and Z n := ( Z1; � � � ; Zn) with
� (Y n ) � Qn and � (Z n ) � Rn .

Exercise 12.2 Check this.
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Exercise 12.3 Let 
 n := [ n]n with the discrete Dirac metric in each component
and consider the distributions

� The product distribution Pn ,

Pn (i1; � � � ; in ) :=
Y

i

1
n

=
1

nn
:

� The permutation distribution Qn which is concentrated and uniformly dis-
tributed on permutations� of [n]:

Qn (� (1); � � � ; � (n)) =
1
n!

:

Compute jjPn � Qn jj 1, d1(Pn ; Qn ), D(Qn jjPn). (Note that D(Pn jjQn) is
unde�ned.)

12.2 TC Inequalities Imply Isoperimetric Inequal-
ities and Concentration

sec:tc-to-iso

A transportation cost inequality in a MM space (
 ; P; d) immediately yields an
isoperimetric inequality. First, some notation: for a point x 2 
 and a subset
A � 
, de�ne

d1(x; A) := min
y2 A

d1(x; y);

and for subsetsA; B � 
, de�ne

d1(A; B ) := min
x2 A

d(x; B )

= min
x2 A;y 2 B

d(x; y):

prop:tc-to-iso Proposition 12.4 (TC Implies Isometry) Let (
 ; P; d) be a MM-space sat-
isfying the TC inequality (

eq:tc-gen
12.3). Then, for A; B � 
 ,

d1(A; B ) � c

 s

log
1

P(A)
+

s

log
1

P(B)

!

:

Proof. Take Q and R to be the measureP conditioned onA and B respectively:

Q(x) :=

(
P(x)=P(A) if x 2 A;

0 otherwise
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and

R(x) :=

(
P(x)=P(B) if x 2 B;

0 otherwise

Note that

D(QjjP) =
X

Q(x)> 0

Q(x) log
Q(x)
P(x)

=
X

x2 A

P(x)
P(A)

log
1

P(A)

= log
1

P(A)
: (12.4) eq:div-comp-1

Similarly,

D(RjjP) = log
1

P(B)
: (12.5) eq:div-comp-2

Then,

d1(A; B ) � d1(Q; R);

since the min is at most an average

� d1(Q; P) + d1(R; P);

by the triangle inequality

� c
p

D(QjjP) + c
p

D(RjjP);

by the Transportation cost Inequality

= c

 s

log
1

P(A)
+

s

log
1

P(B)

!

;

by (
eq:div-comp-1
12.4) and (

eq:div-comp-2
12.5)

To obtain the familiar product form of the isoperimetric inequality, take B := A t .
then,

t � d(A; A t )

� c

 s

log
1

P(A)
+

s

log
1

P(A t )

!

:

�
p

2c

 s

log
1

P(A)
+ log

1

P(A t )

!

; concavity of
p

�

=
p

2c

s

log
1

P(A)P(A t )
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Hence,
P(A)P(A t) � e� t2=2c2

:

As we have seen before, such an insiperimetric inequality implies concentrations of
Lipschitz functions. One can also deduce concentration results for Lipschitz func-
tions directly from the transportation cost inequality as oulined in Problem

prob:tc-to-conc
12.14.

12.3 TC Inequality in Product Spaces with Ham-
ming Distance

In this section, we state and prove a TC inequality for product measures with
Hamming distance (with the discrete Dirac distance in each coordinate).

th:tc-prod Theorem 12.5 (TC Inequality for Product Measures and Hammin g Distance)
Let (
 ; P; d) be a product space i.e.for arbitrary MM-spaces(
 i ; Pi ; di ); i 2 [n],

� 
 := 
 1 � � � � � 
 n ,

� P := P1 � � � � � Pn , and

� d(xn ; yn) :=
P

i [x i 6= yi ].

Then for any measureQ on 
 ,

d1(Q; P) �

r
n
2

D(QjjP):

Exercise 12.6 Deduce a familiar isoperimetric inequality for product spaces from
this TC inequality. (Hint : use Proposition

sec:tc-to-iso
12.2 above.)

The proof is by induction on the dimension. All the action takes place in the
base case i.e. dimension one!. The extension to higher dimensions is by abstract
nonsense.

12.3.1 One dimension

In one dimension, the basic result is
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Theorem 12.7 (Pinsker's inequality)

d1(Q; R) �

r
1
2

D(QjjR):

Proof. First we prove the inequality in the special case when 
 =f 0; 1g. Let
q := Q(1) and r := R(1), and assume without loss of generaility thatq � r .
Then, we need to prove that:

qlog
q
r

+ (1 � q) log
1 � q
1 � r

� 2(q � r )2: (12.6) eq:pinsk-calc

This is an exercise in elementary calculus.

For the general case, letA � := f x 2 
 j Q(x) � R(x), and de�ne measuresQ�

and R� on f 0; 1g by:

Q� (1) := Q(A � ): R� (1) := R(A � ):

Then,

D(QjjR) � D(Q� jjR� ); by Jensen's Inequality

� 2 (Q� (1) � R� (1))2

= 2d2
1(Q; R):

Exercise 12.8 Establish (
eq:pinsk-calc
12.6) by calculus.

12.3.2 Higher dimensions

The \tensorization" step to higher dimesions is by abstractnonsense. We will do
it in an abstract general setting because, besides being natural, it is also useful
in this form for other applications (other than the one abovefor simple product
measures).

Recall that given MM-spaces (
i ; Pi ; di ); i 2 [n], the product space (
; P; d) is
de�ned by setting

� 
 := 
 1 � � � � � 
 n

� P := P1 � � � � � Pn ,
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� the distanced = dH is given by the Hamming metric,

dH (xn ; yn) :=
X

i

di (x i ; yi ):

and The coupling distance
eq:coupling-dist
12.2 in this setting equals:

d1(Qn ; Rn ) := inf
� (Y n ;Z n )

X

i 2 [n]

E� di (Yi ; Z i ); (12.7) eq:d1-coup-high-dim

where the inf is over all couplings� of Qn and Rn i.e. � (Y n ; Z n ) is a joint
distribution of random variablesY n := ( Y1; � � � ; Yn ) and Z n := ( Z1; � � � ; Zn) with
� (Y n ) � Qn and � (Z n ) � Rn .

prop:tensor Proposition 12.9 (Tensorization of Transportation Cost) Let (
 i ; Pi ; di ); i 2
[n] be MM-spaces that each satisfy the transportation cost inequality:

d(Qi ; Pi ) � c
p

D(Qi jjPi ); for any distribution Qi on 
 i .

for some constantc > 0. Let (
 ; P; d) be the product space as de�ned above. Then
(
 ; P; d) satis�es the transportation cost inequality:

d(Q; P) � c
p

nD (QjjP); for any distribution Q on 
 .

Proof. It su�ces to construct a coupling � (Y n ; X n) with � (Y n ) � Q and
� (X n ) � P such that

E� [d(Y n ; X n)] =
X

i

E� [di (Yi ; X i )] � c
p

nD (QjjP):

Introduce the notational abbreviations:

Q(yi ) := � (Y i = yi ); Qi (yi j yi � 1) := � (Yi = yi j Y i � 1 = yi � 1):

De�ne:

� i (yi � 1) := D(Qi (� j yi � 1)jjPi (� j yi � 1)) = D(Qi (� j yi � 1)jjPi );

where the second equality is becauseP is a product measure. By thechain rule
for divergence,

D(QjjP) =
nX

i =1

X

y i � 12 
 i � 1

� i (yi � 1)Q(yi � 1):
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We construct the coupling� inductively. Assume the joint distribution on (Y i � 1; X i � 1)
has already been de�ned. To extend the distribution, we de�ne the joint distri-
bution of (Yi ; X i ) conditioned on (Y i � 1 = yi � 1; X i � 1 = x i � 1) for any yi � 1; x i � 1.
First de�ne the marginals by:

� (Yi = z j Y i � 1 = yi � 1; X i � 1 = x i � 1) := Qi (z j yi � 1);

and
� (X i = z j Y i � 1 = yi � 1; X i � 1 = x i � 1) := Pi (z):

That is, noth Yi and X i are conditionally independent ofX i � 1 given Y i � 1 = yi � 1.

Now, we use the transportation cost inequality satis�ed by the component space

 i to construct a coupling of (Yi ; X i ) with these marginals so that for allyi � 1,

E�

�
di (Yi ; X i ) j Y i � 1 = yi � 1

�
� c

p
� i (yi � 1):

Finally we verify that this inductively constructed coupling satis�es the desired
inequality:

X

i

E� [di (Yi ; X i )] =
X

i

X

y i � 1

E�

�
di (Yi ; X i ) j Y i � 1 = yi � 1

�
Q(yi � 1)

�
X

i

X

y i � 1

c
p

� i (yi � 1)Q(yi � 1)

= cn
X

i

X

y i � 1

p
� i (yi � 1)

Q(yi � 1)
n

� cn

vu
u
t

X

i

X

y i � 1

� i (yi � 1)
Q(yi � 1)

n
; by concavity of

p
�

= c
p

nD (QjjP); by the chain rule for divergence:

We can now complete the proof of the Transportation Cost Inequality in product
spaces with the Hamming distance:

Proof. (of Theorem
th:tc-prod
12.5) Combine Pinsker's inequality with the abstract ten-

sorization of Proposition
prop:tensor
12.9.

12.4 An Extension to Non-Product Measures

In this section, we state a theorem due to K. Marton which extends the TC in-
equality from independent distributions to certain dependent distributions where
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one has some handle to control the dependence. This extension is quite useful as
shown by the application in Problem

prob:TC-perm
12.17.

th:marton-dep Theorem 12.10 (TC Inequality with controlled dependence) Let (
 ; Q; d)
be MM-space with

� 
 := 
 1 � � � � � 
 n .

� d(xn ; yn) :=
P

i di (x i ; yi ), for arbitrary metrics di on 
 i for each i 2 [n],
and

� Q a measure on
 such that for eachk � 0 and eachxk ; x̂k di�ering only
in the last co-ordinate (i.e. x i = x̂ i ; i < k and x i 6= x̂ i ), there is a coupling
� (Y n

k ; Z n
k ) of the distributions Q(� j xk) and Q(� j x̂k ) such that

E�

"
X

i>k

di (Yi ; Z i ) j xk ; x̂k

#

� u:

Then for any other measureR,

d(R; Q) � (u + 1)

r
n
2

D(RjjQ):

Exercise 12.11 Deduce the TC inequality for product measures from Theorem
th:marton-dep
12.10
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12.5 Problems

prob:l1-dist Problem 12.12 Prove the following alternative characterizations of the total
variation distance:

d1(Q; R) =
1
2

EQ

� �
�
�
�1 �

R(Y)
Q(Y)

�
�
�
�

�
(12.8)

= EQ

��
1 �

R(Y)
Q(Y)

�

+

�
(12.9)

=
X

y

�
1 �

R(y)
Q(y)

�

+

Q(y)

=
X

y

�
1 �

Q(y)
R(y)

�

+

R(y)

= ER

��
1 �

Q(Y)
R(Y)

�

+

�
(12.10)

= max
A� 


jQ(A) � R(A)j (12.11)

5

prob:tot-var-coup Problem 12.13 Show that the total variation distance is also given by:

d1(Q; R) = min
� (Y;Z )

E� [Y 6= Z ]; (12.12) eq:d1-coupling

where the minimum ranges over all couplings� (Y; Z) of Q and R: � (Y) � Q and
� (Z ) � R.

Proof. We start with the characterization (see Problem
prob:l1-dist
12.12)

d1(Q; R) = max
A� 


jQ(A) � R(A)j :

Let A � 
 achieve the maximum on the right hand side. Then,

d1((Q; R) = jQ(A) � R(A)j

= j� (Y 2 A) � � (Z 2 A)j

� E� [Y 6= Z ] :

Equality is attained by the following coupling ofQ andR. Let � (x) := min( Q(x); R(x)).
and let

� (Y = x; Z = x) := � (x);
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and for x 6= x0, let

� (Y = x; Z = x0) :=
(Q(x) � � (x))( R(x0) � � (x0))

1 �
P

x � (x)
:

(Note that if the denominator vanishes thenQ = R.)

5

prob:tc-to-conc Problem 12.14 Use the Transportation Cost inequality to directly deduce a
measure concentration result for Lipschitz functions. Let(
 ; P; d) be a MM-
space satis�ying a TC inequality:

d1(Q; P) � c
p

D(QjjP);

and let f be a Lipschitz function on 
. Let

A := f x 2 
 j f (x) > EP [f ] + tg:

Let Q be the measureP conditioned onA.

(a) Argue that
d1(Q; P) � EQ [f ] � EP [f ] � t:

(b) Deduce that
P[f > EP [f ] + t] � e� 2t2=c2n :

(c) Similarly deduce the other tail inequality.

5

Problem 12.15 [A Weighted Transportation Cost Inequality in Product Spaces]
Let � := ( � 1; � � � ; � n ) � 0 and let (
 ; Pi ; di ) be arbitrary MM-spaces. Consider
the product space (
; P; d� ) with 
 and P as usual, but with the weighted Ham-
ming metric:

d� (xn ; yn) :=
X

i

� i d(x i ; yi ) (12.13) eq:weighted-hamming

Prove:

Theorem 12.16 (TC Inequality in Product Spaces with Weighte d Hamming Distance)
Let (
 ; P; d� ) be a product space with a weighted Hamming metric (

eq:weighted-hamming
12.13). Sup-

pose the component spaces satisfy a transportation cost inequality:

d(Q; Pi ) � c
p

D(QjjPi ) for i 2 [n]:
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Then, for any measureQ on 
 ,

d(Q; P) � cjj � jj 1

p
D(QjjP):

In particular, if jj � jj 1 = 1 i.e. � is a (non-negative) vector with unitL1 norm,
then,

d(Q; P) � c
p

D(QjjP):

Verify that the unweighted case is a special case of this. 5

Problem 12.17 [Transportation Cost and Concentration for Permutations]Considerprob:TC-perm
the group of permutationsSn as a MM-space by endowing it with the uniform
distribution P and the transposition distanced between permutations. Show
that this space satis�es the transportation cost inequality

d(Q; P) �
p

2nD (QjjP):

Deduce an isoperimetric inequality and a measure concentration result for Lips-
chitz functions on permutations. (Hint : Apply Marton's Theorem

th:marton-dep
12.10.) 5

Problem 12.18 Prove Theorem
th:marton-dep
12.10 and give a weighted analogue. 5

12.6 Bibliographic Notes

The approach to measure concentration via transportation cost was introduced by
Marton

Mar96
[44]. The extension to dependent measures is from Marton

Mar98
[45]. LedouxLed01

[39][Chapter 6] covers the Transportation cost approach inmore detail.
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Chapter 13

Quadratic Transportation Cost
and Talagrand's Inequality

[Transportation Cost and Talagrand's Inequality]ch:quad-transportation-cost

13.1 Introduction

In this chapter, we will prove Talagrand's convex distance inequality via the
transportation cost method, an approach pioneered by Kati Marton

Mar98
[45] and

further developed by Amir Dembo
Dem97
[14]. This approach is particularly interesting

because:

� It places both the theorem and its proof in its natural place within the
context of isoperimetric inequalities.

� It places a standard structure on the proof as opposed to the somewhatad
hoc and mysterious nature of the original inductive proof of Talagrand..

� It isolates very clearly the essential content of the proof in one dimension,
and shows that the extension to higher dimensions is routine.

� It also allows a stronger version of the method of bounded di�erences that
leads to concrete improvements in applications.

� It allows generalization to dependent measures.

179
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13.2 Review and Roadmap

Recall the setup for the isoperimetric inequality for product measures and a
weighted Hamming distance: (
; P; d� ) where 
 :=

Q
i 2 [n] 
 i , P :=

Q
i Pi for

arbitrary spaces (
 i ; Pi ); i 2 [n] and the weighted Hamming distance is de�ned
by

d� (x; y) :=
X

i 2 [n]

� i [x i 6= yi ]; (13.1) eq:weighted-hamming-2

for a �xed � := ( � 1; : : : ; � n ) � 0 with norm 1 i.e.
P

i � 2
i = 1.

To prove this via the Transportation cost method, we introduced a distance
between probability measures on 
 that re
ected (

eq:weighted-hamming-2
13.1): namely, ifQ and R are

distributions on 
, de�ne

d1;� (Q; R) := inf
� (Y;Z )

X

i 2 [n]

� i [Yi 6= Z i ] (13.2) eq:d1

We then proved theTransportation cost inequality for this distance in product
spaces: for any other distributionQ on 
,

d1;� (Q; P) �

r
D(QjjP)

2
: (13.3) eq:trans-cost-d1

From this information-theoretic inequality, the isoperimetric inequality for prod-
uct spaces and weighted Hamming distance followed readily:for any two subsets
A; B � 
,check constant

in exponent P(X 2 A) � P(d1;� (X; A ) > t ) � e� 2t2
(13.4) eq:iso-hamming

In the non-uniform setting, we have, for every pointx 2 
, a non-negative
unit norm vector � (x) := ( � 1(x); : : : ; � n (x)) i.e. a function � : x ! � (x) with
jj � (x)jj 2 = 1, and one de�nes an asymmetric notion of \distance" by:

d2;� (x; y) :=
X

i 2 [n]

� i (x)[x i 6= yi ]; (13.5) eq:asymm-hamming

(The reason for the subscript \2" will emerge shortly.)

As usual, forA � 
,
d2;� (x; A) := min

y2 A
d2;� (x; y):

The goal is to prove the following isoperimetric inequalitywhich is analogous to
(
eq:iso-hamming
13.4) which was used in the applications in the previous chapter:
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Theorem 13.1 For any A � 
 ,

P(X 2 A)P(d2;� (X; A ) > t ) � e� t2 =4:

Some thought shows that proving such an inequality is tantamount to proving
the inequality for all possible� simultaneously in the following sense. De�ne, for
x 2 
 and A � 
,

d2(x; A) := sup
jj � jj =1

d2;� (x; A): (13.6) eq:Tal-dist

This is just the Talagrand convex distance between a point and a subset. Then
we will prove,

Theorem 13.2 (Talagrand's Convex Distance Inequality) For any A �

 ,

P(X 2 A)P(d2(X; A ) > t ) � e� t2=4:

To prove this via the transportation cost method, we need to introduce a distance
between probability measures in 
 that re
ects (

eq:asymm-hamming
13.5) and (

eq:Tal-dist
13.6). For probability

measuresQ; R on 
, de�ne:

d2(Q; R) = inf
� (Y;Z )

sup
EQ [jj � jj 2]� 1

E� [
X

i 2 [n]

� (Yi )[Yi 6= Z i ] (13.7) eq:d2-def

(The sup is over all functions� : 
 ! Rn such that EQ [jj � (X )jj ] � 1.) In Prob-
lem

prob:quad-traingle-ineq
13.17 you are asked to show that this notion of \distance" satis�es a traiangle

inequality. We will show that this \distance" satis�es a transportation cost in-
equality and as a consequence yields Talagrand's convex distance inequality.
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13.3 A L2 (Pseudo)Metric on Distributions

13.3.1 One Dimension

A L2 notion of \distance" between two distributions Q and R on a space is given
by the following de�nition:

d2(Q; R) :=

 

EQ

�
1 �

R(Y)
Q(Y)

� 2
! 1=2

=

 
X

y

�
1 �

R(y)
Q(y)

� 2

Q(y)

! 1=2

(13.8)

=

 
X

y

R2(y)
Q(y)

� 1

! 1=2

(13.9)

Note that this de�nition is asymmetric!

Compare this with the variational distanced1(Q; R):

d1(Q; R) :=
1
2

EQ

� �
�
�
�1 �

R(Y)
Q(Y)

�
�
�
�

�

= EQ

��
1 �

R(Y)
Q(Y)

�

+

�

=
X

y

�
1 �

R(y)
Q(y)

�

+

Q(y)

An alternate characterization ofd2 is via couplings:

Proposition 13.3

d2(Q; R) = inf
� (Y;Z )

sup
EQ [� ]� 1

E� [� (Y)[Y 6= Z ]] : (13.10) eq:l2-dist-prob-1-dim

= inf
� (Y;Z )

X

y

(� (Z 6= y j Y = y))2 Q(Y = y) (13.11)

Here,

� The inf is over all joint distributions � with marginals Q and R, and

� the sup is over all � : 
 ! R.
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Proof. We will show that for any joint distribution � ,

sup
k� k� 1

E� [� (Y)[Y 6= Z ]] =
X

y

(� (Z 6= y j Y = y))2 q(Y = y):

To show that the left hand side is at most the right hand side, we use the Cauchy-
Schwartz inequality:

E � [� (Y)[Y 6= Z ]] =
X

y

� (y)� (Z 6= y) j Y = y]q(Y = y)

�

 
X

y

(� (y))2q(Y = y)

! 1=2  
X

y

(� (Z 6= y j Y = y))2q(Y = y)

! 1=2

�

 
X

y

(� (Z 6= y j Y = y))2q(Y = y)

! 1=2

Exercise 13.4 Choose� suitably to prove the other direction.

13.3.2 Tensorization to Higher Dimensions

For probability measuresQ; R on 
 n , de�nition
eq:d2-def
13.7 reduces to:

d2(Q; R) = inf
� (Y n ;Z n )

sup
Eq [k� k2 ]� 1

E�

2

4
X

i 2 [n]

� (Yi )[Yi 6= Z i ]

3

5

(The sup is over all functions� i : 
 i ! R such that EQ [k� (X )k2] � 1.) In
Problem

prob:quad-traingle-ineq
13.17 you are asked to show that this notion of \distance" satis�es a

triangle inequality.

An alternate characterization is:

d2(Q; R) = inf
� (Y n ;Z n )

X

i

X

yn

(� (Z i 6= yi j Y n = yn ))2 Q(Y n = yn)

13.4 Quadratic Transportation Cost

th:quad-cost-prod Theorem 13.5 (Quadratic Transportation Cost Inequality in Product Spaces)
Let (
 ; P) be a product space with
 :=

Q
i 2 [n] 
 i and P :=

Q
i 2 [n] Pi where(
 i ; Pi )

are arbitrary spaces. Then, for any other measureQ on 
 ,

d2(Q; P) �
p

2D(QkP)



DRAFT

184CHAPTER 13. QUADRATIC TRANSPORTATION COST AND TALAGRAND'S INEQUALITY

The proof is by induction on dimension where all the action once again is in
dimension one!

13.4.1 Base case: One Dimension

In one-dimension, for theL1 distance d1, the standard inequality is Pinsker's
inequality:

d1(Q; R) �

r
1
2

D(QkR) (13.12) eq:pinsker

We need an analogous inequality ford2. Notice that because the distanced2

is not symmetric (unlike d1), we actually need two inequalities. However there
is an elegant symmetric version due to P-M Samson

Sam00
[63] from which the two

asymmetric inequalities we need follow:

th:pinsker-analog Theorem 13.6 For any two distributions Q and R,

d2
2(Q; R) + d2

2(R; Q) � 2D(RkQ) (13.13) eq:d2-pin-symm

Hence,
d2(Q; R); d2(R; Q) �

p
2D(RjjQ): (13.14) eq:d2-pin-asymm

Exercise 13.7 Consider two distributionsQ and R on the two point space
 :=
f 0; 1g. Computed1(Q; R) d2(Q; R) and D(QkR). Verify that

� D1(Q; R); d2(Q; R) � D(QkR).

� d1(Q; R) � d2(Q; R).

Exercise 13.8 Write down the inequality in the case of a two point space and
compare with Pinsker's inequality.

Proof. (Of Theorem
th:pinsker-analog
13.6): Consider the function

	( u) := u logu � u + 1;

and
�( u) := 	( u)=u:
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By elementary calculus, it is easy to check that or 0� u � 1,

	( u) �
1
2

(1 � u)2;

whereas foru � 1,

�( u) �
1
2

(1 �
1
u

)2:

Since
u logu � u + 1 = 	( u)[u � 1] + u�( u)[u > 1];

we have,

u logu � u + 1 �
1
2

(1 � u))2
+ +

u
2

�
1 �

1
u

� 2

+

:

Putting u := Q(X )
R(X ) and taking expectations with respect to the measureR(X )

gives the lemma.
Might add a
few lines
beacause this is
a bit tricky ...

13.4.2 Tensorization to Higher Dimensions
sec:tensor-quad-cost

Once we have the inequality in one dimension, it is routine (but tedious) to
extend the inequality to higher dimensions. We phrase the tensorization lemma
in a general abstract fashion to emphasise its generality (which is useful in other
applications).

prop:quad-tensor Proposition 13.9 (Tensorization of Quadratic Cost) Let (
 i ; Pi ; di ); i = 1; 2
be spaces that separately satisfy a quadratic transportation cost inequality: for any
measuresQi on 
 i ,

d2(Qi ; Pi ) �
p

2D(Qi kPi ); i = 1; 2:

Let 
 := 
 1 � 
 2 be the product space with product measureP := P1 � P2 and
distance d(x; y) := d(x1; y1) + d(x2; y2). Then, the measureP also satis�es a
quadratic transportation cost inequality: for any measureQ on 
 ,

d2(Q; P) �
p

2D(QkP):

Proof. Co-ordinate by co-ordinate extension of the coupling, as in the previous
chapter. See also Ledoux

Led01
[39][Theorem 6.9]. pages 130-131.

Now we can complete the proof of the Quadratic Transportation Cost inequality
in product spaces:

Proof. (of Theorem
th:quad-cost-prod
13.5) Induction using Proposition

prop:quad-tensor
13.9 with Theorem

th:pinsker-analog
13.6 as

the base case.
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13.5 Talagrand's Inequality via Quadratic Trans-
portation Cost

Exercise 13.10 Verify that if d2(A; B ) := min x2 A d2(x; B ) whered2(x; B ) is the
Talagrand convex distance andd2(Q; R) is the distance de�ned above for any
probability distributions Q and R concentrated onA and B respectively, then
d2(A; B ) � d2(Q; R),

th:tala2 Corollary 13.11 (Talagrand's Convex Distance Inequality i n Product Spaces)

d2(A; B ) �

s

2 log
1

P(A)
+

s

2 log
1

P(B)
:

Proof. Take Q(C) := P(C j A); R(C) := P(C j B). Then,

d2(A; B ) � d2(Q; R); since the min at at most an average

� d2(Q; P) + d2(R; P) triangle inequality

�
p

2D(QjjP) +
p

2D(RjjP) TC inequality

=

s

2 log
1

P(A)
+

s

2 log
1

P(B)
:

To obtain the familiar product form of Talagrand's inequality, take B := A t .
then,

t � d(A; A t )

�

s

2 log
1

P(A)
+

s

2 log
1

P(A t )
:

� 2

s

log
1

P(A)
+ log

1

P(A t )
; concavity of

p
�

= 2

s

log
1

P(A)P(A t )

Hence,
P(A)P(A t ) � e� t2=4:
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13.6 Method of Bounded Di�erences Revisited
sec:mobd-revisited

The Quadratic Transportation Cost inequality, Theorem
th:quad-cost-prod
13.5 can be used to give a

direct proof of a somewhat stronger version of the method of bounded di�erences.

th:av-tal Theorem 13.12 (Method of Average Non-Uniform Bounded Di�er ences)
Let Q be a measure in a product space
 =

Q
i 2 [n] 
 i satisfying a quadratic trans-

portation cost inequality: there is a constantc1 > 0 such that for any other
measureR,

d2(Q; R) � c1

p
D(RkQ):

Let f be a function such that there is a function� : 
 ! Rn with

EQ [
X

i

� 2
i (X )] � c2

2;

and such that
f (x(n)) � f (y(n)) +

X

i 2 [n]

� i (x)di (x i ; yi );

for any x(n) ; y(n) 2 
 . Then

Pr[f < Ef � t] � exp
�

� t2

c2
1 � c2

2

�
:

Proof. Set
A := f x(n) 2 
 j f (x(n)) < Ef � tg:

Consider the measureR on 
 concentrated on A and de�ned by R(x) := Q(x j
A) = Q(x)=Q(A) for x 2 A and 0 otherwise. Consider

d2(Q; R) = inf
� (X n ;Y n )

sup
EQ [jj � jj 2]� 1

E� [
X

i 2 [n]

� (X i )d(X i ; Yi )]

where� (X n) � Q and � (Y n ) � R. Let � be the coupling attaining the in�mum.
Then

d2(Q; R) = sup
EQ [jj � jj 2]� 1

E� [
X

i 2 [n]

� (X i )d(X i ; Yi )]

� E� [
X

i 2 [n]

� (X i )
c2

d(X i ; Yi )]

�
1
c2

E� (f (X (n)) � f (Y (n)))

=
1
c2

EQ [f (X (n))] � ER [f (Y (n))]

�
1
c2

t
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But, by hypothesis,

d2(Q; R) � c1

p
D(RjjQ): = c1

s

log
1

Q(A)
:

Hence,

Pr[f < Ef � t] = Q(A) � exp
�

� t2

c2
1 � c2

2

�
:

Exercise 13.13 Show that if we assume

f (x(n)) � f (y(n)) �
X

i 2 [n]

� i (x)di (x i ; yi );

then one obtains a similar concentration onPr[f > Ef + t].
check!
Compare
Kim-Vu.

Example 13.14 [Subgraph Counts] Consider the random graphG(n; p) with
vertex set [n] and where ecah possible edgef i; j g is present with probbaility p
independently. Let H be a �xed graph and let YH denote the number of copies
of H in G(n; p). The study of YH is a clasical topic in the theory of random
graphs with a vast literature. We are interested concentration results obtained
by estimating the probbaility P[YH > (1 + � )E[YH ]] for a �xed small constant
� > 0.

Consider for illustration the caseH := K 3. Clearly E[YK 3 ] =
� n

3

�
p3 = �( p3n3).

Vu obtained the �rst exponential bound:

P[YK 3 > (1 + � )E[YK 3 ]] � exp(� �( p3=2n3=2)) :

Subsequently, Kim nad Vu by using a \Divide and Conquer" martingale argument
improved this to the near optimal

P[YK 3 > (1 + � )E[YK 3 ]] � exp(� �( p2n2)) :

We show how to obtain this easily from the average version of the method of
bounded di�erences above. The underlying product space is given by the indi-
cator random variablesX := X e; e 2 E :=

� [n]
2

�
corresponding to the presence

of edgee in G(n; p) and the function f (X e; e 2 E) is the number of triangles in
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the graph formed by the edgesX e = 1. Take � e(x) to be the number of triangles
containing the edgee in the graph fromed by the edgesxe = 1.. Clearly,

f (x) � f (y) �
X

xe6= ye

� e(x):

The random variable� e(X ) has distribution Bin (n � 2; p2) and hence

E[� 2
e(X )] = ( n � 2)p2(1 � p2) + ( n � 2)2p4 = �( n2p4);

and so X

e

E[� 2
e(X )] = �( n4p4):

Substituting inot he bound of Theorem
th:av-tal
13.12 gives

P[YK 3 > (1 + � )E[YK 3 ]] � exp(� �( p2n2)) :

5

13.7 Extension to Dependent Processes
eq:dep-extension

In this section, we state an exetnsion of the Quadratic Transportation Cost in-
equality for certain classes of dependent measures. The result is due indepen-
dently to Kati Marton and P-M. Samson . In the formulation below, we follow
Samson

Sam00
[63].

Let Q be a a measure on 
 and letX 1; : : : X n be distributed according toQ. To
quantify the amount of dependence between these variables,introduce an upper
triangular matrix � = �( Q) with ones on the diagonal.

For 1 � i < j � n, denote the vector (X i ; : : : ; X j ) by X j
i . For every 1� i � n,

every x1; : : : xi � 1 with xk 2 
 k and xk ; x0
k 2 
 k , set:

aj (x i � 1
1 ; x;; x0

i ) := d1
�
Q(� j X i � 1

1 = x i � 1
i ; X i = x i ); Q(� j X i � 1

1 = x i � 1
i ; X i = x0

i )
�

:

That is, take the total variation distance between the two conditional distribu-
tions of Q where the two conditionings di�er only at one point. Set

� 2
i;j := sup

x i ;x0
i

sup
x1 ;:::;x i � 1

aj (x i � 1
1 ; x;; x0

i ):

Theorem 13.15 (Transportation Cost Inequality for Depende nt Measures)
For any probability measureR on 
 ,

d2(R; Q); d2(Q; R) � k �( Q)k
p

2D(RkQ): (13.15)

Exercise 13.16 Recover the inequality for independent measures from this one.
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13.8 Bibliographic Notes
sec:bib-quad

The transportation cost approach to proving Talagrand's inequality was pioneered
by Kati Marton. Dembo

Dem97
[14] contains systematic generalizations to several other

geometric inequalities. The proof of the inequality in one dimension and the ex-
tension to dependent measures are from Samson

Sam00
[63]. Ledoux

Led01
[39][x 6.3] contains

a complete exposition.

13.9 Problems
sec:problems-quad-cost

prob:quad-traingle-ineq Problem 13.17 Show that the asymmetric and non-uniform notion of distance
in (

eq:asymm-hamming
13.5) satsi�es a triangle inequality. 5
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Chapter 14

Log-Sobolev Inequalities and
Concentration

[Log-Sobolev Inequalities]ch:log-sobolev

14.1 Introduction

In this chapter, we give an introduction to Log-Sobolev inequalities and their use
in deriving concentration of measure results. This is a third importnat method-
ology for concentration of measure (the other two being martingales and trans-
portation cost) and it appears to be the most powerful of the three.

Given a probability space (
 ; � ), and a function f : 
 ! R, de�ne the entropy
of f by

Ent � (f ) := E� [f logf ] � E� [f ] logE� [f ]: (14.1) eq:ent-f

By Jensen's inequality applied to the convex function (x) := x logx, Ent � (f ) �
0 for any f .

A logarithmic Sobolev inequalityor just log-Sobolev inequality boundsEnt� [f ],
for a \smooth" function f , by an expression involving its gradient. InRn which is
the original context in which log-Sobolev inequalities were introduced, a measure
� satis�es a log-Sobolev inequality if, for someC > 0 and all smooth enough
functions f ,

Entmu (f ) � 2CE� [jr f j2]: (14.2) eq:log-s-reals

191
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14.2 A Discrete Log-Sobolev Inequality on the
Hamming Cube

sec:discrete-log-sob

We are interested here in discrete settings: what is the analogue of r f is a
discrete setting in order to formulate a version of (

eq:log-s-reals
14.2)?

Consider the familiar Hamming cubef 0; 1gn . Here a natural analogue ofr f
would be:

r f := ( D1f; : : : ; D n f );

where, for eachi 2 [n],
D i f (x) := f (x) � f (� i x);

and � i (x) is the result of 
ipping the bit in the i th position in x.

th:log-s-hcube Theorem 14.1 (Log-Sobolev Inequality in the Hamming Cube) For any
function f : f 0; 1gn ! R,

Ent� (f 2) �
1
2

X

1� i � n

E� [jD i f j2]: (14.3) eq:log-s-hcube

14.3 Concentration: The Herbst Argument
sec:herbst

The log-Sobolev inequality (
eq:log-s-hcube
14.3) in Theorem

th:log-s-hcube
14.1 yields the familiar measure

concentration results for Lipschitz functions on the Hamming cube. Ledoux
Led01
[39]

attributes the basic argument to Herbst.

Let F be 1-Lipschitz (with respect to the Hamming metric in the cube) and apply
(
eq:log-s-hcube
14.3) to the function f 2 := esF for somes 2 R to be chosen later.

To bound the right hand side in (
eq:log-s-hcube
14.3), we use the Lipschitz property ofF and

elementary calculus to get:

jD i (esF=2)j := jesF (x)=2 � esF (� k (x)) =2j

� j sjesF (x)=2:

Putting this into (
eq:log-s-hcube
14.3),

Ent� (esF ) �
ns2

2
E� [esF ]: (14.4)
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Now, we introduce somegeneratingfunctionology: let

G(s) := E� [esF ]:

be the (exponential moment) generating function ofF . Then, the left hand side
is (with E= E� ),

sE[F esF ] � E[esF ] logE[esF ] = sG0(s) � G(s) logG(s);

and the right hand side is
ns2

2
G(s):

Hence we arrive at the following di�erential inequality forG(s):

sG0(s) � G(s) logG(s) �
ns2

2
G(s): (14.5) eq:diff-eq-hcube

Let 	( s) := log G(s)
s ; then from (

eq:diff-eq-hcube
14.5), we get:

	 0(s) �
ns
2

�
n
2

; sinces � 1:

Thus
	( s) �

ns
2

+ a;

for some constanta. The constant is determined by noting that

lim
s! 0

	( s) = lim
s! 0

G0(0)
G(0)

= E[f ]:

Hence,
	( s) � E[f ] +

ns
2

;

i.e.

E[esF ] =: G(s) � exp
�

sE[F ] +
ns2

2

�
: (14.6) eq:laplace-bound

Thus we have arrived at a bound on the moment generating function of F and
this yields as usual, via Markov's inequality applied toesF , the concentration
bound:

� (F > E[F ] + t) � exp
�

� t2

2n

�
:
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14.4 Tensorization
sec:tensor

The following theorem enables one to reduce the proof of a log-Sobolev inequality
in product spaces to a single dimension:

th:tensor-entropy Theorem 14.2 (Tensorization of Entropy) Let X 1; : : : ; X n be independent ran-
dom variables with (X i taking values in(
 i ; � i ); i 2 [n]). Let f be a non-negative
function on

Q
i 
 i . Then, with � :=

Q
i � i and � � i :=

Q
j 6= i � j ,

Ent � (f ) �
X

i 2 [n]

E� � i [Ent � i [f j X j ; j 6= i ]]: (14.7)

As a �rst application of Theorem
th:tensor-entropy
14.2, we prove Theorem

th:log-s-hcube
14.1:

Proof. (of Theorem
th:log-s-hcube
14.1): By Theorem

th:tensor-entropy
14.2, it su�ces to prove the inequality

in one dimension, where it amounts to:

u2 logu2 + v2 logv2 � (u2 + v2) log
u2 + v2

2
� (u � v)2; (14.8) eq:log-sob-1dim

for any real u; v. This is easily checked by elementary calculus. Thus,

Ent � (f 2) �
X

i 2 [n]

E� � i [E� i [f
2 j X j ; j 6= i ]]

�
X

i 2 [n]

E� � i [
1
2

E� i [D i f 2 j X j ; j 6= i ]]

=
1
2

X

1� i � n

E� [jD i f j2]:

Exercise 14.3 Verify (
eq:log-sob-1dim
14.8).

Theorem
th:tensor-entropy
14.2 itself follows faily easily from an basic inequality ininformation

theory.

Theorem 14.4 (Han's Inequality for Entropy) Let X 1; : : : ; X n be any set
of (discrete) random variables, withX i taking values in
 i for i 2 [n] and let
Q be their distribution on the product space
 :=

Q
i 2 [n] 
 . Then,

HQ(X 1; : : : ; X n) �
1

n � 1

X

i 2 [n]

HQ(X 1; : : : ; X i � 1; X i +1 ; : : : ; X n ):
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Given a distributions Q on a product space 
 :=
Q

i 
 i , let Q� i denote the
distribution on the product space 
 � i :=

Q
j 6= i 
 j and given by:

Q= i (x � i ) :=
X

x i 2 
 i

Q(x);

wherex := ( x1; : : : ; xn ) and x � i := ( x1; : : : ; xi � 1; x i +1 ; : : : ; xn ).

Theorem 14.5 (Han's Inequality for Relative Entropy) Let P be the prod-
uct measure on
 and let Q be any other measure on
 . Then,

D(QjjP) �
1

n � 1

X

i 2 [n]

D(Q� i jjP� i );

or,
D(QjjP) �

X

i 2 [n]

(D(QjjP) � D(Q� i jjP� i )) :

Proof. (Of Theorem
th:tensor-entropy
14.2): First note that if the inequality is true for a random

variable f , it is also true for cf for any constant c > 0, so we may rescale to
assumeE[f ] = 1. De�ne

Q(x) := f (x)� (x);

so that
D(Qk� ) = Ent� [f ]

Thus,

Ent � [f ] = D(Qk� )

�
X

i 2 [n]

(D(Qk� ) � D(Q� i k� � i ))

=
X

i 2 [n]

E� � i [Ent � i [f j X j ; j 6= i ]]

14.5 Modi�ed Log-Sobolev Inequalities in Prod-
uct Spaces

sec:log-s-prod

Let X 1; : : : ; X n be independent random variables and letX 0
i ; : : : ; X 0

n be an inde-
pendent identical copy of the variablesX 1; : : : ; X n . Let Z := f (X 1; : : : ; X n be a
positive valued random variable and for eachi 2 [n], set

Z 0
i := f (X 1; : : : ; X i � 1:X 0

i ; X i +1 ; : : : ; X n ):
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Theorem 14.6 (Symmetric Log-Sobolev Inequality in Product Spaces)
Let X i ; X 0

i ; i 2 [n] and Z; Z 0
i ; i 2 [n] be as above. Then,

Ent[esZ ] �
X

i 2 [n]

E[esZ  (� s(Z � Z 0
i ))] ; (14.9) eq:log-s-symm-1

where (x) := ex � x � 1. Moreover,

Ent[esZ ] �
X

i 2 [n]

E
�
esZ � (� s(Z � Z 0

i ))[Z > Z 0
i ]

�
: (14.10) eq:log-s-symm-2

and
Ent[esZ ] �

X

i 2 [n]

E
�
esZ � (� s(Z 0

i � Z ))[Z < Z 0
i ]

�
:: (14.11) eq:log-s-symm-3

where� (x) := x(ex � 1).

Proof. We use Theorem (
th:tensor-entropy
14.2) applied to the functionesZ and bound each term

in the sum on the right hand side. Lemma
lem:tech
14.7 below implies that ifY 0 is any

positive function of X 1; : : : ; X i � 1; X 0
i ; X i +1 ; : : : ; X N , then,

Ei [Y logY] � E i [Y ] logE i [Y ] � Ei [Y (logY � logY 0) � (Y � Y 0)]:

Applying this to Y := esZ and Y 0 := eZ 0
i , we get:

Ei [Y logY] � E i [Y ] logE i [Y ] � Ei

�
esZ  (� s(Z � Z 0

i ))
�

This yields (
eq:log-s-symm-1
14.9),

To prove the other two inequalities, write

esZ  (� s(Z � Z 0
i )) = esZ  (� s(Z � Z 0

i )) [Z > Z 0
i ] + esZ  (s(Z 0

i � Z )) [Z < Z 0
i ]:

By symmetry, the conditional expectation of the second termmay be written

Ei

�
esZ  (s(Z 0

i � Z )) [Z < Z 0
i ]

�
= Ei

h
esZ 0

i  (s(Z � Z 0
i )) [Z > Z 0

i ]
i

= Ei

h
esZ e� s(Z � Z 0

i )  (s(Z � Z 0
i )) [Z > Z 0

i ]
i

:

Thus,

Ei

�
esZ  (� s(Z � Z 0

i ))
�

= Ei

h
esZ  (� s(Z � Z 0

i )) + e� s(Z � Z 0
i )  (s(Z � Z 0

i )) [Z > Z 0
i ]

i
:

Now (
eq:log-s-symm-2
14.10) follows by noting that (x) + ex  (� x) = x(ex � 1) =; � (x).

The proof of (
eq:log-s-symm-3
14.11) is symmetric to that of (

eq:log-s-symm-2
14.10).
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lem:tech Lemma 14.7 Let Y be a positive random variable. Then, for anyu > 0,

E[Y logY] � (E[Y ]) log(E[Y ]) � E[Y logY � Y logu � (Y � u)]:

Proof. For any x > 0, logx � x � 1, hence

log
u

E[Y ]
�

u
E[Y ]

� 1;

and so,
E[Y ] log

u
E[Y ]

� u � E[Y ];

which is equivalent to the statement in the lemma.

14.6 The Method of Bounded Di�erences Re-
visited

sec;bdd-revis

th:bdd-sob Theorem 14.8 (Method of Bounded Di�erences) If
X

i 2 [n]

(Z � Z 0
i )

2 � C;

for some constantC > 0, then

Pr[Z > E[Z ] + t]; Pr[Z < E[Z ] � t] � exp(� t2=4C):

Proof. Observe that forx < 0, � (� x) � x2 and hence for anys > 0, we have by
(
eq:log-s-symm-2
14.10),

Ent[esZ ] � E

2

4esZ
X

i 2 [n]

s2(Z � Z 0
i )

2[Z > Z 0
i ]

3

5 :

� E

2

4esZ
X

i 2 [n]

s2(Z � Z 0
i )

2

3

5

� s2CE[esZ ];

where in the last step, we used the hypothesis.

Now we complete the Herbst argument via generatingfunctionology. Introduce
the generating functionG(s) : � E[esZ ] and observe that the left hand side is

Ent[esZ ] = sG0(s) � G(s) logG(s):
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so,
Ent[esZ ] = sG0(s) � G(s) logG(s) � s2CG(s):

Divide both sides bys2F (s) and observe that the LHS is then the derivative of

	( s) :=
logG(s)

s
:

Hence, we have
	 0(s) � C;

which integrates to
	( s) � sC + a;

for some constanta. The constant is determined by noting that

lim
s! 0

	( s) = lim
s! 0

G0(s)
G(s)

=
G0(0)
G(0)

= E[Z ];

so
	( s) � E[Z ] + Cs;

which gives a bound on the moment generating function

G(s) � exp
�
E[Z ]s + s2C

�
:

This bound yields the desired concentration via the usual argument of applying
Markov's inequality to esZ .

ex:bdd-extn Exercise 14.9 Check that it is su�cient to assume
X

i 2 [n]

(Z � Z 0
i )

2[Z > Z 0
i ] � C;

for the proof above.

14.7 Talagrand's Inequality Revisited
sec:tal-sob

In this section we show how Talagrand's inequality follows easily via log-Sobolev
inequalities.

Recall the setting of Talagrand's inequality: we have a product distribution in
a product space, and the Talagrand convex distance:betweena point x and a
subsetA in the space:

dT (x; A) := sup
k� jk=1

d� (x; A);
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where

d� (x; A) : = min
y2 A

d� (x; y)

= min
y2 A

X

i 2 [n]

� i [x i 6= yi ]

Eqvivalently, we may write:

dT (x; A) = inf
� 2 D (A)

sup
k� k=1

X

i

� i E� [x i 6= Yi ]; (14.12) eq:tal-dist

whereD(A) is the set of probability distributions concentrated onA.

Exercise 14.10 Check that (
eq:tal-dist
14.12) is equivalent to the usual de�nition.

Now we apply Sion's MiniMax Theorem: iff : X � Y is convex, lower-semicontinuous
with respect to the �rst argument, concave and upper semi-continuous with re-
spect to the second argument, andX is convex and compact, then

inf
x

sup
y

f (x; y) = sup
y

inf
x

f (x; y) = min
x

sup
y

f (x; y):

Applying this to the characterization (
eq:tal-dist
14.12), we have,

dT (x; A) = inf
� 2 D (A)

sup
k� k=1

X

i

� i E� [x i 6= Yi ]

= sup
k� k=1

inf
� 2 D (A)

X

i

� i E� [x i 6= Yi ]

and the saddle point is achieved by some pair (�; � ).

Let Z denote the random variabledT (X; A ). Given X = ( X 1; : : : ; X n), let ( �̂; �̂ )
denote the saddle point corresponding toX . Then,

Z 0
i := inf

�
sup

�

X

j

� j E�

h
X (i )

j 6= Yj

i

� inf
�

X

j

�̂ j E�

h
X (i )

j 6= Yj

i

whereX (i )
j = X j if j 6= i and X (i )

i = X 0
i . Let ~� denote the distribution achieving

the in�mum in the last line. Then

Z = inf
�

X

j

�̂ j E� [X j 6= Yj ]

�
X

j

�̂ j E~� [X j 6= Yj ]
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Hence,

Z � Z 0
i �

X

j

�̂ j E~�

�
[X j 6= Yj ] � [X (i )

j 6= Yi ]
�

= �̂ i E~� ([X i 6= Yj ] � [X 0
i 6= Yi ])

� �̂ i

Hence, X

i

(Z � Z 0
i )

2[Z > Z 0
i ] �

X

i

�̂ 2
i = 1:

Now form the observation of the proof in Theorem
th:bdd-sob
14.8 needed in Exercise

ex:bdd-extn
14.9,

we get the result.

14.8 Problems

Problem 14.11 Consider the Hamming Cube with non-homogeneous product
measure.

(a) Derive a log-Sobolev inequality analogous to (
eq:log-s-hcube
14.3).

(b) Use the log-Sobolev inequality to derive a concentration result for Lipschitz
functions on the cube.

5

Problem 14.12 Consider the convex cube [0; 1]n non-homogeneous product mea-
sure where the expected value on co-ordinatei 2 [n] is pi .

(a) Derive a log-Sobolev inequality analogous to (
eq:log-s-hcube
14.3). (Hint : use a convexity

argument to reduce this to the previous problem.)

(b) Use the log-Sobolev inequality to derive a concentration result for Lipschitz
functions on the convex cube.

5

Problem 14.13 Relax the codition of Theorem (
th:bdd-sob
14.8) as follows to get a average

version of the method of bounded di�erences. Show that if

E

"
X

i

(Z � Z 0
i )

2[Z > Z 0
i ] j X 1; : : : ; X n

#

� C;
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then for all t > 0,
Pr[Z > E[Z ] + t] � e� t2=4C ;

while if

E

"
X

i

(Z � Z 0
i )

2[Z < Z 0
i ] j X 1; : : : ; X n

#

� C;

then for all t > 0,
Pr[Z < E[Z ] � t] � e� t2=4C ;

5

14.9 Bibliographic Notes

Our exposition is based on a combination of Ledoux
Led01
[39][x 5.1, 5.4] and the notes

of Gabor Lugosi
Lug05
[43]. A nice survey of the Entropy method in the context of other

techniques is in
Bou04
[62]. The original article developing the modi�ed Log-sobolev

inequalities with many other variations is
Bou03
[61]. Bobkov and G•otze

BG99
[6] compare

the relative strengths of the transportaion cost and log-Sobolev inequalities.
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