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¬­«�ª�¬­¯±ª¸ñÜïQ©�þ­²³«�ª�¯D²Éª�¬±²Á©�óQ¬±ò�ªxì�ò�ª¸ñH«B®�¯±ëÉëÁ©8ð¨ïÜ²Éð¨ëÉ²Á©
¬­«�°\¯ C(iδX, jδY, nδT ) ¬Hî�¯FìE¯±ïóQ¯±°;ì�ëÉ²³¬±²Éñ��;óH¬±ïÜ²Éõ�¯±ïH¯±°\« Ci,j,n

ý

T

Y

X

i,j,n i,j,n+1
i,j,n-1

i+1,j,n

i-1,j,n

i,j+1,n

i,j-1,n

C C 

C 

C 
C 

C 

C 

J-²Éð¨ò�ïQ©b´éý � ��®é²³óH¬±ïH¯±ñÜ²Éþ­þ|©�þ­²³«�ª�¯8®�¯±ë-®�«�°;²Éª�²³«

à&á�àaáVâ ã�ä�åkæ
äuç°æ�è`é�ê@ë
ìPå
N ²Á© f(x) ò�ª6©³	Ïò�ª�þ­²³«�ª�¯&ïH¯�©�ë³¯S®�¯���ª�²ÉñQ©Y²Éª
ò�ªB²ÉªâñH¯±ïÜõ¨©�ëÉë³« (a, b) ∈ R

¯ZóÜ²Á© x0 ∈ (a, b)óH²-õäò�«�ë³¯L¬­«¨óÜñÜïÜò�²ÉïH¯¨ô óH¯Bìí«¨óQóÜ²Éö�²Éë³¯¨ôíò�ª�ìE«�ëÉ²Éª�«�°;²³« Pn(x) ®é²-ð¨ïQ©�®�« ≤ n ¬Hî�¯\©�ö�ö�²Á©²Éª x0
²Éë °\¯­®�¯­óÜ²É°\«b¬­«�°;ìE«�ïÜñQ©�°\¯±ªâñH«x®�¯±ëÉëÁ© f(x) ô�ª�¯±ë£óH¯±ª�óQ«;¬Hî�¯¨ô�ìE«¨óÜñH«

Pn(x) = a0 + a1(x− x0) + a2(x− x0)2 + · · ·+ an(x− x0)n Ó ´éýTS Ô

M



ïÜ²³óHò�ëÉñÜ² P (h)
n (x0) = f (h)(x0), ¬­«�ª h = 0, 1, ..., n ý ÿ ¯±ïÜ²Éõ�©�ª�®�«�²Éë&ìE«�ëÉ²Éª�«�°;²³«�ª�¯±ëì�ò�ª¸ñH« x0
ñÜò�ñÜñÜ²�ð¨ëÉ²¸©�®�®�¯±ª�®é²¸®�«�ìE«�²Éë�ì�ïÜ²É°\«YóÜ²â©�ª�ªâò�ëÉëÁ©�ª�«F¯VïÜ²³óÜò�ëÉñQ© h! ah = f (h)(x0)ìE¯±ï
«�ð¨ª�² h ∈ N

ýaUY¯FóH¯±ð¨ò�¯Fª�¯­¬­¯­óHóQ©�ïÜ²Á©�°\¯±ª¸ñH¯�¬Hî�¯ ah = f (h)(x0)/h! ô�óH«¨óHñÜ²ÉñÜò�¯±ª�®�«ëÁ©²	 «�ïÜ°8ò�ëÁ©\ª�¯±ëÉëÁ© Ó ´éýTS Ô óÜ²£«�ñÜñÜ²³¯±ª�¯

f(x) =
n

∑

h=0

f (h)(x0)

h!
(x− x0)h +Rn(x). Ó ´éý ¶ Ô

I ©J¬­«ä®é²Éþ­²³«�ª�¯�ª�¯­¬­¯­óHóÊ©�ïÜ²Á©J¯�óÜòéêb¬±²³¯±ñH¯
©}ê\ª�¬Hî�í
©�ò�°\¯±ªâñQ©�ª�®�« n ëÁ©[	 «�ïÜ°8ò�ëÁ© Ó ´éý ¶ Ô©�ì�ì�ïH«¨óQóÜ²É°;²£°\¯±ð¨ëÉ²³«;ëÁ©z	Ïò�ª�þ­²³«�ª�¯ f(x) �P¬Qî�¯ limn→∞Rn(x) = 0 ý N ²£«�ñÜñÜ²³¯±ª�¯8¬­«¨óî�ëÁ©L¬­«¨óH²³®�®�¯±ñÜñQ© �,� � �
�z����ï �dð
¯ � � ª S ¬

f(x) =

∞
∑

h=0

f (h)(x0)

h!
(x− x0)h. Ó ´éýÍ¹ Ô

à&á�àaá�à ñ¿ä�òdì&ç@ìóäcô
õ®ëîæVö�æ
ò�ì
N ²M¬­«�ª�óÜ²³®�¯±ïQ©xëÁ©bïH¯±ð¨²³«�ª�¯8²Éª`¯­óQ©�°\¯B¬­«�ìí¯±ïÜñQ©�®�©bò�ª6©\ð¨ïÜ²Éð¨ëÉ²Á©xñÜïÜ²³®é²É°\¯±ª�óÜ²³«�ª6©�ë³¯¨ô3Jü²��
ð¨ò�ïQ© ´éý � ô¡óÜ²-ì�ò�� ò�óÊ©�ïH¯LëÁ©xóQ¯±ïÜ²³¯;®é²aOü©,Qäë³«�ï Ó ´éýÍ¹ Ô ª�¯±ëÉëÁ© ®é²ÉïH¯±þ­²³«�ª�¯ T ìí«�ª�¯±ª�®�« X¯­® Y ¬­«¨óÜñQ©�ª¸ñÜ²
�

Ci,j,n+1 = Ci,j,n + δT

(

∂C

∂T

)

i,j,n

+
1

2
(δT )2

(

∂2C

∂T 2

)

i,j,n

+ · · · , Ó ´éýTM Ô
®�©�ëÉëÁ© Ó ´éýTM Ô ª�¯�¬­«�ª�óH¯±ð¨ò�¯8¬Qî�¯

(

∂C

∂T

)

i,j,n

=
Ci,j,n+1 − Ci,j,n

δT
+O(δT ). Ó ´éý÷R Ô

� ëMñH¯±ïÜ°;²Éª�¯ O(δT ) óH²Éð¨ª�²��6¬�© ¬Hî�¯L²VñH¯±ïÜ°;²Éª�²�«�°\¯­óHóÜ²VóH«�ª�« ®�¯±ëÉë
� «�ïH®é²Éª�¯;®é² δT ý N ²��°;²ÉëÉ°\¯±ª¸ñH¯bóÜ²&©�ì�ì�ëÉ²³¬�©mëÁ© óH¯±ïÜ²³¯;®é²°Oü©,Qäë³«�ï Ó ´éýÍ¹ Ô ª�¯±ëÉëÁ©m®é²ÉïH¯±þ­²³«�ª�¯ X ¬­«�ª�óH²³®�¯±ïQ©�ª�®�«
Y ¯ T ¬­«¨óÜñQ©�ª¸ñÜ²

Ci+1,j,n = Ci,j,n + δX

(

∂C

∂X

)

i,j,n

+
1

2
(δX)2

(

∂2C

∂X2

)

i,j,n

+ · · · ; Ó ´éýTW Ô

Ci−1,j,n = Ci,j,n − δX
(

∂C

∂X

)

i,j,n

+
1

2
(δX)2

(

∂2C

∂X2

)

i,j,n

− · · · ; Ó ´éýTX Ô
óQ«�°;°b©�ª�®�«;ëÁ© Ó ´éýTW Ô ¯DëÁ©\´éýTXBïÜ²³¬�©�õ¸²Á©�°\«

(

∂2C

∂X2

)

i,j,n

=
Ci+1,j,n − 2Ci,j,n + Ci−1,j,n

(δX)2 +O(δX)2. Ó ´éý � µ Ô
l ª6©�ë³«�ðâ©�°\¯±ªâñH¯¨ô=²ÉªâñH¯±ð¨ïQ©�ª�®�«bëÉò�ª�ð�«;ë
�6©�óHóQ¯ Y óÜ² «�ñÜñÜ²³¯±ª�¯

(

∂2C

∂Y 2

)

i,j,n

=
Ci,j+1,n − 2Ci,j,n + Ci,j−1,n

(δY )2
+O(δY )2. Ó ´éý �d�AÔ

R



N «¨óÜñÜ²ÉñÜò�¯±ª�®�«FëÁ© Ó ´éý÷R Ô ô Ó ´éý � µ Ô ¯ Ó ´éý �d�AÔ ª�¯±ëÉë
�}¯­û¸ò6©�þ­²³«�ª�¯Z®�¯±ëÉëÁ©Y®é²��Eò�óÜ²³«�ª�¯ Ó ´éýÍ´ Ô óÜ²«�ñÜñÜ²³¯±ª�¯JëÁ©�ë³¯±ð¨ð�¯�¬Hî�¯�¬±²�ìE¯±ïÜ°\¯±ñÜñH¯�®é²�¬�©�ë³¬­«�ëÁ©�ïH¯�ëÁ© Ci,j,n+1
ô¨¬±²³«k�
ëÁ©D¬­«�ª�¬­¯±ª¸ñÜïQ©�þ­²³«�ª�¯

©�ë ñH¯±°;ìE« δT (n+ 1) ý@�-¯±ï³	 ©�ïH¯�¬±²¢�x©­õäïH¯±°\«;ª�¯­¬­¯­óHóQ©�ïÜ²Á©�°\¯±ª¸ñH¯8ö�²³óH«�ð¨ª�«b®�¯±² õ�©�ë³«�ïÜ²®�¯±ëÉëÁ©b¬­«�ª�¬­¯±ªâñÜïQ©�þ­²³«�ª�¯L®é²¡ì6©�ïÜñH¯±ª�þ|© Ó ñH¯±°;ìE« T = 0
Ô ¯P®�¯±²-õ�©�ë³«�ïÜ²M©�ë¡¬­«�ªâñH«�ïÜª�«�ý I �

¯­û¸ò6©�þ­²³«�ª�¯ «�ñÜñH¯±ªâò�ñQ©]¬­«�ª�ë³«`óH¬Hî�¯±°b©i®é²
²Éª¸ñH¯±ð¨ïQ©�þ­²³«�ª�¯�¯­óÜì�ëÉ²³¬±²ÉñH«i®�¯±ëÉë³¯m®é²�� ¯±ïH¯±ª�þ�¯
��ª�²ÉñH¯��DëÁ©;óH¯±ð¨ò�¯±ªâñH¯

Ci,j,n+1 = Ci,j,n +
δT

(δX)2D(Ci+1,j,n − 2Ci,j,n + Ci−1,j,n)+

δT

(δY )2D(Ci,j+1,n − 2Ci,j,n + Ci,j−1,n). Ó ´éý � ´ Ô
· ò�¯­óHñH«x°\¯±ñH«ä®�««�L¬­«�°;ì�ò�ñQ©�þ­²³«�ª6©�ëÉ°\¯±ªâñH¯x°\«�ëÉñH«xìE¯±ï�	 «�ïÜ°b©�ªâñH¯;®é²V¬­«�ªâñÜïH« ëÁ©�¬­«�ª��
®é²Éþ­²³«�ª�¯ ®é²�óÜñQ©�ö�²ÉëÉ²Éñ��Ð�x°\«�ëÉñH«�óQ¯±õ�¯±ïQ©éôV²É°;ìí«�ª�¯�ë
�-ò�óH«�®é² δT °\«�ëÉñH«�ì�²³¬­¬­«�ëÉ²¤ý I ©
ïH¯­óHñÜïÜ²Éþ­²³«�ª�¯ ®é²
óHñQ©�ö�²ÉëÉ²Éñ��`óÜ²ZñÜïH«|õ�©�ìE«�ª�¯±ª�®�«�²Éë�¬­«¸¯Æêb¬±²³¯±ª¸ñH¯m®é² Ci,j,n

°b©�ð¨ð¨²³«�ïH¯ «
ò�ð¨ò6©�ë³¯
©Lþ�¯±ïH«��

1− 2D

{

δT

(δX)2 +
δT

(δY )2

}

≥ 0;

D

{

1

(δX)2 +
1

(δY )2

}

δT ≤ 1

2
. Ó ´éý � S Ô

à&á�àaá�ø ñ¿ä�òdì&ç@ì(æVùúõ[ëVæVö�æ
òdìuç®æ�û�åhé3ü@ý6þ�ÿ æVö�ì6ëVô
ìKü
�Yª]°\¯±ñH«ä®�«`©�ëÉñH¯±ïÜª6©�ñÜ²Éõ�«�ôV°\«�ëÉñH«�ò�óÊ©�ñH«�ôK	Ïò]ì�ïH«�ìE«¨óÜñH«�®�©Ð�ZïQ©�ª�L~¯­U�²³¬­«�ë³óQ«�ª]ª�¯±ë� X�¶kRäý · ò�¯­óÜñH«`°\¯±ñH«ä®�«i¬­«�ª�óÜ²³óÜñH¯�ª�¯±ëJóH«¨óHñÜ²ÉñÜò�²ÉïH¯ ∂2C/∂X2 ¬­«�ª�ëÁ©�°\¯­®é²Á©`®�¯±ëÉë³¯
®é²�� ¯±ïH¯±ª�þ�¯���ª�²ÉñH¯ Ó ´éý � µ Ô ©�ë£ñH¯±°;ìí«\ª���¯­óÜ²É°\«\¯ Ó ª � �AÔ ��¯­óÜ²É°\«�ô

(

∂2C

∂X2

)

i,j,n

=
1

2

{

Ci+1,j,n − 2Ci,j,n + Ci−1,j,n

(δX)2 +

Ci+1,j,n+1 − 2Ci,j,n+1 + Ci−1,j,n+1

(δX)2

}

. Ó ´éý � ¶ Ô

UF¯±ëÉë³«;óÜñH¯­óHóQ«L°\«¸®�«\óH² ïÜ²³¬�©­õ¨©LëÁ©B°\¯­®é²Á©LìE¯±ï�ûâò6©�ª¸ñH«;ïÜ²Éð¨ò6©�ïH®�©LëÁ©Lõ¨©�ïÜ²Á©�ö�²Éë³¯ Y
(

∂2C

∂Y 2

)

i,j,n

=
1

2

{

Ci+1,j,n − 2Ci,j,n + Ci−1,j,n

(δY )2 +

Ci+1,j,n+1 − 2Ci,j,n+1 + Ci−1,j,n+1

(δY )2

}

. Ó ´éý � ¹ Ô

W



�S«�°
ö�²Éª6©�ª�®�«�ëÁ©Së³¯±ð¨ð�¯&®é²�Jü²³¬�L Ó ´éýÍ´ Ô ¯MëÁ© Ó ´éý÷R Ô ²Éª�óH¯±ïH¯±ª�®�«�ëÁ©S°\¯­®é²Á©J®�¯±ëÉë³¯�®é²�� ¯±ïH¯±ª�þ�¯��ª�²ÉñH¯Pìí¯±ï�ë³¯�õ¨©�ïÜ²Á©�ö�²ÉëÉ² X ¯ Y �
Ci,j,n+1 − Ci,j,n

δT
=

1

2
D

{

(

∂2C

∂X2 +
∂2C

∂Y 2

)

i,j,n

+

(

∂2C

∂X2 +
∂2C

∂Y 2

)

i,j,n+1

}

. Ó ´éý � M Ô
N «¨óHñÜ²ÉñÜò�¯±ª�®�«\ª�¯±ëÉëÁ© Ó ´éý � M Ô ëÁ© Ó ´éý � ¶ Ô ¯�ëÁ© Ó ´éý � ¹ Ô óÜ²£«�ñÜñÜ²³¯±ª�¯

2Ci,j,n+1 − 2Ci,j,n =

δT D

(δX)2 (Ci+1,j,n − 2Ci,j,n + Ci−1,j,n +Ci+1,j,n+1 − 2Ci,j,n+1 + Ci−1,j,n+1)+

δT D

(δY )2
(Ci,j+1,n − 2Ci,j,n + Ci,j−1,n + Ci,j+1,n+1 − 2Ci,j,n+1 + Ci,j−1,n+1);

Ó ´éý � R Ô
ìE«�ª�¯±ª�®�« λx = δTD/(δX)2 ¯ λy = δTD/(δY )2 ¯SóH¯±ì6©�ïQ©�ª�®�«YëÁ©�¬­«�ª�¬­¯±ª¸ñÜïQ©�þ­²³«�ª�¯
®�¯±ëÉë
��²³óÜñQ©�ªâñH¯ n+ 1 ®�©�ëÉë
��²³óHñQ©�ªâñH¯ n

−λxCi+1,j,n+1 + 2(1 + λx + λy)Ci,j,n+1 − λxCi−1,j,n+1−
λyCi,j+1,n+1 − λyCi,j−1,n+1 =

λxCi+1,j,n + 2(1− λx − λy)Ci,j,n + λxCi−1,j,n+

λyCi,j+1,n + λyCi,j−1,n.

Ó ´éý � W Ô

N ¯ N �
²ÉëMª¸ò�°\¯±ïH«m®é²MñQ©�óHóH¯±ëÉëÉ²�óÜì6©�þ­²Á©�ëÉ²MëÉò�ª�ð�« ë
� ©�óHóH¯ X ¯­® M ²ÉëMª¸ò�°\¯±ïH« ®é²
ñQ©�óQóH¯±ëÉëÉ²JóÜì6©�þ­²Á©�ëÉ²JëÉò�ª�ð�«]ë
��©�óHóH¯ Y ©�ëÉë³«�ïQ© i ∈ [0, N − 1] ¯ j ∈ [0,M − 1] ý � ë°\¯±ñH«ä®�«;®é²6�ZïQ©�ª�L��kU�²³¬­«�ë³óH«�ª ïÜ²³¬Qî�²³¯­®�¯PëÁ©BóH«�ëÉò�þ­²³«�ª�¯PóH²É°8ò�ëÉñQ©�ª�¯�©;®é² (N − 1)(M −
1) ¯­û¸ò6©�þ­²³«�ª�²Z©�ëÉð�¯±ö�ïÜ²³¬Hî�¯\ìí¯±ïP«�ð¨ª�²Vì6©�óHóQ«xñH¯±°;ìE«�ïQ©�ë³¯ δT �¡û¸ò�¯­óÜñH« ìE¯±ïH¬Hî�í;¬±²Éª�û¸ò�¯õ¨©�ë³«�ïÜ²�²Éª�¬­«�ð¨ª�²ÉñÜ²P®�¯±ëÉëÁ©�¬­«�ª�¬­¯±ªâñÜïQ©�þ­²³«�ª�¯ C ¬­«�°;ì6©�²³«�ª�«�²Éª�¬±²Á©�óH¬±ò�ª6©�¯­û¸ò6©�þ­²³«�ª�¯¨ý
�ü¯±ïFð¨²Éò�ª�ð�¯±ïH¯
©�ëÉëÁ©\óQ«�ëÉò�þ­²³«�ª�¯8ª�«�ª�óH²¡ò�óQ©�ª�«;°\¯±ñH«ä®é²-®é²ü¯±ëÉ²É°;²Éª6©�þ­²³«�ª�¯
®é²ÉïH¯±ñÜñQ©éô=°b©
²Éë
óÜ²³óÜñH¯±°b©�õä²³¯±ª�¯bïÜ²³óQ«�ëÉñH«�²ÉñH¯±ïQ©�ñÜ²Éõ¨©�°\¯±ªâñH¯¨ý · ò�¯­óÜñH«�°\¯±ñH«¸®�«�ô�²Éªe¬±ò�²
ë³¯ óH«�ëÉò�þ­²³«�ª�²
óQ«�ª�«b«�ñÜñH¯±ªâò�ñH¯B®�©�ëÉëÁ©;ïÜ²³óQ«�ëÉò�þ­²³«�ª�¯
óÜ²É°
ò�ëÉñQ©�ª�¯�©b®é²ü¯­ûâò6©�þ­²³«�ª�²a�P¬Qî�²Á©�°b©�ñH«\ù�°\¯±ñH«ä®�«
²É°;ì�ëÉ²³¬±²ÉñH«�úQý N ²�ì�ò��`ì�ïH«¸¬­¯­®�¯±ïH¯m¬­«�ª�²Éë�°\¯±ñH«ä®�«i®é²��ZïQ©�ª�L��kU�²³¬­«�ë³óH«�ª�ò�óQ©�ª�®�«~óÜ²Á©
²Éª¸ñH¯±ïÜõ�©�ëÉëÉ²-ñH¯±°;ìí«�ïQ©�ëÉ²ü©�°;ì�²¡¬Hî�¯�ö�ïH¯±õä²¤ý
à&á�àaá�� û�ìKü®ç°æ���æVìKü°æ`æVü®æ���æVé�ëîæÃäué�ë`ö�ìKü6òdìPå�ü°ì
�ü¯±ïFïÜ²³óH«�ëÉõ�¯±ïH¯Bë³¯8¯­û¸ò6©�þ­²³«�ª�²a�8ª�¯­¬­¯­óHóQ©�ïÜ²³«�®�¯���ª�²ÉïH¯Bë³¯8¬­«�ª�®é²Éþ­²³«�ª�²�©�ëü¬­«�ª¸ñH«�ïÜª�« ¯Pë³¯
¬­«�ª�®é²Éþ­²³«�ª�²-²Éª�²Éþ­²Á©�ëÉ²¤ýI ¯Z¬­«�ª�®é²Éþ­²³«�ª�²ä²Éª�²Éþ­²Á©�ëÉ²�óH«�ª�«Jë³¯Z¬­«�ª�¬­¯±ªâñÜïQ©�þ­²³«�ª�²6©�ë¸ñH¯±°;ìí«Yþ�¯±ïH«�ô�¬±²³«k� C(i, j, n =
0) ∀i ∈ [0, N − 1], j ∈ [0,M − 1] �äë³¯F¬­«�ª�®é²Éþ­²³«�ª�²£©�ëí¬­«�ª¸ñH«�ïÜª�«;óH«�ª�«Pë³¯F¬­«�ª�¬­¯±ªâñÜïQ©��þ­²³«�ª�²¡©�ëEöE«�ïH®�«L®�¯±ëÉë
��©�ïH¯�©8²Éªm¯­óÊ©�°\¯ Ó i = 0, i = N − 1, j = 0, j = M − 1

Ô ý ÿ ©�ñH«
¬Qî�¯�¬­«�°8ò�ª�û¸ò�¯Dª�«�ª¨�Fìí«¨óHóH²Éö�²Éë³¯F¬­«�ª�«¨óQ¬­¯±ïH¯�¬­«¨óQ©L©­õäõ¸²³¯±ª�¯P©�ë ®é².	 ò�«�ïÜ² ®�¯±ëÉë
��©�ïH¯�©
²Éª

X



¯­óÊ©�°\¯Jò�ªb¬�©�ë³¬­«�ë³«B®�¯±ëÉëÁ©P®é²��Eò�óÜ²³«�ª�¯�¯�� ¯±ñÜñÜò6©�ñH«P²Éªxò�ª6©Dþ�«�ª6©8©�®é²Á©�¬­¯±ª¸ñH¯�©�ë�°b©�ïÜð¨²Éª�¯
ïÜ²³óHò�ëÉñH¯±ï��x¬­«�°
ò�ª�ûâò�¯Lª�«�ª`ì�ïH¯­¬±²³óH«�ôíìE«¨óHóÜ²Á©�°\«�ëÉ²É°;²ÉñQ©�ïH¬±²�©b¬­«�ª�óH²³®�¯±ïQ©�ïH¯Lë³¯8þ�«�ª�¯;©�ë
¬­«�ª¸ñH«�ïÜª�« ¬­«�°\¯BóQ¯Pª�«�ª¥	Ï«¨óHóQ¯±ïH«x©��£©�ñÜñH«b²Éª���ò�¯±ª�þ|©�ñH¯L®�©�ëÉë
�E¯­óÜñH¯±ïÜª�«�ý è ²É°;ìE«�ïÜñQ©�ª��
ñH¯Bì�ïH¯±ª�®�¯±ïH¯L²Éª~¬­«�ª�óÜ²³®�¯±ïQ©�þ­²³«�ª�¯\©�ïH¯­¯L°\«�ëÉñH« ì�²É÷`õ¨©�óÜñH¯L®�¯±ëÉëÁ©xþ�«�ª6© ®é²MóHñÜò�®é²³« ìí¯±ï
¯±õä²ÉñQ©�ïH¯P¬Qî�¯�² ïÜ²³óÜò�ëÉñQ©�ñÜ²¡óÜ²Á©�ª�«\²Éª���ò�¯±ª�þ|©�ñÜ²-®�©�ëÉëÁ©Lõä²³¬±²Éª6©�ª�þ|©;¬­«�ªm²Éë öE«�ïH®�«�ý
Ä¶Å	� 
¶Í���Ø.È@Þ�Í¨É�Í�È&ÚCÙ�Í
ÿ ²�óQ¯±ð¨ò�²ÉñH«~õ�¯±ª�ð�«�ª�«�ïÜ²Éìí«�ïÜñQ©�ñÜ²Y²Jì6©�óHóQ©�ð¨ð¨²�¬Qî�¯�ìE¯±ïÜ°\¯±ñÜñH«�ª�«]®é²D©�ïÜïÜ²Éõ�©�ïH¯�©�®�ò�ª
óH²³óÜñH¯±°b©�ëÉ²³¯�©�ïH¯i¬­«�ª n ¯­û¸ò6©�þ­²³«�ª�²P¯­® n ²Éª�¬­«�ð¨ª�²ÉñH¯~¬­«�ª n = (N − 1)(M − 1)ì6©�ïÜñH¯±ª�®�«x®�©�ëÉë
��¯­û¸ò6©�þ­²³«�ª�¯P®é²6�ZïQ©�ª�L
�kUY²³¬­«�ë³óH«�ª£ý

��ª�óÜ²³óÜñH¯±°b©�ëÉ²Éª�¯�©�ïH¯ ì�ò��i¯­óHóQ¯±ïH¯�¯­óHì�ïH¯­óHóH«�¬­«�°\¯ ò�ªP�V¯­ûâò6©�þ­²³«�ª�¯ óH«�ñÜñH«
	 «�ïÜ°b©
°b©�ñÜïÜ²³¬�©�ë³¯¨ý N ²â¬­«�ª�óÜ²³®�¯±ïQ©�²ÉëâóH¯±ð¨ò�¯±ªâñH¯&óÜ²³óÜñH¯±°b©SëÉ²Éª�¯�©�ïH¯�²Éª n ²Éª�¬­«�ð¨ª�²ÉñH¯ x1, x2, · · · , xn



















a1,1x1 + a1,2x2 + · · ·+ a1,nxn = b1
a2,1x1 + a2,2x2 + · · ·+ a2,nxn = b2ýýý ýýý ýýý ýýý
an,1x1 + an,2x2 + · · ·+ an,nxn = bnI ©
óQ«�ëÉò�þ­²³«�ª�¯�®�¯±ëEóH²³óÜñH¯±°b©z�Yò�ª ²Éª�óÜ²³¯±°\¯�®é²Eõ¨©�ë³«�ïÜ² x1, x2, · · · , xn

¬Qî�¯�óH«¸®�®é²³ó 	 ©�ª�«
óH²É°8ò�ëÉñQ©�ª�¯�©�°\¯±ªâñH¯SñÜò�ñÜñH¯Vë³¯V¯­û¸ò6©�þ­²³«�ª�²¤ý N ²�ì�ò��JóH¬±ïÜ²Éõ�¯±ïH¯V²Éë¸óÜ²³óÜñH¯±°b©
¬­«�ªPë
��¯­û¸ò6©�þ­²³«�ª�¯











a1,1 a1,2 · · · a1,n

a2,1 a2,2 · · · a2,nýýý ýýý ýýý
an,1 an,2 · · · an,n





















x1

x2ýýý
xn











=











b1
b2ýýý
bn











«Lì�²É÷�óH¯±°;ì�ëÉ²³¬­¯±°\¯±ªâñH¯¨ô=ìí«�ª�¯±ª�®�« A = (ai,j) ô x = (xj)
¯ b = (bj)

ô�¬­«�°\¯
Ax = b. Ó ´éý � X Ô

N ¯±ª�þ|©bëÁ©xìE¯±ïH®é²ÉñQ©�®é²-²Éª�	 «�ïÜ°b©�þ­²³«�ª�²Vìí«¨óQóÜ²Á©�°\«�ñÜïQ©�ó�	Ï«�ïÜ°b©�ïH¯BëÁ©£	Ïò�ª�þ­²³«�ª�¯L©bñÜïH¯
²Éª�¬­«�ð¨ª�²ÉñH¯ C ²Éª;ò�ª6©P©D®éò�¯
²Éª�¬­«�ð¨ª�²ÉñH¯¨ý I ©FñÜïQ©�ó 	Ï«�ïÜ°b©�þ­²³«�ª�¯�ì6©�ïÜñH¯J®�©�ë�ì�ïH¯­óÜò�ì�ìE«¨óÜñH«
¬Qî�¯&óÜ²âì�ò���ò�ñÜ²ÉëÉ²Éþ­þ|©�ïH¯&ò�ªBóH«�ë³«�²Éª�®é²³¬­¯ k ²Éª8ëÉò�«�ð�«J®é² i ¯ j ô�ìE¯±ï£²³®�¯±ªâñÜ²��6¬�©�ïH¯Së³«JóHì6©�þ­²³«�ý
k óÜ²Y«�ñÜñÜ²³¯±ª�¯�²Éª¥ûâò�¯­óHñH«]°\«ä®�«�� k = j + iN ý I �S¯­û¸ò6©�þ­²³«�ª�¯`®�¯±ëÉëÁ©]®é²��Eò�óÜ²³«�ª�¯²Éª¸ñH¯±ð¨ïQ©�ñQ© Ó ´éý � W Ô «�ïQ©b©�óHóÜò�°\¯DëÁ©z	 «�ïÜ°b©

−λxCk+1,n+1 + 2(1 + λx + λy)Ck,n+1 − λxCk−1,n+1−
λyCk+N,n+1 − λyCk−N,n+1 =

λxCk+1,n + 2(1 − λx − λy)Ck,n + +λxCk−1,n+

λyCk+N,n + λyCk−N,n

Ó ´éýÍ´¨µ Ô

∀k ∈ [0, NM − 1] ý�-¯±ïFìí«�ñH¯±ïDóH¬±ïÜ²Éõ�¯±ïH¯B¯­ûâò6©�þ­²³«�ª�¯ Ó ´éýÍ´¨µ Ô ª�¯±ëÉëÁ©�	 «�ïÜ°b©b®�¯±ëMóÜ²³óÜñH¯±°b© Ó ´éý � X Ô ²Éª¸ñÜïH«
�®éò�¬±²Á©�°\«\ëÁ©L°b©�ñÜïÜ²³¬­¯ B ý
� µ



I ©;°b©�ñÜïÜ²³¬­¯ B ��ò�ª6©\°b©�ñÜïÜ²³¬­¯8óÜì6©�ïHóÊ©éý � óÜò�«�²¡¯±ë³¯±°\¯±ª¸ñÜ²üóH«�ª�«\ìí¯±ïJëÁ©;°b©�ð¨ð¨²³«�ï
ì6©�ïÜñH¯�ò�ð¨ò6©�ëÉ²�©�þ�¯±ïH«�ô&¯­®�î6©`©�ëSì�²É÷�¬±²Éª�û¸ò�¯ ¯±ë³¯±°\¯±ªâñÜ²J®é²Éõ�¯±ïHóÜ²J®�©�þ�¯±ïH«�ìí¯±ï;«�ð¨ª�²
ïÜ²Éðâ©éý��-¯±ïB¬­«�°;ì�ïH¯±ª�®�¯±ïH¯\ëÁ© óHò6© óÜñÜïÜò�ñÜñÜò�ïQ© ®é²Éõä²³®é²Á©�°\« B ²Éª]óH«�ñÜñH«�°b©�ñÜ²³¬±²¤ý N ²Á©�ª�«
B1

¯ B2
®éò�¯�°b©�ñÜïÜ²³¬±²¡®é²¡®é²É°\¯±ª�óH²³«�ª�² (N − 1)× (M − 1)

B1 =

















−(λx + λy) λx 0 · · ·
λx −(λx + λy) λx

0 λx −(λx + λy)
ý ý ý

ý ý ý ý ý ý
λx

0 λx −(λx + λy)

















¯ B2
î6©BëÁ©z	 «�ïÜ°b© B2 = λyId

ý I ©L°b©�ñÜïÜ²³¬­¯ B �

B =





















B1 B2 0 · · ·
B2 B1 B2 0 · · ·
0 B2 B1 B2 0

0 B2 B1

ý ý ý
ý ý ý ý ý ý

B2

0 B2 B1





















ë³¯ óÜò�¯ ®é²É°\¯±ª�óÜ²³«�ª�²JóQ«�ª�«i®�¯±ëÉë
�ü«�ïH®é²Éª�¯ ®é² (NM ×MN) ý è óÜñQ©�ñH«�ò�ñÜ²ÉëÉ²Éþ­þ|©�ñH«`²Éë
óH²É°8öE«�ë³« 0 ìE¯±ïP²Éª�®é²³¬�©�ïH¯;ò�ª6© °b©�ñÜïÜ²³¬­¯¨ôü®é²�®é²É°\¯±ª�óÜ²³«�ª�²Z«�ì�ìE«�ïÜñÜò�ª�¯¨ôü¬­«�ªiñÜò�ñÜñÜ²�ð¨ëÉ²¯±ë³¯±°\¯±ñÜ²¡ò�ð¨ò6©�ëÉ²ü©Bþ�¯±ïH«�ý

�-«�ª�¯±ª�®�« A = 2Id + (−B) ô£²Éë�õ�¯±ñÜñH«�ïH¯\®�¯±ëÉë³¯;²Éª�¬­«�ð¨ª�²ÉñH¯ x ¬­«�ïÜïÜ²³óÜìE«�ª�®�¯±ï��m©�ëõ�¯±ñÜñH«�ïH¯;®�¯±ëÉëÁ©�¬­«�ª�¬­¯±ª¸ñÜïQ©�þ­²³«�ª�¯ Cn+1
¯BóH«¨óÜñÜ²ÉñÜò�¯±ª�®�«m© b ëÁ©xóH¯±ð¨ò�¯±ªâñH¯;¯­óÜì�ïH¯­óQóÜ²³«�ª�¯

b = (2Id +B)Cn
ô�²Éë£óÜ²³óÜñH¯±°b© Ax = b ®é²Éõä²³¯±ª�¯

(2Id+ (−B)) Cn+1 = (2Id+B) Cn; Ó ´éýÍ´ �AÔ
Id ��¬Hî�²Á©�°b©�ñQ©�°b©�ñÜïÜ²³¬­¯�²³®�¯±ªâñÜ²Éñ��éô�²FóÜò�«�²Y¯±ë³¯±°\¯±ª¸ñÜ²DóHò�ëÉëÁ©~®é²Á©�ð�«�ª6©�ë³¯�ì�ïÜ²Éª�¬±²Éì6©�ë³¯óQ«�ª�«Lò�ð¨ò6©�ëÉ²ü©�® ò�ª�«�ô�ð¨ëÉ²-©�ëÉñÜïÜ²£óQ«�ª�«;þ�¯±ïH«�ý

´Yð¨ª�²ü¯­û¸ò6©�þ­²³«�ª�¯
®�¯±ëüóÜ²³óÜñH¯±°b©\²³®�¯±ªâñÜ²��6¬�©xò�ª6©;ì�ïH¯­¬±²³óQ©bþ�«�ª6©\®�¯±ëÉë
�E©�ïH¯�©;²Éª`¯­óQ©��
°\¯¨ôFìE¯±ïm¯­óH¯±°;ì�²³«�ëÁ© k ��¯­óÜ²É°b©�¯­û¸ò6©�þ­²³«�ª�¯~óÜ²�ïÜ²�	 ¯±ïÜ²³óH¬­¯~©�ëPì�ò�ª¸ñH« ®é²P¬­«ä«�ïH®é²Éª6©�ñH¯
(bk/Nc, k mod N) ý���ª�²ÉªâñH¯±ïH¯­óHóÊ©�ªâñH¯L²ÉªâñH¯±ïÜì�ïH¯±ñQ©�þ­²³«�ª�¯;®�¯±ëÉëÁ©bë³¯±ð¨ð�¯L®é²6Jü²³¬�L�¬­«�ª��óH²³óÜñH¯�ª�¯±ë6¬­«�ª�óÜ²³®�¯±ïQ©�ïH¯Y²Éë6¬­«ä¯Æêb¬±²³¯±ªâñH¯F®é²6®é²��Eò�óÜ²³«�ª�¯ D ª�«�ªb¬­«�°\¯Jò�ª6©8¬­«¨óÜñQ©�ªâñH¯�°b©
¬­«�°\¯8ò�ª6©¦	Ïò�ª�þ­²³«�ª�¯¨ý � ª�ûâò�¯­óÜñH«b°\«¸®�«\ìí«¨óHóH²Á©�°\«b®é²³óÜñÜ²Éª�ð¨ò�¯±ïH¯8þ�«�ª�¯¨ô=®�¯±ëÉëÁ©bóÜñH¯­óHóQ©
©�ïH¯�©8²Éªx¯­óÊ©�°\¯¨ô¸¬­«�ª�ò�ªx¬­«ä¯Æêb¬±²³¯±ªâñH¯D®é²=®é²��Eò�óÜ²³«�ª�¯F®é²��E¯±ïH¯±ª¸ñH¯¨ý N ²Á© D ò�ª6©P°b©�ñÜïÜ²³¬­¯
®é²Á©�ð�«�ª6©�ë³¯
®�¯±ëÉë³¯PóÜñH¯­óHóQ¯�®é²É°\¯±ª�óÜ²³«�ª�²¡®é² B ôé²£óÜò�«�²¡¯±ë³¯±°\¯±ª¸ñÜ²¡ª�¯±ëÉëÁ©;®é²Á©�ð�«�ª6©�ë³¯
¯­óÜì�ïÜ²��°\«�ª�«
²E¬­«¸¯Æêb¬±²³¯±ª¸ñÜ²£®é²í®é²��Eò�óÜ²³«�ª�¯Y²Éª�«�ð¨ª�²íì�ò�ªâñH«L®�¯±ëÉëÁ©
ïH¯±ð¨²³«�ª�¯¨ý N ²=ì�ò��L«¨óHóQ¯±ïÜõ�©�ïH¯
¬Qî�¯ ²�¬­«ä¯Æêb¬±²³¯±ªâñÜ²D®é²J®é²��íò�óH²³«�ª�¯mïH¯­óÜñQ©�ª�«i²Éª¸õ�©�ïÜ²Á©�ñÜ²Yª�¯±ëJñH¯±°;ìE«�ôSû¸ò�²Éª�®é²JìE«¨óHóH«�ª�«
¯­óQóH¯±ïH¯ ìí«�ïÜñQ©�ñÜ²Ã	Ïò�«�ïÜ²J®�©�ëÉëÁ©`°b©�ñÜïÜ²³¬­¯ (2Id + (−B)) ý N ²Á©�ª�« λ′x = δT/(δX)2 ¯
λ′y = δT/(δY )2 ² ¬­«ä¯Æêb¬±²³¯±ªâñÜ² λx

¯ λy
óH¯±ª�þ|©
²Éë ¬­«¸¯Æêb¬±²³¯±ª¸ñH¯P®é²£®é²��Eò�óÜ²³«�ª�¯¨ý N «¨óÜñÜ²��

ñÜò�¯±ª�®�«Lª�¯±ëÉëÁ©;°b©�ñÜïÜ²³¬­¯ B1
²£¬­«ä¯Æêb¬±²³¯±ªâñÜ² λ′x ¯ λ′y ©�ë ìE«¨óÜñH«L®é² λx

¯ λy
ôéëÁ©
°b©�ñÜïÜ²³¬­¯

�d�



¬­«¨óî�-«�ñÜñH¯±ª¸ò�ñQ©¦�FëÁ© B′

1
ý&�ü«�ª�¯±ª�®�« B′

2 = λ′yId
ý N ²Á© B′ ëÁ©
°b©�ñÜïÜ²³¬­¯�«�ñÜñH¯±ª¸ò�ñQ©L®�© BóQ«¨óÜñÜ²ÉñÜò�¯±ª�®�«PëÁ©D°b©�ñÜïÜ²³¬­¯ B1

¬­«�ª B′

1
¯ B2

¬­«�ª B′

2
ô¸«�ïQ©Dë
� ¯­û¸ò6©�þ­²³«�ª�¯ Ó ´éýÍ´ �AÔ ®é²Éõä²³¯±ª�¯

D {2 Id + (−B ′)} Cn+1 = D (2 Id +B ′) Cn. Ó ´éýÍ´¨´ Ô
Ä¶Å�� � È�Ø9Ü¶ÎzÜ�Î²Í!È&É�Í�Þ�Í�×zÚÌÛ6Í�ÜÌ×²È¿ÎzÍ�� ÚÌÝ����
N ²¡ïÜ²Éìí«�ïÜñQ©;®é²£óQ¯±ð¨ò�²ÉñH«\ëÁ©BïÜ²³óH«�ëÉò�þ­²³«�ª�¯
®é²£ò�ª�óÜ²³óÜñH¯±°b©L®é²-¯­ûâò6©�þ­²³«�ª�²£ëÉ²Éª�¯�©�ïÜ²-ò�óQ©�ª�®�«
²Éëü°\¯±ñH«ä®�« ®é²K	¤©�ñÜñH«�ïÜ²Éþ­þ|©�þ­²³«�ª�¯ I �Bô=¬Qî�²Á©�°b©�ñH«�©�ª�¬Hî�¯ � ¯ � � �8� ��� �\�d�.������� � �k����ª ¹ ¬ ýN ²¡©�ì�ì�ëÉ²³¬Qî�¯±ï��bû¸ò�¯­óÜñH«L°\¯±ñH«ä®�«;ìE¯±ï�ëÁ©;óH«�ëÉò�þ­²³«�ª�¯P®�¯±ëÉë
��¯­û¸ò6©�þ­²³«�ª�¯ Ó ´éýÍ´¨´ Ô ý��ª`©�ì�ì�ïH«¸¬­¬±²³«xìí¯±ïYïÜ²³óH«�ëÉõ�¯±ïH¯P²ÉëüóÜ²³óÜñH¯±°b© Ó ´éý � X Ô ®é² n ¯­ûâò6©�þ­²³«�ª�²ü²Éª n ²Éª�¬­«�ð¨ª�²��ñH¯x¬­«�ª�óÜ²³óÜñH¯x®é²Z¬�©�ë³¬­«�ëÁ©�ïH¯ A−1 ¯b°\«�ëÉñÜ²Éì�ëÉ²³¬�©�ïH¯�ë
�£¯­ûâò6©�þ­²³«�ª�¯xìE¯±ï A−1 «�ñÜñH¯±ª�¯±ª�®�«
A−1Ax = A−1b ôV²Éª û¸ò�¯­óÜñH«�°\«¸®�« x = A−1b ý · ò�¯­óÜñH«�°\¯±ñH«ä®�«`î6©�ì�ïH«�ö�ë³¯±°;²®é² ²Éª�óHñQ©�ö�²ÉëÉ²Éñ��Lªâò�°\¯±ïÜ²³¬�©éô6ð¨ëÉ²¡¯±ïÜïH«�ïÜ²£®é²-©�ïÜïH«�ñH«�ª�®�©�°\¯±ªâñH«xñH¯±ª�®�«�ª�«b©�®m©�¬­¬±ò�°
ò�ëÁ©�ï��
óH²¡¯­óQ©�ð�¯±ïQ©�ñQ©�°\¯±ªâñH¯Lû¸ò6©�ª�®�«\õä²³¯±ª�¯Pò�óQ©�ñQ©\ëÁ©LïQ©�ì�ì�ïH¯­óH¯±ª¸ñQ©�þ­²³«�ª�¯L²Éªmõ¸²ÉïÜð�«�ëÁ©b°\«�ö�²Éë³¯
®�¯±² ª¸ò�°\¯±ïÜ²¡©�ë ìí«¨óHñH«B®�¯±² ª¸ò�°\¯±ïÜ²£ïH¯�©�ëÉ² ²³®�¯�©�ëÉ²¤ý@J�«�ïÜñÜò�ª6©�ñQ©�°\¯±ª¸ñH¯PëÁ©²	¤©�ñÜñH«�ïÜ²Éþ­þ|©�þ­²³«
�
ª�¯ I � ª�«�ªiì�ïH¯­óH¯±ª¸ñQ© û¸ò�¯­óÜñÜ²Vì�ïH«�ö�ë³¯±°;²&¯LïÜ²³óÜò�ëÉñQ© °\«�ëÉñH« õ¨©�ªâñQ©�ð¨ð¨²³«¨óÊ© ²ÉªiñH¯±ïÜ°;²Éª�²
¬­«�°;ì�ò�ñQ©�þ­²³«�ª6©�ëÉ²¤ýI ��²³®�¯�©�¬Qî�¯SóHñQ©�®é²³¯±ñÜïH«FëÁ©Ì	 ©�ñÜñH«�ïÜ²Éþ­þ|©�þ­²³«�ª�¯ I ��¬­«�ª�óÜ²³óÜñH¯Sª�¯±ë¸ñÜïH«|õ�©�ïH¯
®éò�¯S°b©�ñÜïÜ²��
¬±² n×n ¬Qî�²Á©�°b©�ñH¯ I ¯­®­�¥ñQ©�ëÉ² ¬Hî�¯ LU = A ôä®�«�õ�¯ L �Jò�ª6©
°b©�ñÜïÜ²³¬­¯FñÜïÜ²Á©�ª�ð�«�ëÁ©�ïH¯²Éª�	 ¯±ïÜ²³«�ïH¯Sò�ª�²ÉñQ©�ïÜ²Á© Ó ¬Hî�¯
î6©�ñÜò�ñÜñÜ² 1 óÜò�ëÉëÁ©F®é²Á©�ð�«�ª6©�ë³¯
ì�ïÜ²Éª�¬±²Éì6©�ë³¯ Ô ¯Ã�|�Zò�ª6©Y°b©�ñÜïÜ²³¬­¯ñÜïÜ²Á©�ª�ð�«�ëÁ©�ïH¯FóÜò�ìE¯±ïÜ²³«�ïH¯¨ýa��ª6©Dõ�«�ëÉñQ©PñÜïH«�õ¨©�ñQ©PëÁ©�	 ©�ñÜñH«�ïÜ²Éþ­þ|©�þ­²³«�ª�¯ I �1ìí¯±ï&ëÁ©D°b©�ñÜïÜ²³¬­¯l óÜ²�ì�ò��`ïÜ²³óH«�ëÉõ�¯±ïH¯ ²ÉëJóÜ²³óHñH¯±°b© Ó ´éý � X Ô Ax = b ïÜ²³óH«�ëÉõ�¯±ª�®�«~óH«�ë³«ióÜ²³óHñH¯±°;²�ëÉ²Éª�¯�©�ïÜ²ñÜïÜ²Á©�ª�ð�«�ëÁ©�ïÜ²¤ý N ²Á©

Ux = y, Ó ´éýÍ´dS Ô
ë
��¯­û Ó ´éý � X Ô óQ©�ìE¯±ª�®�«\¬Qî�¯ LU = A ¯DìE«�²³¬Hî���õ¨©�ë³¯�ëÁ© Ó ´éýÍ´dS Ô ®é²Éõä²³¯±ª�¯

Ly = b. Ó ´éýÍ´�¶ Ô
· ò�¯­óHñH«¨�Lò�ª~óÜ²³óÜñH¯±°b©�ñÜïÜ²Á©�ª�ð�«�ëÁ©�ïH¯b²Éª�	Ï¯±ïÜ²³«�ïH¯\¬Qî�¯;ì�ò�� ¯­óHóH¯±ïH¯LïÜ²³óQ«�ëÉñH« ò�ñÜ²ÉëÉ²Éþ­þ|©�ª�®�«
²ÉëZ°\¯±ñH«¸®�«�®é²Vù óQ«¨óÜñÜ²ÉñÜò�þ­²³«�ª�¯b²Éª�©­õ¨©�ªâñÜ²Øúx¬Qî�¯bî6©�¬­«�°;ì�ë³¯­óHóÜ²Éñ�� Θ(n2) ý¨��ª6©mõ�«�ëÉñQ©ïÜ²³óQ«�ëÉñH«
û¸ò�¯­óÜñH«8óH²³óÜñH¯±°b©8óH²=«�ñÜñÜ²³¯±ª�¯Y²Éë=õ�¯±ñÜñH«�ïH¯ y ôäóH«¨óÜñÜ²ÉñÜò�¯±ª�®�«
²Éë6ïÜ²³óÜò�ëÉñQ©�ñH«L«�ñÜñH¯±ª¸ò�ñH«ª�¯±ëÉë
�¸¯­ûâò6©�þ­²³«�ª�¯ Ó ´éýÍ´dS Ô ¯�ïÜ²³óQ«�ëÉõ�¯±ª�®�«Pò�ªbóÜ²³óHñH¯±°b©DñÜïÜ²Á©�ª�ð�«�ëÁ©�ïH¯YóHò�ìí¯±ïÜ²³«�ïH¯YóÜ²�«�ñÜñÜ²³¯±ª�¯
x ý � ë¸õ�¯±ñÜñH«�ïH¯ x óQ©�ï��D©�ª�¬Hî�¯�óH«�ëÉò�þ­²³«�ª�¯
®�¯±ë�óÜ²³óÜñH¯±°b© Ó ´éý � X Ô ý � ë�óÜ²³óHñH¯±°b© Ó ´éýÍ´dS Ô õä²³¯±ª�¯ïÜ²³óQ«�ëÉñH«\¬­«�ª ²Éë£°\¯±ñH«ä®�«\®é²íù óH«¨óÜñÜ²ÉñÜò�þ­²³«�ª�¯B©BïÜ²ÉñÜïH«¨óH«�úD¬Qî�¯Pî6©L¬­«�°;ìE¯­óHóÜ²Éñ�� Θ(n2) ý
à&á��@áVâ �&é.ò�ò�ìKå�æ�����é���æ
ì6ü@ä����
� ë�ì�ïH«ä¬­¯­óHóH«~®é²Ã	¤©�ñÜñH«�ïÜ²Éþ­þ|©�þ­²³«�ª�¯�¬­«�ª�óH²³óÜñH¯ ª�¯±ëJñÜïH«|õ�©�ïH¯ ò�ª6©~óH¬­«�°;ìí«¨óH²Éþ­²³«�ª�¯�®�¯±ëÉëÁ©
°b©�ñÜïÜ²³¬­¯b®�¯±²M¬­«ä¯Æêb¬±²³¯±ªâñÜ² A ²Éª~®éò�¯L°b©�ñÜïÜ²³¬±² L ¯­® U ²Éªi°\«ä®�« ¬Hî�¯;óÜ²Á© LU = A ý�ü¯±ïÃ	¤©�ïH¯F¬±²¢�LóÜ²EóH«�ñÜñÜïQ©�ð¨ð�«�ª�«L²E°8ò�ëÉñÜ²Éì�ëÉ²-®�¯±ëÉëÁ©8ì�ïÜ²É°b©L¯­û¸ò6©�þ­²³«�ª�¯�®�¯±ë óÜ²³óÜñH¯±°b©B®�©�ëÉë³¯
©�ëÉñÜïH¯Y¯­ûâò6©�þ­²³«�ª�²E¬­«¨óV�¡¬Hî�¯YëÁ©�ì�ïÜ²É°b©�õ¨©�ïÜ²Á©�ö�²Éë³¯FóÜ²Á©�ïÜ²É°\«¨óHóÊ©P®�©Pû¸ò�¯±ëÉë³¯�¯­û¸ò6©�þ­²³«�ª�²¤ý N ²
óQ«�ñÜñÜïQ©�ð¨ð�«�ª�«b²£°
ò�ëÉñÜ²Éì�ëÉ²V®�¯±ëÉëÁ©\óH¯­¬­«�ª�®�©b¯­ûâò6©�þ­²³«�ª�¯B®�©�ëÉëÁ©;ñH¯±ïÜþ|©x¯P®�©�ëÉë³¯8óHò�¬­¬­¯­óHóÜ²Éõ�¯

� ´



¬­«¨óî��¬Hî�¯SëÁ©Jì�ïÜ²É°b©�¯ZëÁ©JóH¯­¬­«�ª�®�©�õ¨©�ïÜ²Á©�ö�²Éë³¯SóH²Á©�ª�«JïÜ²É°\«¨óHóH¯¨ý N ²ä²ÉñH¯±ïQ©J²Éë¸ì�ïH«¸¬­¯­®é²É°\¯±ª¸ñH«
��ª�«B©�û¸ò6©�ª�®�«PëÁ©�°b©�ñÜïÜ²³¬­¯�ª�«�ª�©�óHóHò�°\¯�ëÁ©�	 «�ïÜ°b©DñÜïÜ²Á©�ª�ð�«�ëÁ©�ïH¯DóÜò�ìE¯±ïÜ²³«�ïH¯¨ôâóÜ²=©�ïÜïÜ²Éõ¨©
¬­«¨óî�V©�ëÉëÁ©B°b©�ñÜïÜ²³¬­¯ U ý I ©B°b©�ñÜïÜ²³¬­¯ L ��¬­«�°;ìí«¨óHñQ©L®�©B°\«�ëÉñÜ²Éì�ëÉ²³¬�©�ñH«�ïÜ²-¬Hî�¯8¬�©�ò�óQ©�ª�«ë
�¸¯±ëÉ²É°;²Éª6©�þ­²³«�ª�¯Y®�¯±ëÉë³¯�õ�©�ïÜ²Á©�ö�²ÉëÉ²¤ý I �¸©�ëÉð�«�ïÜ²ÉñÜ°\«
ì�ò��8¯­óHóH¯±ïH¯Ì	 ©�¬±²ÉëÉ°\¯±ª¸ñH¯Y®�¯­óQ¬±ïÜ²ÉñÜñH«P²Éª
°\«ä®�«�²Éª�®éò�ñÜñÜ²Éõ�«móÜò n ý N ¯ n = 1 óÜ²MóH¬­¯±ð¨ëÉ²³¯ L = 1 ¯­® U = a1,1

ý¤�-¯±ï n > 1 óÜ²ñQ©�ð¨ëÉ²Á© A ²Éª�û¸ò6©�ñÜñÜïH«;ì6©�ïÜñÜ²

A =















a1,1 a1,2 · · · a1,n

a2,1 a2,2 · · · a2,nýýý ýýý ý ý ý ýýý
an,1 an,2 · · · an,n















=

(

a1,1 wT

v A′

)

®�«|õ�¯ v �Pò�ªmõ�¯±ñÜñH«�ïH¯P¬­«�ë³«�ª�ª6©\¯ wT ��ò�ª�õ�¯±ñÜñH«�ïH¯�ïÜ²Éðâ©éô6¯±ª¸ñÜïQ©�°8ö�²M®é²£®é²É°\¯±ª�óÜ²³«�ª�¯
(n−1) ý A′ ��ò�ª6©�°b©�ñÜïÜ²³¬­¯ (n−1)× (n−1) ý è 	 ©�¬±²Éë³¯�õ�¯±ïÜ²��6¬�©�ïH¯F¬Hî�¯ A ©�°;°\¯±ñÜñH¯ëÁ©LóQ¯±ð¨ò�¯±ªâñH¯8óQ¬­«�°;ìí«¨óÜ²Éþ­²³«�ª�¯

A =

(

a1,1 wT

v A′

)

=

(

1 0
v/a1,1 Id

)(

a1,1 wT

0 A′ − vwT /a1,1

)

.

N ²é²Éª¸ñH¯±ª�®�¯J¬­«�ª 0 ª�¯±ëÉëÁ©Fì�ïÜ²É°b©D¯Sª�¯±ëÉëÁ©DóH¯­¬­«�ª�®�©F°b©�ñÜïÜ²³¬­¯¨ô�ïÜ²³óHìí¯±ñÜñÜ²Éõ¨©�°\¯±ªâñH¯¨ô¸õ�¯±ñÜñH«�ïÜ²ïÜ²Éðâ© ¯L¬­«�ë³«�ª�ª6© ®é²V®é²É°\¯±ª�óÜ²³«�ª�¯ (n − 1) ô£¬Qî�¯Lî6©�ª�ª�« ñÜò�ñÜñÜ²Vð¨ëÉ²V¯±ë³¯±°\¯±ªâñÜ²�ò�ð¨ò6©�ëÉ²&©þ�¯±ïH«�ýN ò�ì�ìí«�ª�¯±ª�®�«Lõ�¯±ïH«Lû¸ò�¯­óÜñH«B°\¯±ñH«¸®�«BìE¯±ïZëÁ©
°b©�ñÜïÜ²³¬­¯ A′− vwT /a1,1
®é² ®é²É°\¯±ª��

óH²³«�ª�² (n− 1)× (n− 1) ô�óÜ²í®é²É°\«¨óHñÜïQ©Bìí¯±ï A ®é²E®é²É°\¯±ª�óÜ²³«�ª�² n× n ý N ²Á©�ª�« L′ ¯ U ′

ë³¯D°b©�ñÜïÜ²³¬±²ü«�ñÜñH¯±ªâò�ñH¯
®�©�ëÉëÁ©;óH¬­«�°;ìE«¨óÜ²Éþ­²³«�ª�¯P®�¯±ëÉëÁ©;óH«�ñÜñH«�°b©�ñÜïÜ²³¬­¯ A′ − vwT /a1,1
ô�óÜ²

î6©
A =

(

1 0
v/a1,1 Id

)(

a1,1 wT

0 A′ − vwT /a1,1

)

=

(

1 0
v/a1,1 Id

)(

a1,1 wT

0 L′U ′

)

=

(

1 0
v/a1,1 L′

)(

a1,1 wT

0 U ′

)

= LU.

Ó ´éýÍ´¨¹ Ô

�ü«�²³¬Hî�í L′ ��ñÜïÜ²Éª�ð�«�ëÁ©�ïH¯F²Éª�	 ¯±ïÜ²³«�ïH¯�ò�ª�²ÉñQ©�ïÜ²Á©éô�©�ª�¬Qî�¯ L ë³«²�¨ý&�-«�²³¬Qî�í U ′ �YñÜïÜ²Éª�ð�«�ëÁ©�ïH¯
óHò�ìí¯±ïÜ²³«�ïH¯¨ô6©�ª�¬Qî�¯ U ë³«��¨ý N ²¡«�ñÜñÜ²³¯±ª�¯P¬­«¨óV�V«�ñÜñH¯±ª¸ò�ñH«\ò�ª6©z	¤©�ñÜñH«�ïÜ²Éþ­þ|©�þ­²³«�ª�¯ I � ìE¯±ï
ëÁ©B°b©�ñÜïÜ²³¬­¯ A ý´FóHóH¯±ïÜõä²Á©�°\«]¬Hî�¯�óH¯ ë
��¯±ë³¯±°\¯±ª¸ñH« a1,1

	 «¨óHóH¯ ò�ð¨ò6©�ë³¯`©`þ�¯±ïH«]û¸ò�¯­óÜñH«i°\¯±ñH«ä®�«
ª�«�ªó	Ïò�ª�þ­²³«�ª�¯±ïH¯±ö�öE¯¨ôYª�«�ª óH²Fì�ò���©�ì�ì�ëÉ²³¬�©�ïH¯¨ôD²Éª�«�ëÉñÜïH¯¨ôDóH¯�ë
� ¯±ë³¯±°\¯±ªâñH« a′1,1

®�¯±ëÉëÁ©
°b©�ñÜïÜ²³¬­¯ A′ 	 «¨óHóH¯Mþ�¯±ïH«�ý � ªPû¸ò�¯­óÜñÜ²�¬�©�óÜ²��MìE«¨óHóÜ²Éö�²Éë³¯�©�ì�ì�ëÉ²³¬�©�ïH¯&²Éë�ì�ïH«ä¬­¯­®é²É°\¯±ªâñH«�®�«�ìE«
©�õ�¯±ï8«�ì�ìE«�ïÜñÜò�ª6©�°\¯±ªâñH¯\ìE¯±ïÜ°8ò�ñQ©�ñH«�ë³¯LïÜ²Éð¨î�¯\®é² A ý¦J�«�ïÜñÜò�ª6©�ñQ©�°\¯±ª¸ñH¯ óÜ²Mò�óH¯±ï���ëÁ©	¤©�ñÜñH«�ïÜ²Éþ­þ|©�þ­²³«�ª�¯ I �¥ìE¯±ïZò�ª6©
¬±ëÁ©�óHóH¯F®é²í°b©�ñÜïÜ²³¬±²í²Éª ¬±ò�²íª�«�ª�óÜ²=õ�¯±ïÜ²��6¬�©
°b©�²Eû¸ò�¯­óÜñH«
²Éª�¬­«�ª¸õ�¯±ª�²³¯±ªâñH¯¨ý� ë£¬­«ä®é²³¬­¯P®�¯±ëÉëÁ©z	¤©�ñÜñH«�ïÜ²Éþ­þ|©�þ­²³«�ª�¯ I �À��ïÜ²ÉìE«�ïÜñQ©�ñH«;ª�¯±ë£¬�©�ì¥SéýTSéý

� S



à&á��@á�à ã�ìKô�òhæ�ò
� ��æ
ìKü°ä±æVüÀé�!�é3ü6òdæ`ä é å�æ
òdåhìKô
ì
I © �,�
� � � � � � �\�d�.����� �#"
� � � � ïÜ²³óH«�ëÉõ�¯x²ÉëZóH²³óÜñH¯±°b© Ó ´éýÍ´�¶ Ô ²ÉªeñH¯±°;ìí« Θ(n2) ý N ²Sì�ò��óQ¬±ïÜ²Éõ�¯±ïH¯�ë
��¯­û=ý Ó ´éýÍ´�¶ Ô ¬­«�°\¯

y1 = b1
l2,1y1 + y2 = b2
l3,1y1 + l3,2y2 + y3 = b3ýýý
ln,1y1 + ln,2y2 + ln,3y3 + · · ·+ yn = bn

Ó ´éýÍ´dM Ô

y1
óÜ²&ñÜïH«|õ�©�®é²ÉïH¯±ñÜñQ©�°\¯±ªâñH¯ ®�©�ëÉëÁ©�ì�ïÜ²É°b©�¯­ûâò6©�þ­²³«�ª�¯ ®�¯±ëZóH²³óÜñH¯±°b©éôMò�ª6©mõ�«�ëÉñQ©�ñÜïH«
�

õ¨©�ñH« y1
óÜ²DóH«¨óÜñÜ²ÉñÜò�²³óH¬­¯�ª�¯±ëÉëÁ©eóH¯­¬­«�ª�®�©e¯­ûâò6©�þ­²³«�ª�¯`«�ñÜñH¯±ª�¯±ª�®�« y2

ý � ª1ð�¯±ª�¯±ïQ©�ë³¯¨ô
óQ«¨óÜñÜ²ÉñÜò�¯±ª�®�« y1, . . . , yi−1

²Éª�©­õ¨©�ªâñÜ²¡ª�¯±ëÉëÁ© i ��¯­óÜ²É°b©;¯­û¸ò6©�þ­²³«�ª�¯8óÜ² ñÜïH«|õ�© yi
ý

yi = bi −
i−1
∑

j=1

li,jyj Ó ´éýÍ´hR Ô

I © ���
� � � � � � �����.� �¡� � �\� �
�,� �P©�ª6©�ë³«�ðâ©\©�ëÉëÁ©LóH«¨óÜñÜ²ÉñÜò�þ­²³«�ª�¯D²Éª�©�õ�©�ª¸ñÜ²¤ô�¬­«�ª ëÉò�ª�²³¬�©
®é²�� ¯±ïH¯±ª�þ|©B¬Hî�¯Yõ¸²³¯±ª�¯YïÜ²³óH«�ëÉñQ©8ì�ïÜ²É°b©
ë
� n ��¯­óÜ²É°b©
¯­ûâò6©�þ­²³«�ª�¯¨ôéìE«�²=óÜ²í«�ìí¯±ïQ©B©8ïÜ²ÉñÜïH«¨óH«��ª�«\©�ëÉëÁ©
ì�ïÜ²É°b©L¯­û¸ò6©�þ­²³«�ª�¯¨ý · ò�¯­óÜñH«B°\¯±ñH«ä®�«;óH¯±ïÜõ�¯DìE¯±ïSïÜ²³óQ«�ëÉõ�¯±ïH¯Dë³¯F¯­û¸ò6©�þ­²³«�ª�²£®é²
ñÜ²ÉìE« Ó ´éýÍ´dS Ô ý%$�²³óH¬±ïÜ²Éõ�¯±ª�®�«L²Éë¡óÜ²³óHñH¯±°b©L¬­«�°\¯

u1,1x1 + u1,2x1 + · · ·+ u1,n−1xn + u1,nxn = y1

u2,2x1 + · · ·+ u2,n−1xn + u2,nxn = y2ýýý
un,nxn = yn

Ó ´éýÍ´dW Ô

óH² ìí«¨óHóQ«�ª�«;¬�©�ë³¬­«�ëÁ©�ïH¯ xn, xn−1, · · · , x1
ò�ª6©L®�«�ìE«;ë
��©�ëÉñÜïQ©;¬­«�°\¯8óH¯±ð¨ò�¯d�

xn = yn/un,n

xn−1 = (yn−1 − un−1,nxn)/un−1,n−1

xn−2 = (yn−2 − (un−2,n−1xn−1 + un−2,nxn))/un−2,n−2ýýý
Ó ´éýÍ´dX Ô

ëÁ©²	 «�ïÜ°8ò�ëÁ©\ð�¯±ª�¯±ïQ©�ë³¯¤��ëÁ©LóH¯±ð¨ò�¯±ª¸ñH¯d�

xi =



yi −
n

∑

j=i+1

ui,jxj



 /ui,i. Ó ´éýTS¨µ Ô

e�ªâñÜïQ©�°8ö�²M²-°\¯±ñH«¸®é²-õ�¯±ª�ð�«�ª�«b²É°;ì�ë³¯±°\¯±ª¸ñQ©�ñÜ²üª�¯±ëÉëÁ©¡	Ïò�ª�þ­²³«�ª�¯'&)(+*),.-#/103254 Ó õ�¯­®�¯±ïH¯¬�©�ì�²ÉñH«�ë³«x´¨µ Ô ý

� ¶



r sutwvFxzy|{�y 6

�87 º $&½ �97&¾Ê~��µ��'

Á 1.B�BED�/�781
UY¯±ëÉëÁ©bì�ïÜ²É°b©xì6©�ïÜñH¯
®�¯±ëM¬�©�ì�²ÉñH«�ë³« óH«�ª�«�®�¯­óH¬±ïÜ²ÉñÜñH¯Bë³¯¤	Ïò�ª�þ­²³«�ª6©�ëÉ²Éñ��x²É°¦�
ì�ë³¯±°\¯±ñQ©�ñH¯b®�©�ë�óÜ²É°
ò�ëÁ©�ñH«�ïH¯¨ý¡�ü«�²�ª�¯±ëV°b©�ªâò6©�ë³¯bª�¯Lõ¸²³¯±ª�¯;®�¯­óH¬±ïÜ²ÉñÜñH«më
�
ò�óH«�ôEë
�=²ÉªâñH¯±ï�	¤©�¬­¬±²Á© ¬­«�ª�ë
�íò�ñH¯±ª¸ñH¯;¯
ñÜò�ñÜñH¯Bë³¯L«�ì�þ­²³«�ª�²V¯­®�²üì6©�ïQ©�°\¯±ñÜïÜ²
ïÜ²³¬Hî�²³¯­óÜñÜ²D®�©�ë�ì�ïH«�ð¨ïQ©�°;°b©éý � ª���ª�¯mõ�¯±ïÜïQ©�ª�ª�«�²ÉëÉëÉò�óÜñÜïQ©�ñH¯�ë³¯mñH¯­¬±ª�²³¬Hî�¯
²É°;ì�²³¯±ðâ©�ñH¯Lìí¯±ïFë
�=²É°;ì�ë³¯±°\¯±ªâñQ©�þ­²³«�ª�¯ Ó ©�ëÉð�«�ïÜ²ÉñÜ°;²�¯BóÜñÜïÜò�ñÜñÜò�ïH¯L®�©�ñÜ² Ô ®é²©�ë³¬±ò�ª�¯�ì6©�ïÜñÜ²E®�¯±ë=óH²É°8ò�ëÁ©�ñH«�ïH¯F²ÉªbïÜ²�	 ¯±ïÜ²É°\¯±ªâñH«;©�ëÉë³«BóÜñÜò�®é²³«P°b©�ñH¯±°b©�ñÜ²³¬­«
ì�ïH¯­óH¯±ªâñQ©�ñH«�ý

��Å�Æ Ç«È;:,Ý²Û�Í�ÜÌ×zÚÌÉ�Í Ø+<�ÎzÈ&É=�cÍ���Ø9È@Þ�Ú
Jü²³¬�L«�Dò�ª�ñH«¸«�ë ìE¯±ï�óÜ²É°
ò�ëÁ©�ïH¯�ëÁ©;®é²��Eò�óÜ²³«�ª�¯P®é²3��ò�²³®é²¤ô�ì�ò��b«�ìí¯±ïQ©�ïH¯PóH²Á©LóÜòmì�²³¬­¬­«�ë³¯
¬Qî�¯ óÜò�õ¨©�óÜñH¯ ©�ïH¯­¯¨ýEJü²³¬�L���²Éªeð¨ïQ©�®�«i®é²S¯±ëÁ©�öE«�ïQ©�ïH¯�ò�ª6©�ûâò6©�ñÜ²Éñ���°\«�ëÉñH«`ð¨ïQ©�ª�®�¯
®é²ü®�©�ñÜ² Ó ª�¯±ëÉë
�í«�ïH®é²Éª�¯L®é² 107 Ô °b©�ªâñH¯±ª�¯±ª�®�« ò�ª�ö�ò�«�ª�ð¨ïQ©�®�«�®é²M©�ì�ì�ïH«¨óQóÜ²É°b©�þ­²³«�ª�¯
Ó ðâ©�ïQ©�ª¸ñÜ²ÉñH«�®�©�ëÉë
�Eò�óH« ®�¯±ëÉëÁ©«	 ©�ñÜñH«�ïÜ²Éþ­þ|©�þ­²³«�ª�¯ I � Ô ¯LñH¯±°;ì�²�®é²�¯­óQ¯­¬±ò�þ­²³«�ª�¯;ïÜ²³®�«�ñÜñÜ²¤ý�Yª�«m®�¯±²&óHò�«�²�ì�ò�ªâñÜ²S®é²@	 «�ïÜþ|©!�;ëÁ©­	¤©�¬±²ÉëÉ²Éñ�� ®é²�ò�ñÜ²ÉëÉ²Éþ­þ�«�ð¨ïQ©�þ­²³¯b©�ëÉëÁ©móHò6© óH¯±°;ì�ëÉ²³¬­¯
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FICK(1) User Commands FICK(1)

NOME
fick − simulatore di diffusione

VERSIONE
0.2

SINTASSI
fick [OPTIONS] ImageDistribition [ImageDiffusion]

DESCRIZIONE
fick un tool per simulare l’espansione di un fluido in un ambiente. Il programma puo’ prende in
esame due file immagini, il primo si riferisce alla concentrazione di sostanza in ogni punto dell’area
in esame, il secondo al coefficiente di diffusione. Questi valori variano da punto a punto nella zona
in esame e corrispondono al colore blu per la concentrazione e al colore rosso per i coefficienti di
diffusione. Se non viene specificato il file ImageDiffusion si assume che il coefficiente di diffusione
e’ costante in tutta l’area.

Questo tool sfrutta le equazioni di Fick discretizzate secondo metodi di analisi numerica.

I tipi di immagine supportati sono:

TGA: TrueVision Targa (.tga)

BMP: Windows Bitmap(.bmp)

PNM: Portable Anymap (.pnm)
.pbm = Portable BitMap (mono)
.pgm = Portable GreyMap (256 scala di grigi)
.ppm = Portable PixMap (colori)

XPM: X11 Pixmap (.xpm)

XCF: formato nativo di GIMP (.xcf) (XCF = eXperimental Computing Facility?) Questo formato
tuttora in evoluzione, il caricamento di immagini di questo tipo potrebbe fallire. Sarebbe meglio se
si carica il file con GIMP e si converte in un formato meglio supportato.

PCX: ZSoft IBM PC Paintbrush (.pcx)

GIF: CompuServe Graphics Interchange Format (.gif)

JPG: Joint Photographic Experts Group JFIF format (.jpg or .jpeg)

TIF: Formato Tagged Image File (.tif or .tiff)

LBM: Interleaved Bitmap (.lbm or .iff) DA : ILBM o PBM(packed bitmap) HAM6, HAM8 e 24bit
che non sono supportati.

PNG: Portable Network Graphics (.png)

COMANDI
ESC q

Esce dal programma.

f Abilita e disabilita la modalit a tutto schermo.

+ Incrementa Dt di uno.

- Se Dt maggiore di uno allora lo decrementa.

fick 0.1 June 2005 1

� R



FICK(1) User Commands FICK(1)

OPZIONI
Fick accetta solo opzioni a linea di comando che hanno questa sintassi:

-f --fullscreen

Abilita la vista a tutto schermo. E’ possibile farlo anche mentre il programma sta girando,
basta premere il taso "f" per abilitarla. Per togliere la modalit a tutto schermo premere
nuovamente "f".

-e --explicit

Usa le leggi di Fick discretizzate utilizzando il metodo esplicito. Molto piu’ performate del
metodo implicito ma implica una restrizione di stabilita’ piu’ severa.

-x arg --dx arg

Setta il valore Dx necessario per la dicretizzazione dell’immagine. Corrisponde al numero
di pixel.

-y arg --dy arg

Setta il valore Dy necessario per la dicretizzazione dell’immagine. Corrisponde al numero
di pixel.

-t arg --dt arg

Setta il valore Dt. Corrisponde all’intervallo di tempo che intercorre tra uno stadio ed un
altro della simulazione.

-s n --steps n

Setta il numero di passi che deve effettuare il programma dopodiche termina. Il pro-
gramma pu comunque essere terminato chiudendo la finestra o premendo il taso escape.

-d s --delay s

millisecondi che intercorrono tra la visualizzazione di due immagini. Se per esempio
vogliamo visualizzare le immagini con una frequenza di 20 immagini al secondo setteremo
s a 50. Se non si specifica questa opzione il ritardo sar 250.

-W n --Width n

Specifica la larghezza della granularit dell’immagine nella finestra di output. Se viene
usata insieme all’opzione −o allora anche l’immagiene salvata avr la granularit specificata.
Se non si specifica questa opzione la larghezza sar uguale a Dy.

-H n --Height n

Specifica l’altezza della granularit dell’immagine nella finestra di output. Se viene usata
insieme all’opzione −o allora anche l’immagiene salvata avr la granularit specificata. Se
non si specifica questa opzione la larghezza sar uguale a Dx.

-o file --output file

Salva i risultati della simulazione in un file BMP di nome file. La concentrazione salvata si
riferisce a quella ottenuta nell’ultima computazione del programma.

-v --version

Stampa la versione del programma.

-h --help

Stampa l’help del programma.

VALORE DI RITORNO
Il programma ritorna 0 se tutto andato a buon fine, 1 se si verificato un errore.

AUTORE
Fick e’ stato scritto da Danilo Abbasciano.

This is free software; see the source for copying conditions.There is NO warranty; not even for
MERCHANTABILITY or FITNESS FOR APARTICULAR PURPOSE.

fick 0.1 June 2005 2
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REPORTING BUGS

Report bugs to <danilo.abbasciano@gmail.com>

fick 0.1 June 2005 3
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�#�.-�-.,1��2��g�S�¦��*.�°¿C0�,
�À2��C-�,.�#�£4�4�4H¹.¹ÇÁ�(C&.&�4��Í �����Q���C�À2�Î.Îm�.Ï10H�g0Q��,#�.����*�³10�-.,°Ð¸�1,´�.���¸�g�.��·¦ÑmÒ#� Ó�Ós4l�Ô 0#¡��Q�z2 ½ 4r�Õ §
¤ �C,)�Ä2m·¸¹¸Åz�8·¸ÆÇ���5�¦�8·CÈ�È�4µ�Ö ¶ËÊ�·.Ì¦Ê�·.Ì�¹ Â �l2 ½ È¢&�¡z2j·+4HÈ�&
�z2j·+4.4r� �C� Â 2 ½ È�&�¡�È�&��+4Ç�)�
½ Å �Q�¾2m·»º ½ ¼)¹�ÅÇ×�×Ä2m·£º ½ 4QØ
²£º°¼1�ÚÙW¹Ç²£º°¼���º ½ 4½.½ ¶ËÊt·CÌ¦Ê�·+º ½ ÌÇ¹�º ½ �µ&�¡z2m·£4r� �1��º�&
¡��
�
½°Â �Q�¾2m·¸È ½ Æµ���5��×�×Ä2j·.È ½ 4�Ø�²+º°¼��ÚÙ	¹¸Åg4½QÃ ¶ËÊt·CÌ¦Ê�·.È ½ ÌÇ¹�º ½ �µ&�¡z2m·£4r� �1��º�&
¡��
�
½�É �Q�¾2m·»º ²+º#¼1�µ¼)¹¸Åg4½ Í ¶ËÊt·CÌ¦Ê�·�º ²£º°¼1�°ÌÇ¹�º ½ �µ&��z2m·£4r� �1��º�&
���
�
½°Ô �Q�¾2m·¸È¢²+º#¼1�µÆÇ�g�5�r4½QÕ ¶ËÊt·CÌ¦Ê�·.È
²£º°¼��QÌ¢¹�º ½ ��&��z2j·+4r� �1��º�&
���
�½ ¤ §
½°Ö �10)���.����¶%�Â Å §
ÿ «�ìE« ëÁ© ®é²³¬Hî�²Á©�ïQ©�þ­²³«�ª�¯�®é²Z©�ë³¬±ò�ª�¯;õ¨©�ïÜ²Á©�ö�²ÉëÉ²�ë³«ä¬�©�ëÉ²¤ô¡ª�¯±ëÉë³¯\ëÉ²Éª�¯­¯ � ��R óÜ²VïÜ²³óH¯±ïÜõ¨©�ëÁ©
°\¯±°\«�ïÜ²Á©�ìí¯±ïVëÁ©F°b©�ñÜïÜ²³¬­¯J®é²Éª6©�°;²³¬�© l ýd�FóQ©�ª�®�«DëÁ©�	Ïò�þ­²³«�ª�¯i�#�.-�-�,���2S4�ëÁ©F°\¯±°\«�ïÜ²Á©
õä²³¯±ª�¯�©�ò�ñH«�°b©�ñÜ²³¬�©�°\¯±ñH¯�²Éª�²Éþ­²Á©�ëÉ²Éþ­þ|©�ñQ©]©`þ�¯±ïH«�ý ÿ ©�ñH«]¬Hî�¯ ëÁ©`°b©�ñÜïÜ²³¬­¯�î6©i©�ëJì�²É÷
¬±²Éª�û¸ò�¯&¯±ë³¯±°\¯±ª¸ñÜ²�®é²Éõ�¯±ïHóÜ²¸®�©Jþ�¯±ïH«JìE¯±ï-«�ð¨ª�²âïÜ²Éðâ©éô�²Éëä¬±²³¬±ë³« Ó ëÉ²Éª�¯­¯ÃW�� � W Ô î6©�²Éëä¬­«�°;ì�²ÉñH«®é²�óH¬±ïÜ²Éõ�¯±ïH¯SñQ©�ëÉ²éõ¨©�ë³«�ïÜ²¤ý I ¯Z²³óHñÜïÜò�þ­²³«�ª�²r�Q�P©�ëÉë
��²ÉªâñH¯±ïÜª�«P®�¯±ë�¬±²³¬±ë³«Fðâ©�ïQ©�ªâñÜ²³óQ¬­«�ª�«P¬Hî�¯Së
�
©�ïH¯�©;²Éªm¯­óQ©�°\¯Dª�«�ªmõ�¯±ª�ðâ©;¬­«�ª�óÜ²³®�¯±ïQ©�ñQ©\¬±²ÉëÉ²Éª�®éïÜ²³¬�©éô6¬±²³«F��¯±ëÉ²É°;²Éª6©�ª�«\ëÁ©BìE«¨óHóÜ²Éö�²ÉëÉ²Éñ��
¬Qî�¯Sò�ª6©Jþ�«�ª6©FóÜ²ÉñÜò6©�ñQ©F©�ë¸°b©�ïÜð¨²Éª�¯�óH²Á©�²Éª���ò�¯±þ|©�ñQ©D®�©�ëÉëÁ©Y¬­«�ª�¬­¯±ªâñÜïQ©�þ­²³«�ª�¯J®�¯±ëÉëÁ©Yþ�«�ª6©
®�¯±ë¡°b©�ïÜð¨²Éª�¯P«�ì�ìí«¨óHñH«�ýI ©Ã	Ïò�ª�þ­²³«�ª�¯�î6©�¬­«�°;ì�ë³¯­óHóÜ²Éñ�� Θ(n) ®�«�õ�¯ n �&²Éë�ªâò�°\¯±ïH«F®é²âïÜ²Éð¨î�¯Z®�¯±ëÉëÁ©�°b©�ñÜïÜ²³¬­¯¨ý
ö�é3ëîö�ìKë
é.òdä�©=Û�«S¬
I ©­	 ò�ª�þ­²³«�ª�¯=�#��-��#,.-��#��0�¯)³z254\ïH¯­óÜñÜ²ÉñÜò�²³óH¬­¯;ò�ª~õ�¯±ñÜñH«�ïH¯d�üõä²³¯±ª�¯;¬Hî�²Á©�°b©�ñQ©�óÜ²Á© óH¯B²Éë
óH²É°8ò�ëÁ©�ñH«�ïH¯\ëÁ©�õ�«�ïQ© ²Éªi°\«ä®�©�ëÉ²Éñ�� ¯­óÜì�ëÉ²³¬±²ÉñQ©éôüóÜ²Á© óH¯LëÁ©�õ�«�ïQ© ²Éª~°\«ä®�©�ëÉ²Éñ�� ²É°;ì�ëÉ²³¬±²ÉñQ©éý� ªm°\«ä®�©�ëÉ²Éñ��\¯­óÜì�ëÉ²³¬±²ÉñQ©;ëÁ©¦	Ïò�ª�þ­²³«�ª�¯�ñÜïH«�õ¨©\®é²ÉïH¯±ñÜñQ©�°\¯±ª¸ñH¯ Cn+1
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«�ñÜñÜ²³¯±ª�¯

Ci,j,n+1 = λxCi+1,j,n + (1− 2λx − 2λy)Ci,j,n+
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ïH¯­óHñÜ²ÉñÜò�²³óH¬­¯8ò�ª�õ�¯±ñÜñH«�ïH¯ b ®�©�ñH«x®�© {2 Id + B′}D Cn
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�
Ö �Q�¾2m·»º ²+º#¼1�µ¼)¹¸Åg4½ Å ³ËÊt·CÌ�È�¹�&
�±2m·+4´�´Ýgº#¼Q�OÊ�·»º�²£º°¼��QÌ±� �C�µ&
�1Ý32m·£ºSÁ£4´�
�
½.½ �Q�¾2m·¸È¢²+º#¼1�µÆ´²�º#¼´����²»º°¼¥�C4½°Â ³ËÊt·CÌ�È�¹�&
�±2m·+4´�´Ýgº#¼Q�OÊ�·¸ÈÇ²£º°¼��QÌ±� �C�µ&
�1Ý32m·CÈ
Á£4´�
�
½QÃ §
½�É �10)���.����³%�½ Í §
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*Q��-��)�¢�.Ï���*HÏ�0�-)���)�.��0#¡+����Ò#�1Ò)��çç5�10)�1,#�.��³��H^g* ��,�Æ�ç�a�¶CÝ��
¶.�H]C¯)�
(C���H]Ha;h#�Hb�çQ¼�Ò#�rç£���#�;^
/­Ê	Å
Ì+4r��10)�����.� ½ ��#�1*)0¾ÓW/ Ó;n���+�����C�À2�a
¶CÝ��
¶C��]C¯H_	b.�Mc�ÁC�£çQÒ#�1Ò)��çç�s.�+������0#��³���²��#���)-�,µ¶�³.³1�C*C���)�#�1,%Ñ^Ò)�1Ò#�rç
ç�b�Ï+�
*¸�
*µ�
��0�0¸*),
�
�
Ðg�#��0À��*)0.0µ�.Ï10�*),)���+�#0Ç�C,)���),#�.�����;^��#,#�C�g�Q���#,)�g*zÑsçç�b�Ï�0#�10¥��*HÁdh�Ò)��ççaÐ��)���1�)���.�%�8�1,)�¸0)/10#�¸�1,#�¢�;]��CÝ6[.¶�ÁHb�¶��lcQ&Mc:b�k¥,)�ifMc:b.ÁH];_H_gf;h#��¶rçç/a
¶.��bMc#Ý#(1&
¶��va
(.�Ha9h�_?] Ñ^Ò)��ç
4r��10)�����.� ½ ��#�1*)0¾Ój0zÓ;nä�5�1�1-������Q�¢¹¸Å±�³���0��#· ��#�1*)0¾ÓW¡ Ó;n�*�*C�#�)�.�À2B,#�.�1�#�;^±� ç5Ø.�£ç£�8×.²�¡+4l�³���0��#· ��#�1*)0¾ÓW� Ó;n�*�*C�#�)�.�À2B,#�.�1�#�;^±� ç5Ø.�£ç£�8×.²��+4l�³���0��#· ��#�1*)0¾ÓW� Ó;n�*�*C�#�)�.�À2B,#�.�1�#�;^±� ç5Ø.�£ç£�8×.²��+4l�³���0��#· ��#�1*)0¾Óc*3Ó;n�*�*C�#�)�.�À2B,#�.�1�#�;^±� ç5Ø.�£ç£�8×�*Q�10)�g*14r�³���0��#· �

ShR



�#�1*)0¾Ój,zÓ;nÜ�g�)-�0.¯�,#�.�¢¹�,)���1�)�H^%�³���0��#· ��#�1*)0¾Ó^�%Ó;n�*�*C�#�)�.�À2B,#�.�1�#�;^±� ç5Ø.�£ç£�8×C�C0�-.�#�£4r�³���0��#· ��#�1*)0¾Ó�s¦Ó;n�*�*C�#�)�.�À2B,#�.�1�#�;^±� ç5Ø.�£ç£�8×�Ð£4r�³���0��#· ��#�1*)0¾Ót[ Ó;n�*�*C�#�)�.�À2B,#�.�1�#�;^±� ç5Ø.�£ç£�8×.Ï+4r�³���0��#· ��#�1*)0¾Ó^�%Ó;nÜ�
��-�-.¯C*.�Q�10.0#��¹v_)².&1¯6f)(1&�&9_
Ý)�;]�]�Á%�³���0��#· ��#�1*)0¾Ó�mzÓ;nÜ�C0
�C�)�1-#�~n�10)�����.� ½ �§§
�°�Ú2B�#�;^g�¸ºµ,#���+���C� ÙW¹ ½ ×.×��)�H^���ºµ,)�����Q�.� Ù	¹ Â 4���
�.���Q���.�z2s*°�.�C,)��� � çQ0#����,#�~n�b.���ÄÎjØg*�º�ºSÏ�0�-)�%Ó=�C,)�´��,#��0��Q�.�1,#�)���#�+�#,#�ËÑ^Ò)��ç£�®�#�;^
/­Ê	Å
Ì+4r��10)���.��� ½ �§
�1��e�0#�+�Q�
���.Ï10�*Q���#³��)-1�Q���¢�10C*°���+�����+�#,)���
��°�Ú2gÙ��S�C�1-����.����×�×¢²��¥¼´²�¡��Q²�¡��Q².�g�Q².�¥� 2 Â Ñ^Å��Þ2j²�¡g�°²�¡¸È¢²����Q²��£4�4.4H�²��¸¹¢²�¡��Q².¡g�Q².�g�°²���� 2 Â Ñ^Å��Þ2j²�¡g�°²�¡¸È¢²����Q²��£4�4l����+���.�.�À2Qç�f1,#������*Q�10����¢��Ï�0¸*°�1�)³��#-����.�¢��0C*°�����.���+�#,#�Ç�1�g*Q��³�0µ��*)0
�´².��¹�Ø.�CÒ#�rç£�8²��£4r�§
�1���Q���°¿g�#�.-1�°¿g���;^i_)².&��)��°�Ú2,_#²C&C¯9cQ���Q�¾2,_#²C&C¯9cQÁMc b1¯	elc�²;];h å�_)².&1¯9c�Álc:b�¯	bMc��;]��+4µÆ¢Åg4µ��
�.���Q���.�z2s*°�.�C0)��� � ç6c5�C��,C*.*.��³+�#-.0��Q���°¿g�#�.-1�°¿�¿C�)�10i_#²C&}nÜØ�*
Ò#�rç£�x_#²C&C¯)�10#�;]
����,#�±254¢4r�0#¡+���±2 ½ 4l�§
�)�10#¡+���±23_#²C&C¯H�#���Q�+4l�
ÐCÏ��#-.0;2m²�¡¥Æ
¹�Å�4H����+���.�.�À2Qça².¡�¼�ç
4r�*.�)�#�C�À2�çSØ���ç£�8×�².¡+4r�§
ÐCÏ��#-.0;2m²��¥Æ
¹�Å�4H����+���.�.�À2Qça².��¼�ç
4r�*.�)�#�C�À2�çSØ���ç£�8×�².�+4r�§
ÐCÏ��#-.0;2m²��¥Æ
¹�Å�4H����+���.�.�À2Qça².��¼�ç
4r�*.�)�#�C�À2�çSØ���ç£�8×�².�+4r�

SdW



§
�°�Ú2mÐ�¹�¹¸Åg4�Ð�¹´².¡%��°�Ú2jÏ¸¹�¹¸Åg4 Ï¸¹´².�%�
�1��&1,��
�Ç�.Ï10´²¥�#�C�¢Ýµ�g�)���+��¡¢Ð+�Q��Ï���Ï�0��),�-.,#���z2j�10)�+4µ,)���g�°���
�C¿g�),#���5�g�?^C0Ç�g�)-�0�)�.���#,.-�,)�¢�±2m��-#�10g4H,
���g�
*°���+��³��.���),#���5���6^C0Ç���#-�0%Ñ�h#�10�0.-�0Q��0#�.�¸,
�µ���#�.����¡¥�)�10�.Ï10��g0.�#�¥,)���µ�1�)�����Q���),#�¥,)���5���6^10±Ñj�
�
Ý Ñ��#,.-�,)��¹¢� ��S�g�6^10 Â �g�#�.���Q¡z2c-.,��
�Dc5���6^10�2c�)�H^�/ËÊW,)���+���.�.Ì�4l�ã².¡%�8²�� �Ü×1Ýg4l�
²ËÑ��#,.-�,)��¹¢� ��S�g�6^10 Â �g�#�.���Q¡z2c-.,��
�Dc5���6^10�2c�)�H^�/ËÊW,)���+���.�¢È ½ Ì+4r�8²�¡ �Ü².�%�8×�²£4r�
Ý Ñ��¸¹¢²¦Ñ��¸¹Ç�+�Q�z2cÝ%Ñ�� �ã²ËÑ��£4r�Ý Ñ���¹¢²¦Ñ���¹Ç�+�Q�z2cÝ%Ñ����ã²ËÑ��C4r�
_)².&C¯	s��g¯�_�0)�CÝC�#���+�#,)�z2�a�¶CÝ��
¶.�H]±�ÜÁ
(1&�&�4l�
�.�����.�.�z2�ç5sg�1�Q�¦Ñ�Ñ.Ñ^Ò)��ç)4l�
�°�Ú25�5�1�1-1�.���Q�+4µ��C� ���#·��Q�H^��´/1�.-#�101*µ,)��¶´���#�.����¡��
�¶¸¹¾2j�C-.,��)���.�C4��#,�0
���������)0#�.�1¯Q���#�.����¡±2m².¡%�Ü²��%�8².�%�8×�²£4r�
�C�µ�101�#,°�C��,C*)0´�.Ï10H�g�#�.���Q¡¢¶��Q�¢��Ð�,��g�)���+��¡¸&��#�.�Ç(­Ñã&��)�.�Ç(��)�10�*Q��,#��0)������¶��)�&)(1�C0��#,Q�1�1,1*.���+�#,)�z2m¶ �ã²ËÑ����Q²¦Ñc�.4l�§

�°�Ú2^�g,
�C0 Ã ��4µ�
*.�Q�10.0#�¸¹j_#².&1¯�_.0#��e+�Q�10�,°�g,)�10�2 Â �Q�dh#��²;]
��È¸ÝHh�_ Ã Å��r2^Ð��Þ2�Ý Ñ��»º ½ 4 È¢Ïg�r2cÝ%Ñc��º ½ 4�4r�Â �°�9h#�.²H]���Èj_dc�Á Ã Å1�l2^Ð��æ2cÝ%Ñ	��º ½ 4 È¢Ï��r2�Ý Ñ��¸º ½ 4.4 È Â Í�Í ��HaHa±�_#²C&C¯	[�sd_#(.�Hf�¶CÝ�] å�_#²C&C¯)¶�Á�k;f;h)�
�.¶Hb å ���1-.-�¯C*C����0�0#�»4l�
³1����·;^
�1,)���C� ÑtÐ�¹¥*.�Q�10�0)�»º°¼µÐ �³1����·;^
�1,)���C� Ñ�Ï¸¹¥*.�Q�10�0)�»º°¼´Ï%�
�g�)���+��¡ Â �5���6^C0 Ã �z2s*.�Q�10.0#�%�ãÐ �8Ï �Ü×1Ýg4l�§ 0�-1*)0��*.�Q�10.0#�¸¹j_#².&1¯�_.0#��e+�Q�10�,°�g,)�10�2�Ý Ñ��Ç�HÐ �®Ý%Ñ	����Ï �Ü�;a�a%�_#²C&C¯	[�sd_#(.�Hf�¶CÝ�] å�_#²C&C¯)¶�Á�k;f;h)�
�.¶Hb å ���1-.-�¯C*C����0�0#�»4l�

SdX



�g�)���+��¡ Â �5���6^C032s*C���10.0#� � Ð¦�ÜÏ �8×CÝg4l�§
_)².&C¯#(.�C�C�#��0#��01���±2s*C���10.0#� �8Å±�=Å±��*.����0�0)��º#¼µÐ ��*.�Q�10�0)�»º°¼´Ï+4l�
*Q���+���.�.�À2j�%��ç�0)¡ Â ¯ Ã �+ºQÅ.Å%Ñ�³
�C�rç)4r�_#².&1¯�_.�#/10)�
�9aÀ2s*C����0�0#� �ã�£4r�
�.�����.�.�z2�ç:_)�1�)����*.�S�C�1-.�#�+�#,#��Ò#�rç)4r�
ÐCÏ��#-.0;2s*Q��0#��*ÚÙW¹¢Å�4µ��C�¸�)��-1�),�-.�#�10.¯#³¢�101*),�-)/ynã³¸¹¾2 Â c°��ÈÇ¶£4QÝ
��0)�.�¢�10)���.������Ï�0µ³�/�01����,#�ËÑ=�
�³¸¹¾2j�C-.,��)���14
�)��-1�),�-.�#�10.¯#³±2m²�¡ �ã².�%�8²�� �8×�²%�8×1Ýg4r�
�Q�¾25�5�C��-1�.�����£4H��C�µ�C0.-�0)�10´��Ï�0¸�),#���)0#�.���1�)���),#�¥�#�����S�g0´���)��
��0�0�2cÝ%Ñt��4r�
�C� &
(�*
,�-#/�0���0C*
,�-#/��.Ï10�*Q��*Q�10°�¥&���(+�#ÝÀ2m�.È ½ 4H¹¢³%���0#���.������Ï�0´�10C*°�1-)�g*����¥�´/101�Q�1,)�¦Ñ �
�&)(+*),�-)/1032m¶%�8³ �ã²ËÑ��g�°²¦Ñc�l�®Ý%Ñt��4r�§ 0�-1*)0����C�Ç0#¡.�1-1�.���Q�µ��,)�C0��
��C,)�¾25��¹�Å±�ä�´Æ´²¦Ñ	�g�°²¦Ñ����E�QÈ�È+4µ��°�¾2m³ËÊ��QÌ�È¸Å%Ñ Í ¼ Â Í�Í 4HÝ%Ñt�OÊ��QÌ�¹ Â Í�Í �0.-C*
0ÇÝ Ñ �>Êj�QÌ�¹¾2^(£���.�C¤g4�2m³­Êj�QÌ¢È¸Å%Ñ Í 4r�§
�
��0�0�2j³+4l�§

�Q�¾2^�g,)�10 Ã ��4 �g�)�����Q¡ Â �5�g�?^C0 Ã �À2a*.�Q�10�0)�%�ãÐ �8Ï%�8×1Ýg4r�0�-1*)0��g�)���+��¡ Â �5���6^C032s*C���10.0#� � Ð¦�ÜÏ �8×CÝg4l�
_#²C&C¯)²10�-.�#�±2j�C0.-��)�+4r��C��*°Ï1,°Ð�c5���6^C0 �
�_#²C&C¯#(.�.�1�#��0#�10����±2s*.�Q�10.0#�%�=Åz�®Å±�ä*C����0�0#�»º#¼�Ð¦��*.����0�0)��º#¼´Ï+4r�
�Q�¾2 Â Å�ºÇ*Q�10)�g*´Æ ½ Åg4*Q�.�����.�.�z2m�%��çQ0#¡ Â ¯ Ã ��ºQÅ�Ø��¦Ñ�³)�1��ç�� Â Å�ºÇ*°�10#��*C4l�0�-1*)0�*Q�.���Q���.�z2m� � çQ0#¡ Â ¯ Ã ��º�Ø.� Ñ	³)�C�rç£� Â Å�ºÇ*Q��0#��*C4r�_#²C&C¯H_��#/�0#���;aÀ2a*.�Q�10�0)�%�Ü�+4l�

Ð.Ï+�#-.0 2,_#²C&C¯6a1,�-.-6]
/�0#�.�z2m×�0#/�0#���£4�¹.¹ ½ 4µ�
¶âµ



*�Ð£�����QÏÄ2c0#/�0#�.�¦Ñ��.����0�4���#�1*)0i_#²C&C¯6�H]?k.²9h
sCÁyn�°�À2B0#/10)���ËÑ�·10)�¦Ñ	·10#��*Q�
�­Ñj*°�)��¹�¹j_#²C&��1¯)��4_)².&C¯	s��g¯	b1,?^�^1-�06f��1-.-�_1�Q�10.0#�z2a*.�Q�10�0)�+4l�
�°�¾2c0#/�0#�.�¦Ñ�·�0#�ËÑ�·10)�g*°�)�­Ñ�*Q�
�¸¹.¹v_)².&H�C¯6]9_
Ý
¶Ha�] å.å0#/�0#�.�¦Ñ�·�0#�ËÑ�·10)�g*°�)�­Ñ�*Q�
�¸¹.¹v_)².&H�C¯6r+4*°�1,#�±2s*C���10.0#� �8���#-.0�¯�,)��� �8Ý Ñ �¦�8²ËÑ �¦�8¶ �Ü²ËÑ����Q²¦Ñc�.4l�
�°�¾2c0#/�0#�.�¦Ñ�·�0#�ËÑ�·10)�g*°�)�­Ñ�*Q�
�¸¹.¹v_)².&H�C¯6a.&)(D_�4².�.È�È%�
�°�¾2c0#/�0#�.�¦Ñ�·�0#�ËÑ�·10)�g*°�)�­Ñ�*Q�
�¸¹.¹v_)².&H�C¯°��c�Á�(d_�4�°�Ú2j²��¥¼¢Åg4 ²��£º�ºl�
�°�¾2c0#/�0#�.�¦Ñ�·�0#�ËÑ�·10)�g*°�)�­Ñ�*Q�
�¸¹.¹v_)².&H�C¯�,g4µ��Q�¾23_)².&C¯H_��)/10#���;az2s*.�Q�10.0#�%�'fDc°&�]1¯�h°(;b+4H¹�¹�º ½ 4�����+�����C�À2a*Q�.�10#�.�%� ç�0#�.�1,)�1Ò#�rç)4l�§
³.�10.�#·%� �#�1*)0i_#²C&C¯��#(lc byn*°�1,)�z2s*C����0�0#� �=�g�#-.0�¯.,#��� �8Ý Ñ �Ë�Ü²ËÑ �Ë�Ü¶ �8²¦Ñ����Q²ËÑ��.4l�§§

*Q��0#��*�¹�*°�10#��*�º ½ �§
*°�1,#�±2s*C���10.0#� �8���#-.0�¯�,)��� �8Ý Ñ �¦�8²ËÑ �¦�8¶ �Ü²ËÑ����Q²¦Ñc�.4l���0#���.����Åz�§

¶ �



Y ÅW� :,Ýz×²ÑKØ9Í�Ü�ÅVÑ
Z ���+�#-#�C�C0�çaÏ�0��
�C0#�ËÑ�Ïrç
(£���.� Ã.Â ^10#���+��¡�0�-�2,_#²C&C¯�_)���C�C�1�)0��.*Q�.�.�C���#0z���Q����¡%�E�Q�����+4µ����.��³����¸¹�*Q�.�.�1�1�#0gº°¼
�C,#�
�g�)�+º°¼)���.�10C*	aC0)�Hag�Q¡10.-À��C��[�0#�10´���
*��.Ï10¢�)�����101*�*��1,´��Ï�0´����¡�0�-µÐ�0µÐg�#������,µ��0#�.���#0)/10¸�)�(+�Q���1¤��°�¸¹Ú2m(+�Q���C¤��C4
*Q�.�.�C���#0gº°¼#�+��¡�0�-C*µÈ¢����*Q���C�C���#0�º#¼#�+�����QÏ¢È¢¡���³��.�%�

*�Ð£���+��Ïz2j³��.�+4µ��#�1*)0 ½ n�10#�.���.���°�%�
�#�1*)0 Â n�10#�.���.���l2^(£����� ½QÔ �C4��%�
�#�1*)0 Ã n�Q�À2,_#²C&C¯#�Hk�b;];h#�.²H]��¢¹.¹v_)².&1¯#�Mc°�C¯?]
Á�²lc�¶.Á+4��0#���.���¢�ËÊWÅ
Ì�Æ�Æ ½QÔ å �ËÊ ½ Ì�Æ�Æ¢¤ å �ËÊ Â Ì±�0�-C*
0 ��0#���.���¢�ËÊWÅ
Ì å �ËÊ ½ Ì�Æ�Æ¢¤ å��­Ê Â Ì¸Æ.Æ ½QÔ �
�#�1*)0 É n�10#�.���.���l2^(£����� Ã.Â �C4��%�
�C0
�C�)�1-#�~n�10#�.���.�¸Å±�§§

/�,1�°�Ç�.���.����¡�0�-323_#²C&C¯H_#���C�C���#0¸��*��E�Q����¡%�E���.���%�Ü(+�Q��� ÃCÂ ����¡�0�-g4���Q����³��.��¹�*�º°¼Ç�1,#�)���#��º°¼´���.�101*
aC0)�Ha���¡10.-À�(£�����1¤¥�Q�¸¹¾2^(+�Q���1¤¸�14)*�º°¼´���Q¡10.-C*µÈ¢����*�º°¼´�+�����QÏ¸ÈÇ¡���³��.�%�
*QÐ+���+��ÏÄ2m³.���£4���)�C*)0 ½ n®�°�¸¹Ç�+��¡�0�-À�³���0��)·%��)�C*)0 Â n®�l2^(£����� ½QÔ �C4���¹¢�+��¡10.-À�³���0��)·%��)�C*)0 Ã n�Q�¾2,_#².&1¯#�Hk�bH]9h#�.²H]
��¹�¹j_)².&C¯)�Mc°�C¯6]�Á�²lc�¶�Á£4µ��ËÊWÅ
Ì�¹¾2m���Q¡10.-Ç¼.¼ ½°Ô 4 ×�Å)¡C���±��ËÊ Â Ì�¹¢����¡�0�-µ×�Å)¡.�.�±�§ 0.-C*
0¢�

¶â´



�ËÊWÅ
Ì�¹¢����¡�0�-µ×�Å)¡.�.�±��ËÊ Â Ì�¹¾2m���Q¡10.-Ç¼.¼ ½°Ô 4 ×�Å)¡C���±�§
�ËÊ ½ Ì�¹¾2m�+��¡10.-Ç¼.¼¢¤g4 ×�Å)¡.�.�±�³���0��)·%��)�C*)0 É n®�l2^(£����� Ã.Â �C4���¹¢�+��¡10.-À�§§

(£���.�C¤\^C0)�CÝ.,.-�,)�z23_)².&1¯�_#�.�.�1�1�#0¸��*3�E������¡ ���Q�����%�E�Q�����#,.-�,#�£4µ�(£�����1¤Ç/ËÊ Ã Ì±�_)².&C¯
�C0)���.���z2�^C0#�.���Q¡10�-32s*3�ã¡ �Ü�£4r��*�º°¼Ç�C,)�)���#�%�8×./ËÊt�CÌ±�8×�/­Ê��.Ì±�8×�/­Êt�.Ì+4r���0#���.����/ËÊ��#,.-�,#�CÌ±�§
�1�µ&C,1�Q·���Ï10�*C���10.0#���C,)��������01���¥�����#01*�*��1,´�.Ï10´���Q¡10�-1*��)�/�,1�°�¸-.,1�Q·9_1�Q�10.0#�z2,_#²C&C¯�_)���C�C�1�)0��.*C4µ��°�Ú2,_#²C&C¯°�.(d_6b.&;h�Ý?�z2s*C4.4�Q�¾2R_#²C&C¯
&C,1�Q·9_)���.�1�1�)0�2s*14HÆ¢Å�4µ��
�.�����.�.�z2s*Q�C�C0)���%� çSÝC�#� ÓW�¥-�,���·�*.�Q�10�0)�ynÜØ�*
Ò#�rç£�x_#²C&C¯)�10#�;]
����,#�±254�4l�0#¡+���Ä2 ½ 4r�§§
/�,1�°�Ç�.�1-.,1��·d_1�Q�10�0)�z2,_#².&1¯�_)���.�1�1�)0��.*C4µ��°�Ú2,_#²C&C¯°�.(d_6b.&;h�Ý?�z2s*C4.4_#²C&C¯#(.�1-.,1�Q·9_#�.�.�1�1�#032s*14r�§
/�,1�°���S�g�?^C0 Â �g�)�����Q¡z2,_#².&1¯�_)���.�1�1�)0��C�5�g�?^C0z��Q����²�¡ ���Q���¢²�� �ã�g�#�.�����)0����£4µ��Q�����l�®âz�
� º°¼´�¸¹¾2a�S�g�6^10�º#¼´Ï��´².�+4r�� º°¼¥��¹¾2a�S�g�6^10�º#¼µÐ¥�´².¡+4r�
�°�Ú2.2^� º°¼��¥¹¾2^(£�����1¤¸�14
�)��-�-.,1�r2^� º°¼´���H�»º#¼¥�l��*.�°¿C0�,
�À2m(+���.�C¤�4�4�4 ¹�¹¢Á�(C&�&+4µ����+���.�.�À2Qç�a��1,6^��1�°�¥0)¡�����Ò#�rç)4r�0#¡+���±2 ½ 4l�§
-.,1��·d_1�Q�10�0)�z25�5�g�?^C0g4r�
�1,#�Ä2a��¹¸Åz�E�´ÆH� º#¼µ� �E�QÈ�È+4

¶�S



�C,)�Ä2�â¢¹¸Åz�®â¢Æµ� º°¼¥���=â�È�È+4� º°¼��OÊ�c��.�z2a���8â�4�Ì�¹i^C0#�1Ý.,.-�,#�±2a�S�g�6^10À�®â1�°²�¡ �����Q².�%�Ü� º°¼¥�#,.-�,#�£4r�
�.�1-�,���·d_1����0�0)�z2a�S�g�?^C0�4l�§

/�,1�°�µ���#�.����¡ Â �S�g�6^10�2,_#².&1¯�_)���.�1�1�)0��.*��E���.��*C�#�.-��#¡ �E������*C�#��-.�#� �ã�g�#�.�����)0��Q�£4µ��Q�����l�®âz�(£�����1¤Ç/ËÊ Ã Ì�¹¸��Åz�=Åz�®Å § �
-.,1��·d_1�Q�10�0)�z2a*C4r�
�1,#�Ä2a��¹¸Åz�E�´Æ�*�º#¼µÏ �E�QÈ�È+4�C,)�Ä2�â¢¹¸Åz�®â¢Æ�*�º°¼µÐ¦�=â�È�È+4���C�_#²C&C¯)�10#�.�.�
�±2�^10#���+��¡�0�-�2a*����l�®âg4l��*¸º#¼Ç�C,#�
�g�)�%�8×�/­Êt�.Ì%�8×�/ËÊ	��Ì%�ã×./ËÊt�CÌ�4l�ä�
�

/ËÊt�»º#¼¥�#,�-.,#�CÌÇ¹Ç� º°¼��OÊ�c��C�À2�25�#�1*.�#�.-��)�+4r�Ç2câ.�C*C�#�.-��#¡£4�4QÌ±����.�����Q¡10.-�2s*3�8â±�E�l�_)².&C¯#���)���.���z2a*�º#¼´�1,#�
�g�#� �8/ËÊt�CÌ±�8/ËÊ	��Ì%�Ü/­Êt�CÌ�4�4l�§
�.�1-�,���·d_1����0�0)�z2s*14r�§

_)².&1¯�_#�.�.�1�1�#0��
-�,��
�DcS�g�6^10�25��Ï1�)�¥�#�g�)-�0�4µ�_)².&C¯H_#�.�.�C���#0��.�S�g�?^C0À�
�°�Ú2��g�)-�0 Ù	¹¢Á
(1&�&+4H��5���6^10´¹�c��C�C¯
&C,.�)�C¯)�?s%23_#²C&C¯)�?s;f��1,°�9fg�)-�032j�g�)-�0z� ç5��³�ç
4r� ½ 4l�
³1����·;^
�1,)���C� Ñ�¡¸¹Ç³1����·H^��1,)���.�¦Ñ��¸¹¸Åz�³1����·;^
�1,)���C� ÑtÐ�¹��5���6^C0�º#¼�Ð¦�³1����·;^
�1,)���C� Ñ�Ï¸¹��5���6^C0�º#¼µÏ �

§ 0�-1*)0���5���6^10´¹j_)².&C¯�Ý)��0��#��0#�C�
�9_)���C�C�1�)0�2,_#².&1¯	[�sd_°(C�Hf�¶CÝ?]%�ã³��1�Q·H^
��,#�.�.� Ñ�Ð �Ü³1����·H^��1,)���.�¦Ñ�Ï ��HaHa±�8�)���C*Q· ��^#�g�1*Q· �ã³
�g�C*°·%���Q���C*°·+4r�
_#²C&C¯?fg�#-.-#��01���±2a�S�g�6^10À�Ü×�³��1��·;^
��,#���C�±�_#²C&C¯°�g�#�.�.�
�±2a�S�g�6^10�º#¼Ç�C,#�
�g�)�%� Â Í.Í �®Åz�®Åg4.4r�

§
�°�Ú25�5���6^C0Ç¹.¹ÇÁ�(C&.&�4���
�.���Q���.�z2s*°�.�C0)��� � ç/]
����,#�~nãØg*)Ò)��ç£�wc��C�C¯
�C0)�H]
�.�1,)�z254.4r�

¶¨¶



0#¡+���±2 ½ 4l�§
��0#���.�����5���6^10À�§

�1��²�0zÓ�-����g�)�����.�#0´�C0��¢�),�0
���g�.���)0#���+���g���g�°���
��*.�),#�10��
��1-�,.�#�����C�#,�0
���������)0#�.�1¯Q���#�.����¡±2a�Q���¢²�¡%�E�Q����²�� �8�1,#�.³1-�0´².�%�Ü���)�����.�#0¸�Q²£4���1-�,��)�����Q¶ ��Q����·%��Q���¸�g�S��¹¢²»º°¼´����²�º#¼¥�l�
�°�Ú2.2m¶¸¹¾2j�1-�,��)�¥�.�C45�g��-.-�,���2j���5�»��*.�°¿C0�,
�À2��C-�,.�#���C4.4�4H¹�¹¢Á�(C&�&+4H0)¡��Q�z2 ½ 4r�
�1,#�Ä2m·¸¹¸Åz�8·¥Æµ���5�Ë�Ü·CÈ�È+4�Q�¾2.2m¶ËÊ�·.Ì�¹¾2j�1-�,��)�¥�14
�)��-�-.,1�r2j�g�S�¦��*.�°¿C0.,)�À2��C-.,��#�£4�4.4 ¹.¹¢Á
(C&.&�4�����+�����C�À2Qça��Ï�0 ��0Q��,#������*H³�0�-.,°Ð¸�1,´���.�¸�g���Q·¦ÑmÒ#��ç
4r�0#¡+���z2 ½ 4l�§
�1�¢*C���+��/10¥� Í 0�-.0Q�g0)���+� ����/10)�g*C�H�1�¢Å´��0#�¥,6^����H���
^C�Ç�g�H¶��)��1,#�Ä2m·¸¹¸Åz�8·¥Æµ���5�Ë�Ü·CÈ�È+4��¶ËÊ�·.ÌËÊt·.Ì�¹ Â �l2 ½ È�&
¡z2j·+4HÈ�&
�±2m·+4.4r���C� Â 2 ½ È�&
¡¸È�&
�+4Ç�
�
�Q�¾2j·�º ½ ¼)¹¸Å´×�×Ä2m·£º ½ 4�Ø
²£º°¼��;ÙW¹¢²+º°¼��¸º ½ 4¶ËÊ�·.Ì¦Ê�·+º ½ Ì�¹�º ½ ��&�¡z2j·+4r� �C��º�&�¡��
�
�Q�¾2j·�È ½ ÆÇ�g�S��×.×¾2j·.È ½ 4�Ø�²+º#¼1�ÚÙ	¹¸Åg4¶ËÊ�·.Ì¦Ê�·.È ½ Ì�¹�º ½ ��&�¡z2j·+4r� �C��º�&�¡��
�
�Q�¾2j·�º ²£º°¼1�´¼
¹¢Å�4¶ËÊ�·.Ì¦Ê�·»º�²£º°¼��QÌ¢¹�º ½ ��&��z2j·+4r� �C��º�&����
�
�Q�¾2j·�È¢²£º°¼1�´Æ´�g�S��4¶ËÊ�·.Ì¦Ê�·.È�²+º°¼��QÌ¢¹�º ½ �µ&
�z2j·+4l� �C��º�&����)�§

��0#���.����¶%�§
�1� ³ËÊ�·.Ì�¹ Â 2 ½ º�&�¡+ºQ&
�+4°Ý32j·+4 È¢&�¡CÝÀ2m·+º ½ 4HÈ�&
¡1Ý32m·CÈ ½ 4 È�&��CÝ32j·+º�Á+4HÈÇ&��CÝÀ2m·.È�Á+4�)��1-�,.�#���.�)��-1�),�-.�#�10.¯#³±2a���.�Ç².¡%�E���.��²��%�=�1,#��³�-�0´²�� �Ü���#�.���.�#0��Q² �ã�g�#�.�����)0��)Ýg4µ��Q����·%��1-�,��)���Q³%�

¶â¹



�°�Ú2.2m³¸¹¾2j�1-�,��)�¥�14a����-�-.,1�r2m²»º°¼´����²�º#¼¥�Ç��*C�Q¿C0.,)�z2j�C-.,��)�+4�4.4�¹.¹¢Á
(C&.&�4µ0#¡+���±2 ½ 4l�
�1,#�Ä2m·¸¹¸Åz�8·¥ÆÞ2j²»º°¼´���H²»º#¼��C4r�8·.È.È�4µ�
³ËÊ�·.Ì�¹¾2�25�5�C��-1�.�����CÈ ½ 4Çº Â �#&
¡±2m·+4�º Â �#&
�±2m·+4.4)�´Ýgº#¼Q�>Êt·.Ì%��C�Þ2 Â º Â &
¡+º Â &��+4QÝÀ2m·£4´�S�C�1-����.�����)��C�Þ2 ½ º Â &
¡+º Â &��+4QÝÀ2m·£4H0)¡��1-����.�����)��Q�¾2.2m·+º ½ 4QØ
²+º#¼1�;Ù	¹¢²+º#¼1�¸º ½ 4³ËÊ�·.Ì�È�¹�&
¡±2m·£4)�µÝgº°¼°�OÊ�·�º ½ Ì±� �C�µ&�¡CÝ32j·+º ½ 4Ç�)�
�Q�¾2.2m·.È ½ 4QØ
²+º#¼1�;Ù	¹¸Åg4³ËÊ�·.Ì�È�¹�&
¡±2m·£4)�µÝgº°¼°�OÊ�·�È ½ Ì±� �C�µ&�¡CÝ32j·.È ½ 4Ç�)�
�Q�¾2j·�º ²£º°¼1�´¼
¹¢Å�4³ËÊ�·.Ì�È�¹�&
�±2m·£4)�µÝgº°¼°�OÊ�·�º ²£º°¼1�°Ì±� �C�µ&
�1Ý32j·+ºSÁ£4Ç�)�
�Q�¾2j·�È¢²£º°¼1�´Æµ²»º°¼´���H²»º#¼��C4³ËÊ�·.Ì�È�¹�&
�±2m·£4)�µÝgº°¼°�OÊ�·�È¢²£º°¼1�°Ì±� �C�µ&��CÝ32j·.È�Á+4Ç�)�

§
��0#���.����³%�§

/�,1�°�¢&
(C�101�#,°�C��,C*.�Q���),#�z2��C-.,��#�����°¶%�E���.�¸�g�5�r4µ��Q����·%�E�l�®â±�
�1,#�Ä2m·¸¹¸Åz�8·¥Æµ���5�Ë�Ü·CÈ�È+4���C,)�Ä2a��¹¢·�È ½ �ä�´ÆÇ�g�S�¦�E�QÈ.È�4µ�¶ËÊ��QÌ¦Ê�·.Ì�¹¢¶ËÊ��QÌ¦Ê�·.Ì¸�´¶ËÊt·CÌ¦Ê�·.Ì±�§
�C,)�Ä2a��¹¢·�È ½ �ä�´ÆÇ�g�S�¦�E�QÈ.È�4�C,)�¾2câ¢¹Ç·¸È ½ �®â¸ÆÇ�g�5�Ë�®â
È�È+4¶­Êj�°Ì¦Ê	â�Ì�¹Ç¶­Êj�°Ì¦Ê	â�Ì�º ¶­Êj�QÌËÊt·CÌ¥��¶­Êt·.ÌËÊ	â�Ì±�§§

/�,1�°�¢&
(�*
,�-#/�0�2��C-�,.�#�����#&)( �=�1-�,��)���Q³%�E�Q���¸�g�S�¦�Ü(+�Q���C¤¥�°/+4µ��Q�����l�®âz��1-�,��)���Q�%���°/10#�.�%�ä*Q�
�¦�
�°�Ú2.2�2j��¹¾2��C-�,.�#���C45�g��-.-�,���2j���5�£��*.�°¿C0.,)�À2��C-.,��#�£4�4.4 ¹.¹¢Á
(C&.&�4¾å�å2�2j/10#�.�¸¹Ú2��C-.,��#���C45�g�.-�-�,���2��g�5�£��*C�Q¿C0.,)�z2j�C-.,��)�+4�4.4H¹�¹¢Á
(1&�&�4¾å.å2�2j/�¹¾2m(+���.�C¤��C45�g��-.-�,���2j���5�£��*.�°¿C0.,)�À2m(+�Q���C¤�4�4.4 ¹.¹¢Á
(C&.&�4.40#¡+���±2 ½ 4l�

¶�M



�1,#�Ä2a��¹¸Åz�E�´Æµ���5�Ë���°È�È+4��*Q�
�¥¹�Å±��C,)�z2câÇ¹¸Å±�=â¸Æ��l�®â
È.È�4*Q�
��È.¹�&)(­Ê��QÌËÊ	â
Ì¥���ËÊWâ
Ì±��ËÊ��QÌ�¹¢³ËÊ��QÌ�ºµ*°�)�Ë�§
�1,#�Ä2a��¹��g�S� º ½ �ä�´¼)¹¸Å±���Cº�º.4��*Q�
�¥¹�Å±��C,)�z2câÇ¹���È ½ �=â¸Æ´���5�Ë�=â�È�È+4*Q�
��È.¹�&)(­Ê��QÌËÊ	â
Ì¥��/10)���ËÊWâ
Ì%�/10)���­Êj�QÌ�¹¾2�2j�ËÊ��QÌ�º´*°�)�r4��Ç&
(­Êj�°Ì¦Ê��QÌ�4l�
�Q�¾2.2�2m�­Êj�°Ì�ºÇ*°�)��4��Ç&)(OÊj�QÌËÊj�°Ì�4µ¼ Â Í�Í 4µ����+�����C�À2Qç5Ø��1Ò#�rç£�´2m�ËÊ��QÌ�ºÇ*Q�
��4µ�Ç&)(­Ê��QÌËÊj�QÌ�4l�/10)���ËÊ��QÌ�¹ Â Í.Í �§
0�-1*)0´/10)���­Êj�QÌ�¹Ú2�2j�ËÊj�°Ì�º´*°�)�r4��Ç&
(­Êj�°Ì¦Ê��QÌ�4HÈ¸Å%Ñ Í �/ËÊ��QÌ�¹¾2^(£�����1¤g4�/10#�.�ËÊ��QÌ±�§

���10�032m�£4r����10�032m/�0#���£4r�§
/�,1�°�¥*°�1,)�z23_)².&1¯�_#�.�.�1�1�#0¸��*C����0�0#� �E��Ï1�)���°�g�)-�0z�ã(£���.�C¤¥�)�z�ã(£���.�C¤¥�Q³ �Ü�1-�,��)���°�¦Ê	Ì±�E���.�¸�g�5�r4µ��Q�����l��°�Ú2��g�)-�0 Ù	¹¢Á
(1&�&+4H��Q�¾2,_#².&1¯�_.�#/10)�
�9aÀ2s*C����0�0#� �Ü���#-.0�4H¹�¹�º ½ 4���+�����C�À2Qç�0#�.�1,)�1Ò#�rç)4l�§
�°�Ú2B� Ù	¹¢Á
(1&�&�4H���10�032c�g4r��°�Ú2j³ Ù	¹¢Á
(1&�&�4H���10�032m³£4r��°�Ú2�� Ù	¹¢Á
(1&�&�4µ��C,)�Ä2a��¹¸Åz�E��ÆÇ���5�¦�E�°È�È�4�
��0�0�2��¦Ê��QÌ�4l��
��0�032j��4l�§
_)².&C¯?f
��0�0�_)���C�C�1�)0�2a*.����0�0)�+4r�0)¡����±2�Å�4r�§

¶kR



Y Å	� �CÎ«Å
Ñ
Z ���+�#-#�C�C0�çaÏ�0��
�C0#�ËÑ�Ïrç

/�,1�°�¸-�����0�23_)².&1¯�_#�.�.�1�1�#0¸��*3�E������¡1Åz�E���.�¢�1Åz�E���.��¡ ½ �E�Q����� ½ �ã(£���.� Ã.Â �#,.-�,)�+4µ��Q�����#,)���%�
�1-�,��)�Ç��¹¾2j� ½ º �1Åg4µ�;2j�1-�,��)�+4�2m¡ ½ º ¡CÅ�4r�
�°�Ú2j¡CÅ¢¹�¹¢¡ ½ 4 �1� /�0#���+���)��-�-1�Q�10��)��C,)�z2 �#,)���¸¹¢�CÅ±�ä�),#��� ÙW¹Ç� ½ � �),#�.��¹¾2j�CÅ.Æ)� ½ 4
m¥�#,)���.È ½ n��),#�.�+º ½ 4���.�����Q¡10.-�2s*3�ã¡1Åz�E�#,)��� ���),�-.,#�+4l�0.-C*)0���Q�¾2B�#³g*l2m� ½ º �1Åg4�Æ¢�)³g*l2m¡ ½ º ¡CÅ�4�4µ�C��º ½ Æ���Æ ½ �)�

�C,)�¾25�#,)���¸¹´¡1Åz�E�#,)��� Ù	¹¢¡ ½ �E�#,)���¸¹¾2m¡CÅCÆ#¡ ½ 4
m¥�),#���CÈ ½ nä�#,)���+º ½ 4�.���.����¡�0�-32s*���#,)���%�2a�Q���+4�2W�£�r2a�),#�.��º ¡1Åg4 ÈÇ�1Åg4l��#,.-�,#�£4r�
0�-1*)0��C� ��Æ�º ½ ,#�Ç��¼ ½ �)�
�C,)�¾25�#,)���¸¹´�1Åz�E�#,)��� Ù	¹¢� ½ �E�#,)���¸¹¾2m�CÅCÆ#� ½ 4
m¥�),#���CÈ ½ nä�#,)���+º ½ 4�.���.����¡�0�-32s*��

2a�Q���+4�2�2^����¡1ÅÇÈ��),#����º �CÅ�4°�Q�r4r��#,)���%��#,.-�,#�£4r�§§
Z �C0
�g����0¢ÝHh)&9h#��¯)&DcQÁH]v_#²C&C¯°�g�#�.�.�
�±2s*�º°¼Ç�1,#�)���#� �=Å±� É Åz� Â Í�Í 4Z �C0
�g����0¢ÝHh)&9h#��¯6a;hdc�ÁHbv_)².&C¯#���)���.���z2a*¸º#¼Ç�C,#�
�g�)�%�®Åz�®Åz� Â Í�Í 4Z �C0
�g����0¢ÝHh)&9h#��¯#��¶1Ý?�.�
�9h#(.Á.²v_)².&C¯#���)���.���z2a*¸º#¼Ç�C,#�
�g�)�%� Â�Â.Â � Â�Â.Â � Â�Â.Â 4
Z �C0
�g����0µ(.ÁMc b1¯6kz2a���8â�4 23_9cQÁ Ã Å��Þ2a*.�#�.-����Ç�Þ25�.4HÈ�*.�#�.-���â��Þ2câg4�4.4Z �C0
�g����0µ(.ÁMc b1¯6�z2a���8â�4 2�ÝHhH_ Ã Å��Þ2a*.�#�.-����Ç�Þ25�.4�ºÇ*.�#�.-���â��Þ2câg4�4.4
Z �C0
�g����0ih#�Mc°�DcQÁH]C¯6�Ú2cÝHhH_ Ã Å¥��*.�)��-.�
â¥�Þ2^� º°¼¥�¸º ½ 4HÈ¢�9h#�.²H]��+4Z �C0
�g����0ih#�Mc°�DcQÁH]C¯6k Â Í�Í È¢�9h)��²H]��
/�,1�°�µ���#�.����¡ Â �S�g�6^10 Ã �À23_)².&1¯�_#�.�.�1�1�#0¸��*3�E������*C�#��-.�1�����Q����*.�)��-.�
âz�Ü�g�#���+���)0��Q�£4µ�

¶�W



�Q�����l�jâz�
�1���)-�0.�#�p_#�.�.�C���#0¸�)�_)².&C¯?fg�)-�-#��01�Q�z2s*3�ã×.³1����·H^��1,)���.�%�®ÝHh)&9h#��¯#��¶1Ý?�.�
�9h#(.Á.²+4r�
-.,1��·d_1�Q�10�0)�z2a*C4r�
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