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Abstract

A graph G = (V, E) is called a pairwise compatibility graph (PCG) if there exists a
tree T, a positive edge weight function w on 7', and two non-negative real numbers
dmin < dmax, such that each leaf [, of T corresponds to a vertex u € V and there is
an edge (u,v) € E if and only if diy < drw(ly, 1) < diax Where dr (1, 1)) is the
sum of the weights of the edges on the unique path from [, to [, in T

In this paper we analyze the class of PCGs in relation to two particular sub-
classes resulting from the cases where the constraints on the distance between the
pairs of leaves concern only d,;,x (LPG) or only d),;; (mLPG). In particular, we
show that the union of LPG and mLPG classes does not coincide with the whole
class of PCGs, their intersection is not empty, and that neither of the classes LPG
and mLPG is contained in the other.

Finally, we study the closure properties of the classes PCG, mLPG and LPG,
under some common graph operations. In particular, we consider the following
operations: adding an isolated or universal vertex, adding a pendant vertex, adding
a false or a true twin, taking the complement of a graph and taking the disjoint
union of two graphs.
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1. Introduction

A graph G = (V,E) is a pairwise compatibility graph (PCG) if there exists a
tree T, a positive edge weight function w on 7" and two non-negative real numbers
dmin and dygyx, dmin < dmax, sSuch that each vertex u € V is uniquely associated to
a leaf [, of T and there is an edge (u,v) € E if and only if dpip < drw(ly, 1)) <
dmax where dr,,(ly, 1) is the sum of the weights of the edges on the unique path
from [, to [, in T. In such a case, we say that G is a PCG of T for d,,;, and
dayx; in symbols, G = PCG(T,w, dyin, dimayx). In Fig.1 the corresponding pairwise
compatibility graph for a weighted tree and two values d,,;, and d,,,,, is depicted.
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Figure 1: (a) A pairwise compatibility tree. (b) the corresponding pairwise compatibility graph.

Clearly, if a tree T', an edge weight function w and two values d,,;;, and d,;,, are
given, the construction of a PCG is a trivial problem. We focus on the reverse of this
problem, i.e., given a graph G we have to find out a tree 7', an edge weight function
w and two suitable values, d,;; and d,,,x, such that G = PCG(T,w, din, dimax)-
Such a problem is called the pairwise compatibility tree construction problem.
Meanwhile, the pairwise compatibility graph recognition problem asks to deter-
mine whether a given graph is a pairwise compatibility graph or not (without nec-
essarily exhibiting the corresponding pairwise compatibility tree 7).

The concept of pairwise compatibility was introduced in [10] in a computa-
tional biology context. A fundamental problem in computational biology is the
reconstruction of the phylogeny, or the evolutionary history, of a set of species,
populations, individuals or genes (generally referred as taxa) usually represented
as a phylogenetic tree. In a phylogenetic tree each leaf represents a distinct known
taxon and the edges indicate possible ancestors that might have led to this set of
taxa. Thus, the filogenetic tree reconstruction problem is the following: Given a
set of taxa find a fully labeled phylogenetic tree that “best” explains the given data.
Due to the difficulty in determining the criteria for an optimal” tree, the perfor-
mance of the reconstruction algorithms is evaluated through experimental methods.



However, as the tree reconstruction problem is proved to be NP-hard, these heuris-
tics are usually slow and as real phylogenetic trees are of a large dimension, testing
these algorithms on real data is difficult. Thus, it is interesting to find efficient
ways to sample subsets of taxa from a large phylogenetic tree, subject to some
biologically-motivated constraints, in order to test the reconstruction algorithms
on the subtree induced by the sample. In particular, given a phylogenetic tree, we
want to select a subset of leaves, uniformly at random, according to certain con-
straints on the subtree induced by the sample. An interesting constraint is the one
dealing with the pairwise distance between any two taxa in the induced subtree.
This is important because, as observed in [17], very close or very distant taxa can
create problems for phylogeny reconstruction algorithms. Given a phylogenetic
tree T and two integers din, dmayx, the aim is to select a sample from the leaves of
T such that the pairwise distance of any two leaves in the sample is at least d,;,
and at most d,,,,,. By the definition of PCG, a subset of leaves of a tree T such that
the distance of any two leaves belongs to the interval [d)in, dnax], corresponds to a
subset of vertices in the pairwise compatibility graph G of T, in which any two of
them are connected by an edge (for example the set of vertices {b, ¢, d} in Fig.1).
Thus, it is clear that this sampling problem reduces to selecting a clique uniformly
at random from the graph PCG(T,w, dyin, dmax). In view of this, it is interesting
to determine which graphs are PCGs as it would help to solve the clique problem
[9] in polynomial time for a restricted class of graphs. Moreover, since the space
and the time required by the polynomial algorithm for the sampling problem with
pairwise leaf distance constraints is not feasible for large phylogenetic trees, the in-
vestigation of properties of PCGs may give new insights for finding more efficient
algorithms for this problem.

Initially, the authors of [10] conjectured that every graph is a PCG, but this
conjecture has been confuted in [15], where a particular bipartite graph is proved
not to be a PCG. However, there are several known specific graph classes of pair-
wise compatibility graphs, e.g., graphs with five vertices or less [13], graphs with at
most seven vertices [6], cliques and disjoint union of cliques [1], chordless cycles
and single chord cycles [16], ladder graphs [14] and some particular subclasses of
bipartite graphs [15].

As we have seen, the pairwise compatibility concept is defined with respect to
two bounds concerning d,;, and d,. If we relax these conditions, requiring only
that the distance between some pairs of leaves is smaller than or equal to d,, (i.e.
we set d,;; = 0) then we are considering a particular subclass of PCGs, namely the
leaf power graphs (LPGs). More formally, G(V, E) is a leaf power graph if there
exists a tree T, a positive edge weight function w on 7 and a nonnegative number
dmax such that there is an edge (u,v) in E if and only if for their corresponding
leaves in T, I,,1,, we have dr,,(I,,1,) < dpuax, in symbols G = LPG(T,w, dy,y).



Although there has been a lot of work on this class of graphs (see e.g. [1, 2, 4, 5,
8, 11]), a complete description of leaf power graphs is still unknown.

In [7] the subclass of PCGs when the constraint concerns only the minimum
distance has been introduced. In this case d,, is set to the maximum weighted
distance between any pair of leaves, i.e. there is an edge in E if and only if the
corresponding leaves are at a distance greater than d,,;, in the tree. This subclass of
PCGs is called mLPG (minimum Leaf Power Graphs) for highlighting the simil-
itude with LPGs, even if these graphs are not power of trees. More formally,
G = (V,E) is an mLPG if there exists a tree T, a positive edge weight function
won T and an integer d,,;, such that there is an edge (u,v) in E if and only if
for their corresponding leaves in T [,,/, we have dr(l,,!,) > dpin; in symbols,
G = mLPG(T,w,d,;,). The relations between the classes of PCGs, LPGs and
mLPGs are studied in Section 4.

Furthermore, it is known that many graph classes can be built by means of re-
cursive applications of some graph operations. For this reason we focus on this
issue, trying to understand whether the PCG, LPG and mLPG classes remain close
under some well-known graph operations. More specifically, when a graph op-
eration is performed on one or more PCGs (or LPGs or mLPGs), we investigate
whether the resulting graph still belongs to the class of PCGs (or LPGs or mLPGs).

This paper is organized as follows: in Sections 2 and 3, we present informa-
tion useful for the forthcoming work. Namely, in Section 2 we introduce some
terminology and recall some known concepts, while in Section 3 we prove some
technical results. As we said, in Section 4 we study the relations between the PCG,
LPG and mLPG classes. In particular, we show that: the union of LPG and mLPG
does not coincide with the whole PCG class, neither of the classes LPG and mLPG
is contained in the other and their intersection is not empty, as threshold graphs
belong to both the classes mLPG and LPG and in each of the cases the associated
trees can be stars. In Section 5, we investigate whether and in which cases the PCG
class and its subclasses LPG and mLPG are closed under several graph operations.
To this purpose we study the operations of adding an isolated vertex, an universal
vertex and a pendant vertex. Moreover, we analyze the operations of adding a false
or a true twin and finally we study the graph complement and the disjoint union
of two given graphs. All the claims presented, except for the results regarding the
complement of a graph, are proved in a constructive way, so we not only solve the
PCG recognition problem but we also exhibit the corresponding tree.

In the last section of this paper we summarize the achieved results and propose
some open questions arisen by this work.



2. Basic definitions

In this section we introduce some terminology and recall some definitions that
will be used in the rest of the paper. The reader is referred to [3] for undefined
terms and notation.

In this paper we consider simple graphs G = (V, E) with vertex set V and
edge set E. For a vertex v of a graph G, N(v) = {u|(u,v) € E} denotes the open
neighborhood while N[v] = N(v) U {v} is the closed neighborhood. For a graph
G = (V,E) and a subset V' C V we denote by Ny (v) (Ny/[v]) the open (closed)
neighborhood of v in the graph induced by V’.

Two vertices in a graph are called true (respectively false) twins if they have
the same closed (respectively open) neighborhood.

A vertex of a graph is universal (isolated) if it is adjacent to all (none of) the
other vertices of the graph.

A vertex v of a graph G having degree one is called pendant vertex.

Given a graph G = (V, E), its complement G has the same vertex set V of G
and two vertices are adjacent if and only if they are not adjacent in G. Extending
the concept of the complement from single graphs to graph classes, we have that,
two classes of graphs A and B, are complements of each other if for each graph G
belonging to A, it holds that G belongs to B, and viceversa.

The disjoint union of two graphs G| = (V1, E) and G, = (V», E) is the graph
whose vertex and edge sets are the disjoint unions of the vertex and edge sets of G
and G, respectively.

A caterpillar is a tree in which all the vertices are within distance one of a
central path which is called the spine.

A cactus is a connected graph in which any two simple cycles have at most one
vertex in common. Equivalently, every edge in such a graph may belong to at most
one cycle. We will denote by C the class of cacti with at least a cycle of length
n>>5.

A graph G = (K, S, E) is said to be split if there is a vertex partition V= KU §
such that the subgraphs induced by K and S are complete and stable, respectively.

A set M of edges is a perfect matching of dimension m of A onto B if and only
if A and B are disjoint subsets of vertices both of cardinality m and each vertex in
A is adjacent to exactly one vertex in B and no two edges share a point. We say
that the split graph G = (K, S, E) is a split matching if the subset of edges in E not
belonging to the clique forms a perfect matching. We denote by SM the class of
split matching graphs.

An antimatching of dimension m of A onto B is a set of edges such that the
non-edges between A and B form a perfect matching. We say that the split graph
G = (K, S,E) is a split antimatching if the subset of edges in E not belonging to



the clique forms an antimatching. We denote by S.A the class of split antimatching

graphs.

Given a split matching (respectively, split antimatching) G = (K, S, E), with
K| = |S| = n, in the following we will call the vertices ki,...,k, € K and
S1,...,5, € S and we will implicitly assume that they are ordered so that &; and s;

are connected (respectively, not connected).

Given two split graphs G| = (K1, 51, E1) and G, = (K3, S», E») their compo-
sition G| o G, is formed by taking the disjoint union of G| and G, and adding all
the edges {u, v} such that u € K| and v € (K> U §,). Observe that G| o G, is again
a split graph.

Given a sequence of ¢ split graphs G; = (K;,S;, E;) withi = 1,...,1, we say
the graph H = G| o ... o G, is a split matching (antimatching) sequence if each of
the graphs G; is either a split matching (antimatching), or a stable graph or a clique
graph.

Given a connected graph G whose distinct vertex degrees are 61 > ... > 9, we
define B; = {v € V(G) : deg(v) = d;}, forany i = 1,...,r. The sets B; are usually
referred as boxes and the sequence Bj, ..., B, is called the degree partition of G
into boxes. Given a graph G with degree partition By,...,B,, G is a threshold
graph if and only if for all u € B;, v € Bj, u # v, we have (u,v) € E(G) if and only
if i+ j < r+ 1. We will denote by 7 the class of threshold graphs.

In this paper we will consider some well-known operations on graphs in re-
lation to the property of being PCG, mLPG or LPG. More specifically we will
consider the following operations:

adding an isolated vertex;

adding an universal vertex;

adding a pendant vertex;

adding a vertex that is a false twin for the old vertex v;
adding a vertex that is a true twin for the old vertex v;
graph complement;

Nk wD =

disjoint union of two graphs

It is known that many graph classes can be obtained by recursively applying
one or more graph operations among the previous list (see for e.g. [3]). In particular
we will deal with the following graph classes:

Threshold graphs can be recursively built from the one vertex graph by adding
either an universal or an isolated vertex.

Quasi-threshold graphs can be recursively built from the one vertex graph by
adding a universal vertex or by the disjoint union of two quasi-threshold graphs.



Distance-hereditary graphs can be recursively built from the one vertex graph
by adding either an isolated vertex or a new pendant vertex or a new vertex that
is a false or true twin for an old vertex v. Notice that if the constructed distance
hereditary graph is bipartite, the operation concerning the addition of a true twin is
never used.

3. Technical results

In this section we prove some technical results that will be used in the rest of
the paper.

Throughout the paper we will assume w.l.0.g. that any non trivial tree 7" with
at least three leaves does not contain vertices of degree 2. Indeed, we could merge
the two incident edges of a vertex of degree 2 into a unique edge whose weight is
the sum of the weights of the original edges. In both cases the distance between
the leaves does not change.

Proposition 1. Let G be a graph that does not belong to some class L from the set
{PCG, LPG, mLPG}; then every graph H that contains G as an induced subgraph
does not belong to L either.

Given two vertices u, v in a tree T, P, denotes the unique path in 7 connecting
the vertices u and v. A subtree induced by a set of leaves of T is the minimal
subtree of T which contains those leaves. T, denotes the subtree of a tree induced
by three leaves u, v and x.

Lemma 1. [15] Let T be a tree, w be a positive edge weight function on T, and
u, v, x be three leaves of T such that P, is the largest path in T, (i.e. dr,,(u,v) =
drw(u, x) and dr,,(u,v) > dr,w(v,x)). Lety be a leaf of T other than u,v and x.
Then, either dT,w(x, y) < dT,w(u’ y) or dT,w(x, y) < dT,w(V’ »)

Observe that here we always assume d,i,, dimqx and the weight of the edges of
the tree of a PCG all positive real numbers. In the original problem concerning
the LPGs, these quantities are required to be natural numbers. This is not a loss
of generality as in [5] it is proved that it is equivalent to consider positive real
numbers instead of naturals for LPGs. Here we give a simpler prove of this result
while extending it to the general case of PCGs.

Lemma 2. Let G = PCG(T,w, dyin, dimax), where dpyin, dmayx are non-negative real
numbers and the weight w(e) of each edge e of T is a positive real number. Then it is
possible to choose natural numbers W, d i, dipax such that G = PCG(T, W, dpin, dinasx)-



Proof. We will assume that d,,;;,, dnax > 0. This, is not restictive as if d,;, or
dmax 1s equal to O we can increase by 1 all the weights of the edges incident to a
leaf in the tree. Then, increasing d,,;, and d,,,, by 2 the modified tree defines the
same pairwise compatibility graph.

Now, the result will be proved in two steps. First we show that it is possible
to appr0x1mate all the real numbers with rational numbers, and then we will define
Aomins Amax € N and W such that w(e) is a natural number for each edge e of T.

Since Q is dense in R, for any € > 0 and any r € R there exists g, € Q such that

O<r—-g,<e (1)

Note that g, is a rational approximation of r such that g, < r.
Now let us introduce the following two numbers:

L = min {|dmin - dT,W(lM’ lv)la |dmax - dT,w(lu, lv)l} ) N = (n) ’
(u,v)eE 2
L is the smallest distance between the weighted distances of the paths on the tree
and the quantities d,;, dmqx and N is the number of the paths joining two leaves of
T. Suppose first L > 0.
Define ¢ = L/3 and ¢ = L/3N.
By (1), we can fix some rational numbers such that it holds:

0 < dpin — 9dpin < €05 0 < dpmax — DQdpax < €05

0 < w(e) = gw(e) < €1 for each edge e of T'.

If we denote by w the weight function such that w(e) = gyye), it is not difficult to
check that G = PCG (T, w, 4, 4d,.. ) since all the distances of the paths decrease
for a positive quantity (less than L/3, by the choice of €;) and, similarly, the bounds
q4,;, and qq,,, (recall that g < L/3), so that all the new quantities preserve the
original ordering.
Consider now qq,,,, 44,,, and w(e) for each e of T'; they are all numbers in Q,
so let K be the least common multiple of their denominators. Define:
dmax = Kqa,,, €N.

min

w(e) = Kqyye) for each edge e of T, din = Kqq

Since K > 0 and the multiplication by K preserves the ordering, the claim
follows.

Finally, observe that it is not restrictive to assume L > 0. Indeed, if L = 0, i.e.
there are some pair of leaves whose distance is exactly d,qx Or dyin then we define

r = I(Illl’)l {dT w(lua lv) dT w(lu, lv) > max}



and set d,,,, = %(r - dy,,,). Similarly, we can define d/ . . Observe that G =
PCG(T,w,d, . ,d;,,) and there are no pair of leaves whose distance equals dy,,,,
ord .. Thus, L > 0 and thus we return to the previous case. O

Lemma 3. Let G = PCG(T,w,duyin, dnax). If dpin = dmax = d then there exist
€ > 0 such that G = PCG(T,w,d — €,d + €)

Proof. First, observe that if there is no pair of leaves whose distance is exactly
d then the graph is null and it is easy to find an € > 0 sufficiently small such that
the claim holds. Otherwise, there is some pair of leaves at a distance d; then we
define
Tmax = 1;2,1‘}1’)1 {dT,w(lu, L) s drw(ly, ) > d} s

Ymin = I(II}IVI)I {dT,w(lu’ lv) : dT,w(lua lv) < d} .

Define 2e = min{d — ryin, rmax — d}. 1t is easy to check that G = PCG(T,w,d —
€,d + €). ]

Lemma 4. Let G = PCG(T,w, dyin, dmax). For any two positive numbers m < M
such that

_ M(dyin ~ 2min w(e))
(dpax — 2 min w(e))

there is an edge weight w on T such that G = PCG(T,w, m, M).

(2)

Proof. Observe that from Lemma 3 we can assume d,;;;;, < dqx. Given the tree
T with edge weight function w, we define a new edge weight function w as follows:
for each edge e = (u,v) € T non incident to any leaf of T, define w(e) = a- w(e) for
an opportune positive constant a that we will define later. Otherwise, if u is a leaf
in T, define the weight of its unique incident edge e = (u, v) as w(e) = a-w(e)+b/2
for an opportune real constant b that we will define later.

Clearly, for any two leaves u and v of T such that dr (4, v) = x it turns out that
drw(u,v) = ax +b.

Hence, we have to choose a, b in order to satisfy

adyiy, +b=m
adyax + b= M,

it is easy to see that we have to fix @ > 0 and b € R such that

M-m
dmax - dmin (3)

b=m-ad,,.

a =



These relations are an admissible choice for the weight function w provided that

b
min a-w(e)+=>0,
e = (u,v) with u leaf of T 2

since it is not possible that w possesses a nonpositive component, this is means that

a>0and b > -2 min a-w(e).
e = (u,v) with u leaf of T

Note that the positivity of a is equivalent to require that m < M (since it holds

dmax > dmin) and the hypothesis on b becomes
m = adyi, + b > ad,,i, — 2 min a-w(e) >0,
e = (u,v) with u leaf of T

putting these relations into (3) it is possible to verify that are equivalent to (2), and
this concludes the proof. O

The following proposition shows that the LPG and mLPG classes are comple-
ments of each other.

Proposition 2. The complement of every graph in LPG is in mLPG and conversely,
the complement of every graph in mLPG is in LPG.

Proof. Observe that the proof trivially holds for complete graphs. So, consider
first a graph G # K,, such that G = LPG(T,w, d,;4x). This means that two vertices
u and v are adjacent in G if and only if dr,,(ly,1,) < dpax, Where [, [, are the
corresponding leaves in T. Recall that by definition G does not contain (u, v). Let
r = ming,,)¢eG) drw(ly, 1,). It is enough to define dynin = 7 > dpyax. It is trivial to
verify that G = mLPG(T,w, dpin).

The same argument can be used to prove that the complement of a mLPG is a
LPG. m|

4. Relationships between PCG, LPG and mLPG classes

In this section we study the relationships between the classes of PCGs, LPGs
and mLPGs®. First, in Subsection 4.1 we show that the union of mLPG and LPG
classes does not contain the whole class of PCGs. Next, in Subsection 4.2 we show
that their intersection LPG N mLPG is not empty. Finally, in Subsection 4.3 we
show that neither of the classes LPG and mLPG is contained in the other one by
providing for each of these classes a particular graph which is proper to it. These
relations are graphically shown in Figure 2.

“In [7] a preliminary version of the results presented in this Section are reported.
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Figure 2: Relationships between PCG, LPG and mLPG.

4.1. PCG > (LPG UmLPG)

Let us prove that the PCG class does not coincide with the union of LPGs
and mLPGs. To this aim, observe that it is known that any cycle is a PCG [16]
and that LPGs are a subclass of strongly chordal graphs (see, for example, [1]);
so cycles of length n > 5 are not LPGs as they are not strongly chordal graphs.
The following lemma states that cycles do not belong to mLPGs, deducing that
(LPG UmLPG) c PCG.

Lemma 5. Let C,, be a cycle of lengthn > 5, then C,, ¢ mLPG.

Proof. Let vy, ...v, be the ordered vertices of a cycle C,, with n > 5. Suppose by
contradiction that C,, = mLPG(T,w,d;,) and let /; be the leaf in T corresponding
to the vertex v;, for any i < n. Let v, v, v3 be the first three consecutive vertices
in C, and consider the largest path in 77,,,;,. As (vi,v3) ¢ E (as n > 5) then
drw(l1, 3) < dpin. Hence, the largest path must be one from P;,;, and Py,j,.

Suppose first the largest path is Pj,;,. Using Lemma 1 with x = I4 we have that
either dyin < drw(la, 3) < drw(la, 1) or din < dryw(la, 3) < dr,w(14,11), deducing
that at least one from the edges (v4, v2) and (v4, v{) must be in C,, a contradiction.

If Py, is the largest path, we arrive at the same result by taking this time x = [,.
This concludes the proof. O

From the previous lemma and from Proposition 1 it easily descends that the
class C of cacti with at least one cycle of length n > 5 belongs neither to LPG nor
to mLPG.

4.2. LPGNmLPG # 0

We prove that the intersection of LPG and mLPG classes is not empty by show-
ing that threshold graphs belong to LPGNmLPG. In our proof we use the definition
of threshold graphs in terms of boxes.

11



Theorem 1. Let G be a threshold graph, then G € LPG N mLPG. In both of the
cases a tree T, an edge weight function w and a value d;;, or d,x associated to G
can be found in polynomial time.

Proof. Let G be a threshold graph on 7 vertices and let By, . . ., B, be the degree
partition into boxes of G. As the pairwise compatibility tree 7 we consider an n-
leaf star with center a vertex c.

To prove that G € LPG, we define the edge weight function w that, for each
vertex v of G, assigns weight i to the edge (/,,c) in T if v € B;. Define d;q = r+ 1.
As foreachu € B;,v € Bj, u # v, we have (u,v) € E(G)ifandonly if i + j < r +1;
it is straightforward that G = LPG(T, w, dyax).

On the other hand, to prove G € mLPG for any v € V(G), define the edge
weight function w’ that assigns r + 1 — i to the edge (/,,¢) in T if v € B;. Note that,
as i < r we assign nonnegative weights to the edges of the star. Define d;, = r+ 1.
For any two vertices v € B; and u € B, we have thatif i + j < r + 1 (meaning that
(u,v) € E(G)) then dry(ly, 1) = 2(r+ 1) = (i + j) = r + 1 = dyin. Otherwise, if
i+ j > r+ 1 (meaning that (u,v) ¢ E(G)) then dr,,(l;,l,) =2(r+ 1) — (i + j) <

r+ 1 = dyin. Easily, G = mLPG(T,w’, d,,;) and this concludes the proof. m]
V2 V3 V2 V3
Vi 3 V4 Vi S 4 V4
4
1% 5 ®ys V7 2 ®ys
Ve V6
dmax =7 dmin =7
(a) (b) (©)

Figure 3: (a) A threshold graph (b) The pairwise compatibility tree witnessing that G is a LPG (c)
The pairwise compatibility tree witnessing that G is an mLPG.

4.3. LPG\ mLPG # 0 and mLPG \ LPG # 0

In conclusion of this section we show that neither of the classes LPG and mLPG
is contained in the other one by providing, for each of these classes, a particular
graph which is proper to it.

Theorem 2. Let G be a split matching graph, then G ¢ mLPG and G € LPG. A
tree T, an edge weight function w and a value d,,,, associated to G can be found
in polynomial time.

12



The proof will follow immediately by the next two lemmas.
Lemma 6. Let G be a split matching graph. Then G ¢ mLPG.

Proof. Given a split matching graph G = (K, S, E) with |K| = [S| = n, we as-
sume by contradiction G = mLPG(T,d;,). Then let a;, a», az be three leaves of
T corresponding to three vertices of K, ki, k2, k3. Without loss of generality let
P, 4, be the largest path in the subtree 7, 4,4, Consider the vertex s3 in S as-
sociated to the leaf b3 in T, with (k3, s3) € E. From Lemma 1 we deduce that
either dr(bs3, az) < dr(bs,an) or dr(bs,a3) < dr(bs,ar). The existence of the edge
(k3, s3) in G implies d7 (b3, az) > dy,in, therefore one from (ky, s3) and (k;, s3) must
be an edge in G, a contradiction. |

Lemma 7. Let G be a split matching graph, then G € LPG. A tree T, an edge
weight function w and a value d,,,, associated to G can be found in polynomial
time.

Proof. Given a split matching graph G = (K, S, E) with |[K| = |S| = n (see Figure
4(a)), we associate a caterpillar tree T as in Figure 4(b). The leaves a;, correspond-
ing to the vertices k; of K, are connected to the spine with edges of weight 1 and the
leaves b;, corresponding to vertices s; € S, with edges of weight n. It is clear that
G = LPG(T,n+1). Indeed, for any two a;, a; it holds that 3 < d7(a;,a;) < n+1, for
any two b;, bj we have dr(b;, b;) > 2n+1 and for any a;, b; we have dr(a;, b;) = n+1
(hence the edge (k;, s;) € E) and for any a;, b; with i # j we have dr(a;,bj) > n+2
(hence the edge (k;, s)) ¢ E). m]

Note that this representation is not unique. Indeed, one can easily check that the
binary tree T in Figure 4(c) also is a pairwise compatibility tree of a split matching
graph when d,,, = 4.

a; a an
’ 1” ....... 1 '
1 1 1
s1 8 Sn by b b, ay by ay by a, by,
dpax =n+ 1 dpax =4
(a) (b) )

Figure 4: (a) A split matching graph (b) A pairwise compatibility caterpillar tree for a split match-
ing graph. (c) A pairwise compatibility tree for a split matching graph.
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It is worth to note that the previous construction can be generalized to split
matching sequences as shown by the next theorem:

Theorem 3. Let H be a split matching sequence, then H € LPG. A tree T, an edge
weight function w and a value d,, associated to H can be found in polynomial
time.

Proof. Let H = G o ... o G, be a split matching sequence. For each graph G; we
define a tree T; as shown in Figure 5(a) (where the leaves a; (b;) may not possibly
appear if G; is a stable (clique) graph). It is clear that G; = LPG(T}, d;u4x) Where
dmax 1s a value to be defined later, but surely greater than or equal to 2(i+1). Indeed,
let ay, . ..a, be the leaves of T; corresponding to vertices of K; and let by, ..., b,
be those corresponding to vertices of S;. For any two leaves a,, a; it holds that
dr,(ar, as) = 2+2i < dyg, and for any two by, b, we have dr,(by, b) = 2dpax —2i >
dymax + 20 + 2 — 2i > dy,,. Finally, for any two leaves ay, b, that correspond to an
edge of the matching their distance is djqx — 2i + 1 < d,;14¢ and for any two leaves
corresponding to a non edge a,, b, their distance is dq, + 1.

dmax=2i —2i dmax—2i

a; by a by a, b, T, T; T,

Figure 5: (a) The pairwise compatibility tree for the split matching graph G,. (b) The pairwise
compatibility tree for the split matching sequence H.

In order to prove that H € LPG, we define a new tree T starting from the
trees T, ...,T;, simply by contracting all their roots to a single vertex as shown
in Figure 5(b). We claim that H = LPG(T,d,,,,) where we set dpq, = 2(t + 1).
In order to prove it, consider two graphs G; and G; with i < j. Let a,a’,b and b’
be four distinct leaves corresponding to vertices in K;, K;, S; and S ; respectively.
Observe that the vertices in K; are connected to all the other vertices in K; U S ; as
the distances in T are dy(a,a’) = 1 +i+ j+1 <2(j+ 1) < dpay and dr(a,b’) =
1+i+ j+dpax—2j = dpax + (({ — j+ 1) < dyax (@as j = i+ 1). Finally, any
vertex in §; is not connected to any vertex K; and to any vertex S ; as in these
cases the distances are dy(b,a’) = dpgy —2i+ i+ j+ 1 > dyx (@as j = i+ 1) and
dr(b,b’) = dypaxy = 2i + i+ j+ dipax — 2 = 2dimax — 2] > dasx- O

Analogously, we can show that the set mLPG \ LPG is not empty.
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Theorem 4. Let G be a split antimatching graph, then G ¢ LPG and G € mLPG.
Atree T, an edge weight function w and a value d,,;,, associated to G can be found
in polynomial time.

ay ap ay
' ln vvvvvvv l '
1 1 1
by by by ap by ay by ay Dby
dpin = n+2 dmin = 5
(a) (b) (c)

Figure 6: (a) A split antimatching graph. (b) A pairwise compatibility caterpillar tree for a split
antimatching graph. (c) A pairwise compatibility tree for a split antimatching graph.

We omit the proof of this theorem, as it is almost identical to the proof we
supply for Theorem 2. The edge weighted tree T associated to a split antimatching
graph is one from the ones depicted in Figure 6.

Again, observe that using arguments similar to the proof of Theorem 3 we can
generalize the last result to split antimatching sequences. The edge weighted tree
T associated to a split antimatching sequence is the one depicted in Fig. 7).

Theorem 5. Let H be a split antimatching sequence, then H € mPCG. A tree
T, an edge weight function w and a value d;, associated to H can be found in
polynomial time.

1

din=2i-1 dpin=2i-1

ap b a, b a, by

Figure 7: The pairwise compatibility tree for the split antimatching graph G;.
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operation o \ PCG \ LPG mLPG
adding an isolated vertex PCG (Thm. 6) LPG (Thm. 7) mLPG (Thm. 9)
adding an universal vertex ? LPG (Thm. 8) mLPG (Thm. 9)

adding a pendant vertex

PCG (Thm. 10)

LPG (Thm. 10)

PCG (Thm. 10, Prop. 3)

adding a false twin

PCG (Thm. 11)

PCG (Thm. 11)

mLPG (Thm. 11)

adding a true twin

?

LPG (Thm. 13)

9

graph complement

9

mLPG (Prop. 2)

LPG (Prop. 2)

disjoint union

PCG (Thm. 16)

LPG (Thm. 16)

PCG (Thm. 16)

Figure 8: Summary of the results obtained applying an operation o to a class D €

{PCG, LPG, mLPG}.

5. Graph Operations

In this section we study the effect of some classical graph operations on the
PCG property. In particular, when a graph operation is performed on one or more
PCGs (or LPGs or mLPGs), we investigate whether the resulting graph still belongs
to the class of PCGs (or LPGs or mLPGs). We study the operations listed in Section
2, i.e. adding an isolated vertex or an universal vertex, adding a pendant vertex,
adding a false or a true twin, the graph complement and the disjoint union. These
closure results are summarized in the table in Figure 8. It is worth to note that
some classes are not closed under some specific graph operations. In this case, we
are interested to identify the class containing the result. However, as shown in the
table, four cases remain unsolved.

5.1. Adding an universal or an isolated vertex

Here we consider the operations of adding either an universal or an isolated
vertex. We prove that the classes of LPGs and mLPGs are closed under both oper-
ations, whereas for the PCG class we are able to prove the closure only under the
operation of adding an isolated vertex.

Theorem 6. Given a graph G = PCG(T,w, dpin, dpax), any graph G*' obtained
from G by adding an isolated vertex is still a PCG. It is polynomial to find a
tree T,~an edge weight function w and two values d,;, and dyq, such that Gt =

PCG(T, w, dmim dmax)-

Proof. Given G = PCG(T,w,dpin, dnax) let u lzg the isolated vertex to be
added. Consider an internal vertex p of T. We obtain 7 by adding to T a new leaf
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1, corresponding to u and the edge (I, p). The weight function w is defined on T
as w, and w((l, p)) is set to dy,qy. Cleraly, G™ = PCG(T, W, dyin, dyar)- O

Following to the previous constructive proof it is easy to convince oneself that
the next theorem holds, too.

Theorem 7. Given a graph G = LPG(T,w, dynay), any graph G*' obtained from G
by adding a new isolated vertex is still a LPG. It is polynomial to find a tree T, an
edge weight function w and a value dmax such that G*' = LPG(T W, dmax)-

Concerning the addition of an universal vertex we prove the following results:

Theorem 8. Given a graph G = LPG(T,w, dyuay), any graph G obtained from G
by adding a new universal vertex is still a LPG. It is polynomial to find a tree T,
an edge weight function w and a value dmax such that G™" = LPG(T W, dmax)-

Proof. Consider G = LPG(T,w,d,,,,) and let u be the universal vertex to be
added. Choose any internal vertex p in 7. The new tree T is built from T by adding
anew leaf [, corresponding to u and a new edge (p, [,,). Consider the weighted paths
from p to any other leaf of 7. Let /, be a leaf for which dr,,(/,, p) attains maximum
value. We distinguish two cases according to the fact that dr,,(l,, p) = dyax Or DOt.

If dr,,(ly, p) < dmax, then it is enough to define the edge weight function w as
identical to w on the edges of T and wW((p,1,)) = dpnax — drw(l,, p); the value of
;i:na v 18 set equal to dygx.

Otherwise, let dr,,(ly, p) > dpax. Then, it is possible to modify the weight
function w adding a value 4 to the weights of the edges incident to all the leaves;
in order to keep the feasibility, d,,, must be increased by 24. So we can define w
and d,,,4x according to the previous modifications. It is easy to see that there exists
an opportune value of A, such that dr,,(l,, p) < dpay; in this way, we fall in the
previous case, and the statement follows. O

Now, observe that adding an isolated vertex to a graph G is equivalent to com-
plementing the graph obtained by adding an universal vertex to the complement of
G. Using this simple property we are able to prove the following results:

Theorem 9. Given a graph G = mLPG(T,w, d,nin), any graph G** (G*') obtained
Jfrom G by adding a new universal (isolated) vertex is still a mLPG. It is polynomial

to find a tree T, an edge weight f function w and a value dmin such that G =
mLCG(T, W, dyin) (G*' = mLCG(T, W, dyin))-

Proof. Let G be an mLPG. According to Proposition 2, its complement G€ is

a LPG. We can follow the constructive proof of the Theorem 7 and add to G an
isolated vertex v, so that G¢ U {v} is still a LPG. The thesis follows observing that
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the complement of G¢ U {v} is G™, obtained from G to which the universal vertex
v is added. The same argument can be used in proving the closure of mLPG under
the addition of an isolated vertex. O

It is to notice that the results of this subsection show that threshold graphs are
in both mLPG and LPG. Finally, we want to remark that the construction provided
in the proof of Theorem 8 does not necessarily work on PCGs, because there is
no way to handle at the same time d,,,x and d,. It remains an open problem
to determine whether the PCG class is closed under the operation of adding an
universal vertex.

5.2. Adding a pendant vertex

Here we prove that if we add a new pendant vertex of a given PCG, the new
graph is still a PCG and we provide the corresponding tree. Thus, the PCG class is
closed under this operation.

Theorem 10. Given G = PCG(T, w, dmina dmax) (LPG(T, w, dmux))r any gmph G*P
obtained by G adding a pendant vertex is still a PCG (LPG). It is polynomial to

find a tree T,~an egge vggight function w arid wo values dyi, and d,, such that
G*P = PCG(T, W, Amin, dmax) (G+p = LPG(T’ W$ dmax))-

Proof. Suppose we are adding a new vertex v to the neighborhood of an old
vertex u belonging to G = PCG(T,w,dpin, dnay). Consider the tree T and, in
particular its leaf [, associated to the vertex u. Let p be the only vertex adjacent to
l, in T and call i the weight w((p, [,)) associated to the edge (p, [,,).

Consider any 0 < € < min{h/2, d,;.x}. We can set ;[min = din and Jmax = dpax
and easily construct T as follows: eliminate from T the edge (p, l,), add vertices [,
and p’ and edges (p, p’), (p’,1,) and (p’,[,). Assign to these edges the following
weights: W((p’, 1)) = €, w((p',1,)) = dmar — € and w((p, p’)) = h — €, while on
all the other edges w is equal to w. It is easy to see that G*” is PCG for this new
tree. This proof holds even if d,;, = 0 and hence G is a LPG, proving that G*? is
a LPG, too. O

The constructive method exploited in the previous proof cannot be applied to
the mLPG class. Indeed, in this case, we can prove that the mLPG class is not
closed under the operation of adding a pendant vertex. To this purpose consider
the graph G in Figure 9(a). It is not difficult to see that G = mLPG(T,w,7), where
T and w are defined in Figure 9(b). Now let G*? be the graph obtained by adding
a new vertex s3 and connecting it with the vertex k3 in G (see Figure 9(c)). From
Lemma 6 the resulting graph cannot belong to the mLPG class. Hence the next
proposition holds.
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Proposition 3. The mLPG class is not closed under the operation of adding a new
pendant vertex.

dmin =7

k1 k3 ki k3

ST 85 Iy Iy by L Iy S| 82 83

(a) (b) (©)

Figure 9: (a) An mLPG G and (b) its corresponding pairwise compatibility tree T. (c) The graph
G*P.

5.3. Adding a (false or true) twin

In this subsection we prove that the PCG class is closed under the addition of
a false twin. For what concerns adding a true twin, we are able to provide a tree
for the increased graph in the case in which G is either a LPG or an mLPG, but not
when G is a PCG, and this remains an interesting open problem.

Theorem 11. Given G = PCG(T,w, din, diax)(IMLPG(T, w, dyin)), any graph GH'
obtained from G by adding a false twin to any of its vertices is still a PCG (mLPG).

It is polynomial to find a tree T, an edge weight function w and two values dyi, and
diax such that G*'" = PCG(T, W, dyin, dmax) (G*' = mLPG(T , W, dyin).

Proof. Let us consider G, its associated tree T and the corresponding edge-
weighted function w. Let v be any of the vertices in G to which we want to add a
false twin /. So G*/' has vertex set V U {/} and edge set E U {(u,V)|u € N(v)}.
Consider now the leaf /, of T corresponding to the vertex v; call p the father of /,
in T and let i be the value of w((p, [,)). The values of c?mm and Jmux are set equal
to din and d,p4x, respectively.

We distinguish two cases according to the value 4.

o If h < dyin/2 Or h > dyayx/2 then we construct the tree T by simply adding a
new leaf /,, to p. The weights on the edges of T are set equal to the weights
on the edges of T, so we only need to define w((p, [,+)) equal to A in order
to guarantee that edge (v,V’) is not present in G*/! while all the edges in
(u,v)|u € N(v) are in G*/* and this concludes the proof.

o If dyin/2 < h < dpgyx/2 we eliminate the edge (p,[,) from T and add ver-
tices p’ and [,y and edges (p, p’), (p’,1,) and (p’,[,»). We define the weight
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function w on these edges in the following way: w((p’,1,)) = w((p’, 1)) =
dmin/2 — € and W((p, p’)) = h — (din/2 — €) for some positive constant e
guaranteeing that all these weights are positive. On all the other edges w is
defined equal to w. This assignment guarantees that the distances in T be-
tween [, [,y and the leaves associated to v’s neighbors remain equal to the
distances in T between v and the leaves associated to its neighbors. Never-
theless, the distance between [, and [/, in T is dmin — 2€ and hence v and v/
are not connected in G*/7.

Observe that the previous proof can be exploited to show also that the mLPG class
is closed under the operation of adding a false twin. m|

However, the same argument cannot be applied to the LPG class as in this case,
when /i < d,;4./2, it is not possible to locally transform the tree so that v and v/
are not connected in G*/* due to the bound concerning only d,;,. Nevertheless, as
LPG is in PCG, by adding a false twin to a LPG, due to Theorem 11, we clearly
obtain a PCG.

Theorem 12. Given G = LPG(T,w,dy), the graph G*" obtained from G by
adding a true twin to any of its vertices is still a LPG. It is polynomial to find a tree
T, an edge weight function w and a value dmux such that G = LPG(T W, dpax)-

Proof. This proof is very similar to the previous one. The only difference is that
we have to modify T so that the newly added vertex v’ is now connected even to its
twin v.

Let [, be the leaf of T associated to vertex v, let p be its father, and & be
w((ly, p)). If h < dyuux/2, then it is enough to add a new child /,; to p and the
weight of this new edge is 4. If, on the contrary, h > d,,,/2, then we remove from
T the edge (p, ;) and add vertices p’ and [,» and edges (p, p'), (p’,1,) and (p’, /).
To these edges we assign the following weights: w((p’, 1,)) = w((p’, 1)) = dpmax/2
and w((p, p')) = h — dyayx/2. Tt is easy to see that these values guarantee that G*"
is leaf power of the transformed tree for Jma v = dmax- O

Observe that it is not possible to state a similar result for the more general PCG
class. The reason is that, if &7 < d,;;;,/2, there is no way to locally transform the
tree so that v and V' are connected in the graph. It remains an open problem to
understand if adding a true twin in a PCG results in a PCG:; if this is possible, it
would probably require to completely modify the tree.

We conclude observing that the results of this subsection together with the
results of Section 5.1 and Section 5.2, respectively, imply that distance-hereditary
bipartite graphs are PCGs.
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5.4. The complement

We have already hightligheted in Proposition 2 that the complement of a LPG
is an mLPG and vice-versa, moreover in Section 4 it is proved that these classes
do not coincide. So we may affirm that LPGs and mLPGs are not closed under
the complement operation, but they are transformed one into the other one. We
now study the more general class of PCGs. To this purpose, let G = (V,E) =
PCG(T,w, dpin, dmax) and let A be the set of the edges of T, A = {eq,..., e}
Without loss of generality we introduce any ordering in the set of N = (g) paths
connecting any pair of leaves and let I = {yy, ..., yn} be this ordered set of paths.
Letw = (wi,...,wja)) and d = (di, ..., dy) be two vectors, where w; is the weight
associated to edge e; and d; is the distance between the leaves connected by path
vi. The edge-path incidence matrix is an N X |A| matrix M such that M;; is equal
to 1 if e; € y; and to 0 otherwise.

As an example, consider the tree shown in Fig. 10.a., which is the weighted
tree T realizing a 5-cycle as a PCG(T, w, dpin, dmax), Withw = (2,12,1,12,2,1, 1),
dpmin = 6 and d;qy = 14 (see [16] Theorem 3). The path set results: I' = {y; =
Papsy2 = Pacs ¥3 = Paasya = Paesy¥s = Poe, Y6 = Poa> ¥1 = Ppesys = Pea, Y9 =
Pcesy10 = Pge}. Hence, the distance vector is d = (14,4, 16,6, 14,26, 14,4, 14). In
Fig. 10.b. the corresponding matrix is represented.

el e e3 e4 es eq ey
1 1.00000)
101001 0] »m
4 ¢ ¢ 100101 1| v
e e3 es 1 000111 Y4
o o M=0110010]| v
e ey 010101 1][| 9
b d 01 0011 1| v
001100 1]
001 010T1]|
0001 100) »po

() (b)

Figure 10: (a) the tree T'; (b) its corresponding edge-path incidence matrix.

The introduction of matrix M leads us to describe the connection between
weights and distances by the formula: Mw' = d'. Observe that the vertices of
V corresponding to the leaves of T connected by path y; are adjacent in G if and
only if

dpin < d; = (Mmt)l. < dmax-
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Now we wonder under which conditions the complement of a PCG is still a
PCG with the same tree, possibly varying the weights, in other words: if G =
PCG(T,w, dyin, dynax), under which conditions is it possible to choose a new weight
function w such that G = PCG(T, w, dmm, max)"

This problem is equivalent to finding a positive solution w’ of the linear system:

MW =d “4)

subject to the following requirements on the positive distances vector d:

al = [Jmin,gmax] C (0, +o0) such that Ji elo d;i & I = [dpin, dmax] - )

This means that the question is equivalent to looking for a distance vector
d € RY which is a linear combination (with positive coefficients) of the columns
of matrix M and which verifies the relations in (5). These arguments prove the
following result:

Theorem 13. Gtven G = PCG(T,w, dpin, dpax) then G€ = PCG(T,w, dpin, max)
for some dmm < dmax if and only if it exists a solution of (4)-(5).

As an example, we apply this theorem to the construction given in [16] where
it is proven that cycles are PCGs. Solving the system generated by the edge-path
incidence matrix corresponding to an odd cycle Cay41, it is possible to show that
its complement CC 1s in PCG with respect to the same tree T, d,;;, = 3.5, a’max =
n+4.5and welght functlon w = (Wi, ...,wp|) defined as follows:

Wi = Wonel = 2, Wizlforanyi¢1,2n+1,

Similarly, the complement GS ., of any even cycle is a PCG with respect to the

2n+2
same tree 7 and bounds dmm =35, dmax = 2 + 3n/2 and weight function w such

that
Wi = Wonel = 2, Wons2 = R, w;=1foranyi#1,2n+1,2n+ 2,
We have hence proven the following:
Proposition 4. The complement of any cycle C is a PCG.

The pairwise compatibility trees of the complement of an odd and even cycle
are depicted in Fig. 11.

We conclude by observing that the previous result does not imply that if a
solution of (4)-(5) does not exists, then G is not a PCG. Thus, it remains an open
problem to establish the graphs in the PCG class for which their complement is
still in PCG.
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uz us Uop+2 (b) Un

Figure 11: The pairwise compatibility tree of (a) an odd cycle; (b) even cycle.

5.5. The disjoint union

In this last subsection we prove that the disjoint union of two PCGs G| and G,
is still a PCG. Notice that adding an isolated vertex is a particular case of disjoint
union of two graphs when one of the graphs consists of a single vertex so here we
will generalize the techniques used in Theorem 6 and Theorem 7.

Theorem 14. Given two graphs G; = PCG(T1, w1, dimin, d1max) and G, = PCG
(T>, wa, domin, damax), their g’isjoim union G = Gy U G, is still a PCG. It is poly-
nomial to determine a tree T, an ed&e weight function w and two values d,;, and

dypax such that G = PCG(T, W, dins dmax) -

Proof. Considering Lemma 4, we can modify the weight functions such that
for some integer m > max{dimin, domin} and two integers My, M, it holds G| =
PCG(Ty,Wi,m, M) and G, = (T, W»,m, My). Moreover, Lemma 2 guarantees
us that it is not restrictive to assume m # M; and m # M,. Finally, let M =
min{M1, M;}. Observe that m < M, then using again Lemma 4 we can find two
edge weight functions such that G; = PCG(T}, w’l, m, M) and G, = (T>, wé, m, M).
Let G = Gy U G,. Define a new tree T with V(T) = V(Ty) U V(T3) and E(T) =
E(T)VU E(T,) U {vy,v,} where v| and v, are non-leaf vertices in T and 77, respec-
tively. Define the weight of the edge (v, v») equal to M, while keeping the weights
of all the other edges unchanged. It is clear that G = PC G(T, w,m, M). O

Using the same argument it is easy to prove that a similar result holds for LPG
graphs (hence LPG is closed under this operation), while there is no weight to
assign to edge (v, v2) able to guarantee that no edge between vertices of G; and
G, is created in G U G, when G and G, are mLPGs.

We conclude this section observing that these results imply that quasi-threshold
graphs are LPGs.
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6. Conclusions and Open Problems

In this paper, we focus on the general pairwise compatibility tree construction
problem by approaching a number of subproblems.

Namely, we first analyze the relations between the three classes of PCGs, LPGs
and mLPGs. In particular, we show that the union of LPG and mLPG classes does
not coincide with the whole class of PCGs, that neither of the classes of LPGs and
mLPGs is contained in the other and that their intersection is not empty as threshold
graphs belong to both the classes of mLPGs and LPGs.

Finally, we investigate whether the graph resulting when a graph operation is
performed on one or more PCGs (or LPGs or mLPGs) still belongs to the class of
PCGs (or LPGs or mLPGs). The considered graph operations consist in adding a
new special vertex (either isolated or universal vertex, pendant vertex, either true
or false twin), in complementing the old graph or in performing the disjoint union
of two graphs. As a side effect, we prove that bipartite distance-hereditary graphs
are PCGs and quasi-threshold graphs are LPGs.

A number of open problems arise from this work.

First of all, since the pairwise compatibility problem has been investigated only
for a few classes of graphs, it remains an open problem to analyze other graph
classes for which this property holds. This is even more interesting because it is
known [10] that the clique problem can be solved in polynomial time for the class
of compatibility graphs if we are able to construct in polynomial time the pairwise
compatibility tree.

Another issue consists in completing the table in Figure 8. Considering the
results presented in the table, it its to underline that only in the case involving the
operation of adding a new pendant vertex, we were able to prove that the mLPG
class is not closed. Thus, it remains an open problem even to determine those
operations for which a class is closed.

We have proved that the complement of a PCG is a PCG, too, only if some
precise conditions are verified. We conjecture that it is not true in general that the
complement of a PCG is always a PCG. Thus, it would be interesting to prove (or
disprove) this conjecture.

Finally, we are interested in determining the structure of graphs that are PCGs
of a star, in the light of the fact that both LCG-tree and mLPG-tree associated to a
threshold graph are stars.
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